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Introduction

We study in this thesis two Polish groups S, and S(Z,N).

Definition 1. A Polish group is a topological group, i.e. a group (G,T) such
that
(i) 7 is an Hausdorff topology,
(ii) the map from G x G to G that sends (g, h) to gh is continuous,
(iii) the map from G to G that sends g to g~1 is continuous,
whose topology is Polish, i.e. its topology admits a complete compatible metric
and is separable which means that there exists a countably dense subset.

S is the infinite symmetric group and S(Z, N) is the group of permutations
of Z commensurating N, i.e. the group of o € Sym(Z) such that

IN A oN| < +o0.

S has been studied in various papers especially by George M. Bergman
in [Ber06]. Indeed in this paper, Bergman discovers that S, has the Bergman

property.

Definition 2. A group G has the Bergman property or is Bergman if whenever
Wo CW;y C ... CG=JW,, there are n and k such that G = WT’f
n

Thanks to the work done by Christian Rosendal in [Ros09], we are able to
prove that a group G has the Bergman property implies that G has property
(OB) which is a geometric property. This result holds mainly due to Theorem

@

Definition 3. A topological group G has property (OB) if whenever G acts by
continuous isometries on a metric space (X,d), then every orbit is bounded.

Theorem 4. The following are equivalent for a group G:
(i) Whenever G acts by isometries on a metric space (X,d), every orbit is
bounded;
(i) Any left-invariant metric on G is bounded;
(iii) G has the Bergman property.

Soo is bounded whereas S(Z,N) is not. Thus §(Z,N) cannot have the prop-
erty (OB). But we will show that S(Z, N) is locally bounded.

Definition 5. A topological group G is locally bounded if and only if it has a
coarsely bounded identity neighborhood.

Following Rosendal, our aim is to show that S(Z,N) admits a left-invariant
pseudometric which solely depends on its group topology, and which is well-
defined up to quasi-isometry. Such a pseudometric on S(Z, N) is called maximal.
This is a generalization for finitely generated groups with the word metric, with
respect to a finite generating set, as a maximal metric.

Definition 6. Let (X,dx) and (Y,dy) be pseudometric spaces.
A map ® : X — Y is said to be a quasi-isometric embedding if there are positive
constants K, C such that

1
? . dx(xl,icg) — C < dy((p(l'l)7(p($2)) g K . dx(xl,.’ﬂQ) -+ C



Also ® is a quasi-isometry if, moreover there exists a positive constant C that
for any y €'Y, there exists x € X such that

dy (®(x),y) < C.

S(Z,N) already admits a pseudometric which is defined by Yves De Cornulier
in [Corl6].

Definition 7. For g,h € S(Z,N), dn(g,h) = |gn & hn| s a left-invariant
pseudometric on S(Z,N).

So we show that this pseudometric is maximal on S(Z,N) thanks to the
following proposition.

Proposition 8. For a continuous left-invariant pseudometric d on a topological
group G, the following are equivalent:
(i) d is mazimal;
(i) d is coarsely proper and (G,d) is large scale geodesic;
(iii) d is quasi-isometric to the word metric ps given by a coarsely bounded
symmetric generating set A C G.

To show this, we need a characterization of the notion of being locally
bounded which is done by Rosendal in [Ros|]. We will show that S(Z,N) is
locally bounded and even generated by a coarsely bounded set. The fact that
S(Z,N) is locally bounded is then a corollary of the following result:

Theorem 9. For a European topological group G, the following are equivalent:
(i) G admits a continuous left-invariant mazimal pseudometric d;
(i) G is generated by a coarsely bounded set;
(iii) G is locally bounded and not the union of a countable chain of proper open
subgroups;
(iv) the coarse structure is monogenic.

We finally show that for every k > 1, the group Z* embeds into S(Z,N)
isometrically for its natural word metric. This shows that S(Z,N) has infinite
asymptotic dimension, although we did not have the time to consider this notion
in details (see for instance the third section of [BD0S]).

Let us finally present the plan of this thesis. In the first section we show
that S. has property (OB). We then present some basic results on the commen-
surating symmetric group S(Z,N) which will be needed later on. In the third
section, we prove Theorem [0] Finally in the fourth section, we prove that dn
is maximal and in the fifth section, we show that Z* is isometrically embedded
into S(Z,N).



1 S, has property (OB)

Soo 1s the symmetric group of N. It is a Polish group. In this section, we will
prove that any symmetric group of an infinite group has property (OB) using the
Bergman property. Indeed being Bergman is stronger than having the property
(OB). In particular, S has property (OB). This section is mainly from [Ber06].

1.1 Definitions and structure of the proof

H stands for the symmetric group €2 which is an infinite set, i.e. H = Sym(Q).
First we will clarify some basic definitions that will be needed throughout the
proof.

Definition 10. A subset A C Q is a moiety if |A| =|Q = |2\ Al.

Notation 11. For subsets A C Q and U C H, U denotes the set of elements
of U that stabilizes A pointwise.

Definition 12. For two sets A, B, we say that A and B are commensurated,
and we write A ~ B if, |A A B| < co. Here A is the symmetric difference.
Notice that ~ is an equivalence relation.

Definition 13. For Q an infinite set, an element o € Sym(€)) is replete if it
has || orbits of each positive cardinality smaller than Rg. For a subset A C Q
of cardinality ||, o is replete on A if oA = A and the restriction of o to A is
a replete permutation of A.

Definition 14. A group G has the Bergman property or is Bergman if when-
ever Wo CW1 C ... C G =W, there are n and k such that G = W,’f.
n

Definition 15. A group G acts by continuous isometries on a metric space
(X,d) if for all x € X the function from G to X, g — gz is continuous.

Definition 16. A topological group G has property (OB) if whenever G acts
by continuous isometries on a metric space (X,d), then every orbit is bounded.

To complete the proof that S, has property (OB), we will show in section
that it has uncountable cofinality and is Cayley-bounded, and then we will show
and use the following connections between properties of a topological group G.

G is Cayley-bounded and has uncountable cofinality,

< G has the Bergman property (Section 7

< whenever G acts by isometries on a metric space (X, d), every orbit is
bounded (Section [I.4)),

= G has property (OB) (Section [L.5).

1.2 S, is Cayley-bounded and has uncountable cofinality

We recall that H stands for the symmetric group of €2, an infinite set. We are
going to show that any H is Cayley-bounded and has uncountable cofinality.
To show these two properties, we need two theorems from [Ber(6]:



Theorem IfU generates H then there exists n such that H C (UUU )™,
We say that H is Cayley-bounded.

Theorem Let (Hy)ner be a chain of subgroups of H with |I| < || such

that
H= U H,.
nel

Then there exists n such that H = H,,. We say that H has uncountable cofinal-
ity.

To be able to prove these theorems, a few lemmas are required.

Lemma 17. For every permutation o of 2, there exists two replete permuta-
tions 01,09 such that o = g105.

Proof. For o a permutation, we choose Ay a moiety of 2 such that ¢ moves
finitely many elements from Ag to 2\ Ag or from Q\ Ay to Ag. If Q is
uncountable, there exists such a Ay because 2 contains |{2| orbits, and thus can
be written as the disjoint union of two sets, each of which contains || orbits.
We can thus define Ag as one of theses two sets.

If © is countable:

x If o has infinitely many orbits or if ¢ has more than one infinite orbit,
then we do the same as above.

* If o has exactly one infinite orbit a(c) and finitely many finite orbits,
then we take Ag = {@o™ : n > 0}. We can see that ¢ moves one element
out of Ay and none into it.

Now we split 2\ Ag into two disjoint moieties A; and Ay such that

(O'AO U Oile) \ AO Q Al.

We claim that for any permutation 73 of Ay and any permutation 75 of As,
there exists a permutation p of Q such that: op|a, = 70 and pla, = 72.
Indeed, suppose 79 and 7 as above. Thanks to the two conditions, the values of
p are specified on oAy and on A,. p has not yet been defined on Q\ (cAgUA,).
Since Ag ~ 0/, we have

AgUAg ~ cAg U As.
By taking the complement of the latter and since 2 = Ag LI Ay LI Ay, we have
Q \ (O'AQ U Ag) ~ Al-
Since |A1] = ||, we also have [Q\ (6Ag U Ag)| = Q.
Now we look at the set in the image of p which has not been defined. Indeed
the set of values for p that has not been specified is

Q\ (T()O'A() U TQAQ).

Since 7y and 75 are permutations, they are bijections then |poAg| = |0Ag| and
|ToAg| = |Az|. Moreover oAy is equal to Ag. Hence

T()O'AO UTQAQ = O'AO UAQ ~ AO UAQ.



Since Q \ (Ag U Ay) = A; which is infinite, the set
Q \ (7’00’A0 U TQA2)

is also infinite. Hence
Q \ (T()O'Ao U TQAQ)

can be mapped bijectively into Q \ (0Ag U Az). We call this bijection p which
is then well-defined on 2.

Now we take two replete permutations for 79 and 79, then p is replete on
A, and op is replete on Ag so they are both replete. Then o = (op)p~? is the
product of two replete permutations which is what we wanted to show. O

Lemma 18. For o € H, there exists 11,7y € H such that
o= TfnglTng.
Then any element of H is a commutator.

Proof. By Lemma [I7] there exists 01,02 two replete permutations such that
o = 0109.

Since any two permutations 01,09 in H are conjugate if and only if for any
n=1,...,8g, o1 and o9 have the same number of orbits of cardinal n, then oy
is conjugate of oo. Moreover for any o € H, o is conjugate to its inverse. So o3
is conjugate of 02_1. Indeed there exists p € H such that o; = paz_lpfl.

Since, 0 = 0109, 0 = paglp’lag. In particular, we have 7 = pfl and

Tg = 09. O

Definition 19. A subset A C Q is full with respect to a subset U C H if the
set of permutations of A induced by members of Uiay := {0 € U : 0A = A} is
all of Sym(A).

Lemma 20. Let Ay and Ay be moieties of 2 such that A1 NAs is also a moiety
and A U Ay = Q. Let UV C H. If U and V closed under inverses such that
Ay is full with respect to U and As is full with respect to V, then

H = (UV)*V U (VU)*U.

Proof. First we notice that the set of elements of H that stabilize Q\ (A1 NAg)
pointwise

Ho\(ana,)) ={u€ H|us=s5VsecQ\ (A1 NAy)}
is isomorphic to Sym(A; N Ag) thanks to the following isomorphism

Hovainas) = Haana,)
g — g‘AlmAQ

which is injective. By Lemma [I8] every element o € H can be written as a
commutator: o = TfnglTng with 7,7 € H.

We assumed that A; is full with respect to U, so we can find an element
p € Uga,y such that p|a,na, acts like 7, and p[a,\a, = id. Similarly, we can
find an element v € Via,} such that y[a,na, acts like 7 and y[a,\a, = id.



So the commutator p~!y~1py acts like ¢ on A; N Ay and is the identity on
Q\ (A1 NAy). Hence
P~ oy € Hio\(arnas))-

So we have:
Ho\(anay)) vTlvTluv =uvuoy,

since U and V are closed under inverses.
A1 N As is a moiety so [A; N Ag| = |Q|. Moreover A; is a moiety so

[A1] =12\ (A2 \ Ay)[ = [Ag\ &g = [,

So A1 N Ay and As \ A are of cardinality |§2|. Hence we can find an element A
of Sym(A,) that interchanges the two sets. Since Ag is full with respect to V,
A is actually in V. We now have:

AT Hoy(a oA SATTUVUVACVTIUVUVY = VUVUVV. (1)
Since A is interchanging Ay N Ay with Ay \ Aq,
AT H o arnaap A = Hioyainaan = Hayanan = Hay: (2)
Combining the two equations [I] and 2| we get
Hay =X "Hi\(ana,)A S VUVUVV. (3)

Since we could exchange A; and As in the previous reasoning, we then have a
similar result for Ha,):
Ha,y CUVUVUU.

Let 0 € H. We notice that 0=1(A; N Ay) has either |Q| elements of A; or
|| elements of Ay. Without loss of generality, we assume that o=*(A; N Ay)
has || elements from A;. So in particular, c~tA; has || elements of A; since
it cannot have more than |2|. Since A; is full with respect to U, we can find
a permutation § € Uga,y such that all the elements of Ay \ 0~'A; are mapped
into A; N Ay and the [Q] elements of A; No~tA; into A; N Ay. Moreover §
maps all the elements of Q \ A; onto itself. Then § maps all elements of

o HQ\A) =071A,
into A,.
We want to find 6 € Vi, such that
050 1 (Q\ A1) = Q\ Ay

We construct the following permutation:

If v € Q\ o 1A, either # € Ay, so x € A; \ 07 tA;. Or since § maps the
elements of A; \ 071A; into A; N Ay, we have that d2 € A; N A,. Either
x ¢ Aq, since § maps the elements of Q\ Ay into Q\ Ay, we have that dz ¢ A;.
In particular, since Q = A; N Ay, dz € Ay. Now if

y e (Q\Ado™! C Ay,



y = 60 tx where z € Q\ A; C Ay, so we fix fy = . Our 6 is only a partial
bijection of Ay for now. We still need to show that dom(#) and im() have
infinite complements in As to be able to put them in bijection.
We have that

dom() = 6(Q\ o 1AL).

We denote by K the set of elements of Aj N A, that are mapped by § in AjNA,.
Our aim is to show that §K is included in the complement of §(Q\ ¢=1A;) in
A, and then that K has an infinite complement.
First we have that K C 0= 'A; so K is disjoint from Q\ 0=*A;. Thus 6K is
disjoint from (2 \ 07*A;). Therefore §(2\ 071A;) is included in the com-
plement of K in As. Moreover §(Q\ 0~tA;) is infinite so K has an infinite
complement. Besides

SK C6(Q\ o tAY),

hence dom(#) has infinite complement in As.

Now we have 0y = z for z € Q\ Ay and y € do~1(Q\ Ay), so im(f) is included
in Q\ A;. Moreover A; N A, is infinite and disjoint from im(6), thus Ay N Ay is
included in the complement of im(#) in Ay. Therefore im(#) has infinite com-
plement in As.

On the remaining part of 2, we define § = id. So we have Ay = As, therefore
¢ € Via,}- This concludes the definition of 6.

Taking the complements of §o=1(2\ A;) and Q\ A;, we have that
050 Ay = Ay
Since A is full with respect to U, we can find o € Uya,y such that
ala, = (0607 ")  ie. abdo™! € Ha,).
Then o(afd)~! € H(a,). By equation , we have that
o(afs)"t e VUVUVV.

Thus
o e UVU VUVUVV = (UV)*V.

Since we can exchange the roles of U and V, then there is also the following
alternative: o € (VU)*U. Hence

H=UV)*Vu[VU)*'U.
O

Lemma 21. If U C H is closed under inverses has a full moiety, then there
exists x € H of order 2 such that

H = (Ux)"U%x U (2U)"2U?.

Proof. Assume A; is a full moiety with respect to U. We choose a moiety Ay C €2
such that Ay N Ay is a moiety and Ay U Ay = Q.
First we have

Q\AL = (A UAY)\ Ay = Ay \ Ay



Similarly we have Q\ Ags = A1\ Ag. So @\ A1 NQ\ Ay is empty. Moreover
A1 and Ay are moieties, so

[\ Al = |2\ Az = Q.

Thanks to the two last results, we can find an element of order 2 in H that
interchanges the two sets Q\ A; and Q\ Ay. It also interchanges their com-
plements A; and As. We call this element . Since A; is full with respect
to U, we have that the set of permutations of A; induced by members of
Uiayy = {0 € U : 0A; = Ay} is exactly Sym(A;). Since Ay = zA;, we
have

U{l.—lAz} = {0’ eU 1 Ay = {E_IAQ} = {O’ eU: xax_lAg = AQ}

Then we get

xeEAlz} ={rcaUz7":7Ay = Ap}.

So the set of permutations of Ay induced by members of Uia,) is exactly
Sym(Ajy). Thus A, is a full moiety with respect to zUz~! = zUxz. We set
V = 2Ux. By Lemma [20, we have H = (UV)*V U (VU)*U. Then we have the
two following expressions:

(UV)V = (UzUz)*2Uz = (Uz)%2Uz = (Uz) " UzaUzx = (Uz) Uz,
(VU)*U = (2UzU)'U = (2U)3U = (2U)"2UU = (2U)"2U?.

Thus H = (Uz)"U%x U (zU)"2U2. O
Lemma 22. Let (U;);er be a family of subsets of H with |I| < || such that

Yuvi=H.

il
Then Q contains a full moiety with respect to at least one of the Uj;.

Proof. We show the lemma by contradiction.
Since (2 is infinite and |I| < ||, we can write § as an union of disjoint moieties
A; for i € I. So we have

a=Ja;

iel
and A;NA; =g fori,jel.
If there are no full moiety with respect to any of the U;, then in particular for
any ¢ € I A; is non-full with respect to U;. By contradiction of the definition
of full, we can choose a permutation o; € Sym(4;) which is not the restriction
to A; of a member of (U;)er.
Let 0 € H be the permutation such that Vi o|a, = o;. Then Vi o ¢ U;. This

leads to a contradiction with |J U; = H. O
i€l

We can now prove Theorem [23|and Theorem using the previous lemmas.

Theorem 23. IfU generates H then there exists n such that H C (UUU )",
In other words H is Cayley-bounded.



Proof. Assume U generates H as a monoid. Without loss of generality, assume
1 € Uand 1 € UL Indeed if not, we set V.= U U {1}. For i € N*, let
U =U'n (UYL

Since U generates H, H = U U® which implies that H = U( by,

Thus
H = UUlﬂU =UJwinw ) =Uu.

7

Since (2 is infinite, by Lemma @ 2 contains a full moiety with respect to some
U;. Since U; C H is closed under inverses has a full moiety, we can use Lemma

21
there exists « € H such that H = (U;z) U2z U (2U;) 2U?.

We notice that (U;z)"U2z U (zU;)"2U? C (U; U {z})'7 so H = (U; U {z})'7
We take a j > i such that x € U;. Since x € Uj;, we obtain

Ui = (U9)V7 2 U17 U; U {zh)V
Moreover j > i, so U; U{z} C U; U{z}. Thus we obtain
H=(U;u{zH)" cU'™.
Now if U generates H as a group, only the inverses are missing so
HC (UuUu Hm,
O

Theorem 24. Let (Hp)ner be a chain of subgroups of H with |I| < || such

that
H=|JH,.
nel

Then there exists n such that H = H,,. In other words H has uncountable
cofinality.

Proof. By Lemma [22] © has a full moiety with respect to some H,. The H,
are subgroups so by Lemma 21} we have that

H = (H,z)"H2x U (xH,) 2 H? for some z € H.
Then H = (H, U{z}).
Since H = UperH, and the H, form a chain of subgroups of H, there exists
k > n such that x € Hy. Thus
H, C H,U{z} C Hy.
Since H = (H, U {z}) C Hy, then H = Hj. O

We have now proven that H is Cayley-bounded and has uncountable cofi-
nality.

10



1.3 Characterization of the Bergman property

In this part, we are going to show the following theorem that has been shown
by Manfred Droste and W. Charles Holland in [DHO5]:

Theorem 25. G is Cayley-bounded and has uncountable cofinality if and only
if S has the Bergman property.

Proof. If Uy C Uy C ... C G subsets such that U;U; = G. Without loss of
generality, we suppose the U; to be symmetric. Indeed if they are not symmetric,
the we set V; = U; U Ufl. Then the V; are symmetric.

Let G; = < U; > be the subgroup generated by U; for any 7. Then

G1CGyC..CSand | JGi=G.

Since G has uncountable cofinality, there exists n such that G,, = G. Therefore
U, is a set of generators for G. Since G is Cayley-bounded, there exists k such
that G C (U, UU,;)¥ = UF. Hence G = UF.

Let (Gr)ner be a chain of subgroups of G with |I| < || such that
G = UpnerG,. Since G is Bergman, there exists n and k such that G = GE so
in particular G = G,,.
Assume U generates G and without loss of generality, assume U is symmetric
and contains the identity. Take W; C W5 C ... C G by setting W; = U ‘. Then

Uwi=¢
since U generates G and is symmetric. Since G is Bergman, there exists n and
k such that G = Wk = (U™)* = Uk, O

An alternative to the proofs of the theorems would have been by using the
lemmas directly and show that if the assumptions of the lemmas are satisfied,
then the group S has the Bergman property. The proof would then be the
following:

Proof. Let G = U,G,, with U,, symmetric and U,, C Uyy1. By Lemma [22
contains a full moiety with respect to one of U,, say Ux. By Lemma there
exists x € G of order 2 such that

G = (Upz) Utz U (2Uy,) "2U?.

Moreover G = | J G, so there exists n > k such that x € U,,. Hence we have
n

G = (Upz)"Ukz U (zU,) 2UE C (U,)MU3 U (U)MUS Cc UL,

Therefore F = G C U}". Hence G = U}". O

11



1.4 End of the proof

In this part, we will show that a group G has the Bergman property if and
only if whenever G acts by isometries on a metric space (X, d), every orbit is
bounded.
This equivalence comes from the following theorem which is from [Ros09], The-
orem 2.2:

Theorem 26. The following are equivalent for a group G:
(i) Whenever G acts by isometries on a metric space (X,d), every orbit is
bounded;
(i) Any left-invariant metric on G is bounded;
(iii) G has the Bergman property.

Proof. (i) = (ii) : We take G acting on (G,d) with d any left-invariant
metric. Since d is left-invariant, G acts by isometries of (G, d). So by (i), every
orbit is bounded. Then for any x € G, there exists M such that for all g € G,
d(z,gx) < M. So in particular, for all ¢ € G, d(e,g) < M. Therefore for
91,92 € G,

d(gl7g2) < d(gla 6) + d(e,g2) < 2M.
Hence d is bounded.
(i) = (ii) : Assume we have Wy CW; C--- C W,, C .- C G an exhaustive
sequence of subsets of G. Moreover we also have

WoﬂWO_lQWlﬂWflg---anmWn—lg...gG

which is an exhaustive sequence of subsets of G. So without loss of generality,
we can suppose the W; to be symmetric. We also suppose that Wy = {1}.
We define the following left-invariant metric on G for some f, g:

Our aim is to prove that d is bounded if and only if G = W} for some n and k.
If d is bounded then there exists an M such that for any f,g € G, d(f,g) < M.
In particular, for any g € G,

d(e,g)zmin(k1+k2+-~-—|—kn|3hi€Wki hlhn:g)gM

It means that there exists ki,...,k; and hy,...,h; with j < n and h; € Wy,

such that ), k; < M which means that all the h; are in Wpyq. This holds for
any g € G, so ‘
— T

G = W[ M-

Now if G = W} for some n and k, for f,g € G, since f~lg € G = Wk, there
exists h; € W,, such that f~'g = hy...hs. All the h; are in W, so

k k
Z h; = Z n=mn-k.
i=1 i=1
Since for f,g € G we have

d(f,g) =min(k; + ke + -+ kn | T h; € Wi, fh1...h, =9g),

12



this minimum is smaller than or equal to n - k. Thus d is bounded.

(i41) = (i) : Assume G has the Bergman property and acts by isometries on
a metric space (X,d).

Fix an zg € X and let for n > 1,

Wy, = {g € G | d(z0,9 - w0) > n}.

(W,) is an increasing exhaustive sequence of subsets of G. Since G has the
Bergman property, G = WJ’\“J for some M and k. Then there exists g; € Wy,
such that g =¢;...gx € G and

d(zo,9 - z0) = d(20, g1 - .- gk - To)
< d(zo, g1 - xo) + (9170, 9192 - o) + - - -
+d(g1.-9k—1%0,91 - - - Gk—1 * Z0)
d(wo, g1 - 20) + d(x0, 92 - o) + - -+ + d(20, gk - T0)
k

Furthermore for = € X,

d(l’,gl’) (SL’,I‘O)-Fd(I‘O,g$0)+d(g$0,gx)
(z,x0) + kM + d(z, x0)

d(x,zg) + kM.

NN N

d
d
2
So for any x € X, the orbit of = is bounded. O

1.5 Last part

If we have that whenever H acts by isometries on a metric space (X,d), every
orbit is bounded, then the latter is also true when H acts continuously by isome-
tries on a metric space (X,d) which is exactly what having property (OB) means.

In the end, the following result has been proved:
H is Cayley-bounded and has uncountable cofinality implies that H has prop-
erty (OB) for H = Sym(N) with N any infinite set.
Hence we have proved that the symmetric group of any infinite set has the prop-
erty (OB). Thus in particular, S, has property (OB) since S, = Sym(N).
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2 Results on S(X, M) and S°(X, M)

We now look at another Polish group which is S(X, M):

Definition 27. For a set X and a subset M of X, let S(X, M) be the group of
permutations of X commensurating M, i.e. the group of o € Sym(X) such that
IM A oM < 400.

In this section, we will get some results about S(X, M) that have been proven
in [Corl6] by Yves De Cornulier.
2.1 Definitions

Let X be a set and M a subset of X. First we define the following map that
will allow us to define S°(X, M).

Definition 28. We define the transfer character map:

trar s S(X, M) — z
g = g M\ M|~ M\ g7 M|
= > lim(z) — 1u(z)
rzeX

A few more denotations:

x So(X) is the group of finitely supported permutations of X ;
* Sar (X) is its subgroup of index of alternating permutations;
x S°(X, M) is the kernel of try;.

Definition 29. The length Ly is defined by Ly = |M A gM| forg € S(X, M).

Definition 30. A group G is called perfect if it equals its own commutator
subgroup, i.e. if the group has no non-trivial abelian quotients. A group G is
called simple if it is a nontrivial group whose only normal subgroups are the
trivial group and G itself.

2.2 Results

Thanks to the transfer character map, we get more information and results on
S(X,M) and S§°(X, M).

Proposition 31. The function trys is a continuous homomorphism from S(X, M)
to Z and is bounded above by Lyr. It is surjective, unless M or M€ is finite
(in which case it is zero). It does not depend on the choice of M within its
commensurability class and tryre = -trar. If X is infinite, its kernel S°(X, M)
is a perfect group and is generated by S(M) U S(M®) U S; (X).
Proof. For g € S(X, M), we have
Lu(g) =M A gM]|

= [gM \ M|+ |M\ gM|

=|M\g M|+ g7 M\ M|

> g7 M\ M|~ M\ g~ M|

> trav(g)-
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Therefore try; is bounded above by L.
Let M, N be such that |M A N| < oo. Suppose that there exists F finite subset
such that N = M U F. Let g € S(X, M), then

try(g) — trar(g) = traur(g) — trar(g)

= (Z 1-1pur (@) — 1MuF($)> - (Z 1-im(z) — 1M(=’L’)>

zeX zeX

= Z 1g71]u|_|p<$) — 1MuF($) — 1g*1M(x) + 1M(!E)
zeX

= Z 19*1M(55) =+ 1971F(£E) — 11V[(JC) — 1F(13) — 1971M(JC) =+ 1M(:Z?)
zeX

=Y Lp(@) = 1p(2)
reX

= trr(g)

since F' is finite.
Now let N’ = M N N. Therefore

N AMC(MAMANMNA M),

which is finite. Thus N’ is commensurated to M. A similar result holds for N,
so N’ is also commensurated to N. Since N’ C M, there exists F} finite subset
such that M = N’ U Fy. Indeed F} = M \ N’ is finite since N/ A M = M\ N'.
Similarly since N’ C N, there exists F5 finite subset such that N = N’ LU F5.
Applying the previous result on M and M U F, we obtain

tI"M = tI‘N/ = tI"N.

Thus trps does not depend on the choice of M within its commensurability class.
For g,h € S(X, M), one has

trar(gh) = Y Ligny-1ar(@) — Lar(2)

reX

=Y Lhrgin(@) = Lo (@) + Y Ly (@) — Lu()
reX zeX

= > Lg-rar(ha) — Lag(ha) + tras(h)
reX

= trM(g) + trM(h).
Thus trjs is a homomorphism from S(X, M) to Z. Moreover
trar(g) =0 = g7 M\ M| —[M\ g~ "M|=0.

This implies that g stabilizes M. Thus the stabilizer of M is contained in
ker(trps). Furthermore the stabilizer of M is open by definition of the topology
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of S(X, M). Therefore try, is continuous.
Moreover for n € Z, there exists g such

lg7 ' M\ M| =n-+|M\g M|

then |M A gM| < +oo. Thus g € S(X, M). Hence try, is surjective.

Let g € Ker(tr,,), it stabilizes M. Then the finite sets g7* M\ M and M\ g~ ' M
have the same cardinal. So there exists a permutation o with finite support that
exchanges the two sets and is the identity on the complement of the two sets.
Let 7 be either the identity when o is even or a transposition with support M or
M¢€ when o is odd. Thus 70 is an even permutation and 7og also stabilizes M.
If X is infinite, then M and M€ are infinite. Then S(M),S(M¢) and S (X)
are perfect groups. Thus ker(trys) = S°(X, M) is a perfect group. If either M
or M¢ is infinite, then ker(trys) is equal to S(X) which is perfect. O

Proposition 32. Some normal subgroups of S(Z,N) are the following:
* {1},80(2)786r(2),'
* S°(Z,N) and the subgroups which have finite index in S(Z,N).

Proof. Si(Z) is generated by the 3-cycles and by the transpositions with disjoint
support. Sp(Z) is generated by the transpositions. All the transpositions are
conjugated in Sp(Z). So if N 9«S(Z,N) and N contains a transposition, then
N > 8(2).
First S;(Z) is dense in So(Z). Moreover S; (Z) is simple. Indeed let N be
such that N <S8 (Z), N # {1}. Let o € N \ {1}, then o is not a transposition.
* if o is a 3-cycle, then we have the result since Sy (Z) is generated by the
3-cycles;
* otherwise there exists 4, j, k, two by two different such that o(i) = j and
o(k) = 1. We have

o(ik)o (ik) = o(ik)o~ 1 (ik) " = (jI)(ik) € N,

since (ik)o~1(ik)~! € N is a commutator.
Let N < S(Z,N) be closed and N # {1}. Since N # {1}, N > S;(Z). Let
o € N\ {1}. Then there exists i such that o (i) # i.
* if o is a transposition then N > Sy(Z);
* otherwise either o is a 3-cycle. In this case, N > Sy(Z). Or there exists
i,j, k and [ such that (j1)(ik) € N. Therefore Sp(Z) < N.
Second, Sp(Z) is dense in S°(Z,N). Indeed let o € Sp(Z) and let U be a
neighborhood of ¢. Then we can find P, ..., P, commensurated to N such that

UD{r : 7(P) =0(P)}.
Since the P; are commensurated to N, there exists K € N such that
for any i, P, ANC[-K,K] and o(P;) A N C [-K, K].
Thus o(N) AN C [-K,K] and 071(N) AN C [-K, K].
Thus S (Z) is also dense in S°(Z, N).
By Proposition [31} we have that

8°(Z,N) = (S5 (2),8(N),S(Z\N)).
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The topology induced on S(N) is the usual topology. Indeed S(N) has an unique
topology of a separable group. (Following from Corollary 1.5 in [BYT16]) We
know that So(N) is dense in S(N) for the usual topology.

Let ® : S(Z,N) — S(Z). @ is continuous if and only if it is continuous at
identity. Indeed if the latter is true, then for g, € S(Z,N),

if g, — g then g g~ — 1.

Therefore ®(g,g~!) — 1 which implies that ®(g,)®(g)"! — 1 since ® is a
morphism. Thus ®(g,,) — ®(g). Now to show that ® is continuous at identity,
we need to show that if U is an open identity neighborhood in §(Z) then so is
®~1(U). Moreover any identity neighborhood is included in

U'={o : o(n) =n} where n € Z is fixed.
So it is enough to show that U’ is an open identity neighborhood in §(Z). Let
V={ce8(Z)|o(N)=N,o0(N\ {n}) =N\ {n} and c(NU{n}) =NU{n}}.

V is open in S(Z,N). Also V C U,
* if n € N, then o(N\ {n}) =N\ {o(n)},
* if n <0, then c(NU{n}) = {n} UN.

Therefore
U = U uV,
ueU’

thus U’ is open. Hence the morphism ® : S(Z,N) — S(Z) is continuous. Thus
So(N) < 8(Z) is dense in S(N). Similarly So(Z\N) < Sp(Z) is dense in S(Z\N).
Furthermore Sy (Z) is also dense in S°(Z,N). Therefore S°(Z,N) is dense in
S(Z,N).

So N > ker try = S°(Z,N). Either N = §°(Z,N), or try is a non-trivial
subgroup of Z of finite index. Then S§°(Z,N) and all its subgroups contain it.
Thus N has finite index in S(Z, N). O

So we have shown that §°(Z,N) is a normal subgroup of S(Z,N). Therefore
when we are going to show some results on S(Z,N), we will first show it on
8°(Z,N) and then we will be able to show it on S(Z,N).
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3 A characterization of local boundedness

In this section, our aim is the following theorem from |Ros|. All of this section
is originally from the latter. This theorem will give us a characterization of the
notion of being locally bounded. This characterization holds for a larger claim
than Polish groups, namely European groups (cf. Definition .

Theorem [68] For a European topological group G, the following are equivalent:
(i) G admits a continuous left-invariant mazimal pseudometric d;
(i) G is generated by a coarsely bounded set;
(iii) G is locally bounded and not the union of a countable chain of proper open
subgroups;
(iv) the coarse structure is monogenic.

Since S(Z,N) is a European group, we will be able to apply this result in
the next section.

3.1 Definitions

To start, we will see a few definitions to be able to understand the notion of
coarse structure.

Definition 33. A coarse space is a set X equipped with a condition € of subsets
E C X x X called entourages satisfying the following conditions:

o The diagonal V = {(z,x);x € X} belongs to &;

o f ECFe&, then E€&;

o if ELFc& then EUF, E7', EoF cé&.

The condition £ is also called a coarse structure on X.

Definition 34. A pseudometric space is a set X equipped with an pseudometric,
i.e. amapd: X x X — Ry such that d is symmetric, satisfies the triangle
inequality and d(xz,x) =0 for all z € X.

Definition 35. For a topological group G, we define its left-coarse structure
(C:L by

&L = ﬂ{&i | dis a continuous left-invariant pseudometric on G}.

Definition 36. A subset A C X of a coarse space (X,E) is said to be coarsely
bounded if A x A € £.

3.2 First results

The metrisation theorem of Birkhoff and Kakutani stated and proved in the
book from Su Gao [Inv], has inspired the next lemma. The latter will be used
several times in the next results.

Lemma 37. Let G be a metrisable topological group and (Vy)nez an increasing
chain of symmetric open identity neighborhoods satisfying G = Upecz Vi, and
V3 C Vst Defining for f.g € G,

6(f,g) == mf(2" | flge V) and

k—1
d(f,g) = mf(Z 6(his hia) | ho = f, by, = 9) ;

=0
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we get that

53(7:9) < d(f,9) < 3(/.9)

and d is a continuous and compatible left-invariant metric on G.

Proof. Since the V; are symmetric, 0 is symmetric. Moreover 6(f, g) > 0 for any

fsg. Also since for f # g, d(f,g) = 2. So d(f,g) > 0. Thus é(f,g) = 0 if and
only if f = g since f~1f = 15 € Vj.
Let fo, f1, f2, fs € G such that

d(fo, f1),0(f1, f2),6(f2, f3) < €.

Let p be such that

2P = max{d(fo, f1),0(f1, f2),0(f2, f3)}

Moreover
folfs=foth- it fa f3 fa € VP CVpra,

Thus
§(fo, f3) =nf(2™ | fo ' fs € V) < 2P =2 x 2P < 2¢.

We check now that d is a compatible left-invariant metric on G.
Since d(f,g) = 0, we have d(f,g) > 0 for any f,g € G. Moreover

k—1

d(f7f)inf<25(hiahi+l) | hOfahkf> =6(f, f)=0.

=0

Also since ¢ is symmetric, d is also symmetric. Moreover for f,g,h € G, let
h; for ¢ € {0,...,k} be such that hg = f and hy = g¢. Similarly let h} for
i € {0,...,k'} be such that hy = f = ho and h}, = h and A for i € {0,...,k"}
be such that h{ = h = h}, and h{, = g = hg. Since we add more elements to
the initial sum, we have

k-1 K -1 K1
6(hiyhiv1) < Z d(hg, hi1) + Z o(hi, hiy)
i=0 i=0 i=0

Therefore by taking the infimum of each sum, we have

d(f,g) < d(f,h) +d(h, g).

Hence d verifies the triangle inequality. For d to be a metric, f # ¢ implies that
d(f,g) # 0 is left to show. First we claim that

S0(7.0) < d(,0) for [ # . (W

To obtain this, we show by induction on k € N that

k+1

> " 6(his hit1) = 50(ho, higa). (5)
=0

NS
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For k < 1, we mainly use the fact that

for e > 0, if 6(fo, f1),9(f1, f2),0(f2, f3) < €, then 6(fo, f3) <
We have that

2
ho,hl Z(S hz,hz—i-l
=0

Moreover by fact @,
0(ho, h3)

< .
9 S 6(h0,h1)

Hence

. 1) Zé hishisa).

For k > 2, we assume that inequality () . ) holds for all [ < k. Let

k+1

S=> " 06(hi, hit1).

i=0
* if 6(ho, h1) > L 59, then by induction hypothesis

1

S — 5(h0,h1) > *5(h17hk+2) & 25 — 2(5(h0,h1)) > (5(h1, hk+2).

[\]

Since §(ho, h1) > 39, we have §(hi, hyt2) < S. By fact @,
3(ho, hry2) < S.
x if §(hg, A1) = S’ we use a symmetric argument.

% if 8(ho, ha), 8 (i, hit1) < 35, let m be the largest such that

m

S 60k, hisr) < =S,

=0

[\

Then 1 < m < k+ 1. By inductive hypothesis, we have that

m

6(ho, hm+1) < 225(hi,hi+1) <S.
=0

Since m is the largest such that inequality holds,

m+1

> 6(his hisa) > %s.
i=0
Thus
k+1 1
Z 5 hza h7+1 55
1=m-+2
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Applying the inductive hypothesis, we have

k+1

(P, hir2) <2 8(hihig1) < S,
i=m-+2

Moreover &(hy41, himt2) < S. By fact (6]), we have that 6(ho, hii2) < 2.
Hence 1
50(f.9) <d(f,g) for f # g.

Since for f # g, §(f,g) > 0, then also d(f,g) > 0. This implies that d is a
metric.
We show now that § is left-invariant: for f,g,h € G, one has

(hf,hg) = inf(2" | (hf)"'(hg) € Vy,)
=inf(2" | f'h " hg € V)
=f(2" | fTlgeV,)
=0(f,9)-

Thus d is also left-invariant.
We show finally that d is compatible with the topology of G. Let U be open
in G and g € U. Then for some n € N, gV, CU. Let

feBi(9,2" ) ={heq|dgh) <2},
then d(f,g) < 2"~'. So by using claim (4),
6(f.9) <2d(f,g) <2
Thus g~ f € V,,. Hence h € gV,, C U. Therefore
By (g,2" ) CU.

Now let U be open in the topology given by d and g € U. There exists n € N
such that By(g,2") C U. Let f € gB,41, then §(f,g) < 2"~ 1. Moreover

d(f,9) <6(f,g) <2 ' <2,
by the definitions of § and d. Thus f € By(g,2"). So f € U. Therefore

g‘/n-i-l g U

Thanks to the last lemma, we have the following proposition:

Proposition 38. Let G be a topological group equipped with its left-coarse struc-
ture. Then the following conditions are equivalent for a subset A C G,
(i) A is coarsely bounded,
(ii) for every continuous left-invariant pseudometric d on G,
diamg(A) < +oo,
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(i) for every continuous isometric action on a metric space, G O (X, d), and
every x € X, diamy(A - z) < 400,
(iv) for every increasing exhaustive sequence Vi C Vo C ... C G of open subsets
with Vn2 C V1, we have A C'V,, for some n.
Moreover, suppose G is countably generated over every identity neighborhood,
i.e for every identity neighborhood V there is a countable set C C G such that
G = (VUC). Then (i)-(iv) are equivalent to:
(v) for every identity neighborhood V, there is a finite set F C G and k > 1
such that A C (FV)F.

Proof. (i) <= (i) : By definition, A is coarsely bounded is equivalent to
A x A € Er,. Moreover:

A x A € & < for any continuous left-invariant pseudometric d on G,
Ax Ae &q,

& for any continuous left-invariant pseudometric d on G,

sup( s gyeax ad(f;g) < +o0,
& for any continuous left-invariant pseudometric d on G,
diamg(A) < 4o0.

(i9) = (iii) : Let G O (X, d) be a continuous isometric action on a metric
space. Let € X. For f,g € G, we define

which is a continuous left-invariant pseudometric on G. If diamp(A) < +oo0,
then
diamy(A - x) < +o0.

The same applies for any x € X.
(14i) = (4#) : Let d be a continuous left-invariant pseudometric on G and
X Dbe the corresponding metric quotient of G. The isometry of the pseudomet-
ric space (G, d) factors through a metric space with the following equivalence
relation
x~yifd(z,y) =0.

Then the left-shift action of G onto itself factors through to a continuous transi-
tive isometric action on X. Thus if every A-orbit is bounded then A is d-bounded
on G.

(i) = (iv) : We are showing the contraposition, i.e. (—iv) = (—ii) :
Suppose there exists an increasing exhaustive chain of symmetric open subsets

Wy C W, C...CG,

such that W2 C W,,; and A Q W, for all n. Without loss of generality, we
suppose that 1 € W,;. We take symmetric open identity neighborhoods V;, C Wy
for all £ < 0 such that V,f’ C Viyq and for all k > 0, Vi, = Wag4o. Then the chain
Vj, for k € Z satisfy the conditions of Lemma[37] Thus there exists a continuous
left-invariant pseudometric d on G such that its open n-ball is contained in Von
since

d(f,9) <6(f,9) =inf(2" | g € Vy).
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Therefore diamy(A) = +oo.
(iv) = (ii) : For d a continuous left-invariant pseudometric on G, we set

For all n, V;2 C V,,41 since for f,g € V,,,
d(1, fg) <d(1, f) +d(f, fg) = d(1, f) +d(1,9) < 2" +2" = 2",

Moreover V,, forms an increasing exhaustive sequence of open subsets of G. By
(iv), there exists k such that A C V. Furthermore notice that the d-bounded
sets are exactly those contained in some V,,. Thus

diamg(A) < +oo.

This is for any continuous left-invariant pseudometric on G, so we get (ii).
(v) = (iv) : Suppose

ViCV, C...CG,

is an increasing exhaustive sequence of open subsets with V,2 C V1 for any n.
Then V; is an identity neighborhood. Therefore there exists a finite set ' C G
and k > 1 such that A C (F'V})¥. Since FF C G, there exists p such that F' C Vp.
Hence

AC (FW)F C (V,V)* € Virkga,

since V,2 C V,, 41 for any n.

(iv) = (v) : Suppose G is countably generated over every identity neigh-
borhood. Let A be a coarsely bounded set and V' an identity neighborhood.
Take a countable set C' = {x,,},, such that G = (V U C). Let

Vn = (V U {1‘1, veny xn})Qn

Then V7, C V5 C ... C G is an increasing exhaustive sequence of open subsets
with V,2 C V,, ;1. Therefore there exists p such that

ACV,=(VU{z,..,2,})*? = (FV)%,
where F' is finite. O

We now need a new definition, the ideal OB. This name has not been chosen
by hazard. We have seen in the first section the property (OB). The two notions
are connected. Indeed G has the property (OB) is equivalent to G € OB.

Definition 39. The ideal OB of a group G is the ideal of closed coarsely bounded
sets in G.

The notion of left-invariant coarse structures on groups can be reformulated
as ideals of subsets, which will help us in the next results.

Proposition 40. Let G be a group. Then the map ® sending £ onto

Ag ={A| AC Ag for some E € £}
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with inverse map sending A onto
Ea={E | EC Ey4 for some A € A}

defines a bijection between the collection of left-invariant coarse structures £ on
G and the collection of ideals A on G, containing {1} and closed under inversion
A A7 and products (A, B) — AB.

Proof. Let G be a group and E C G x G left-invariant. The corresponding set
Ap={zreG|(l,2) € E}

is covering all of E writing E = {(z,y) € G x G | 71y € A}. This is similar
for the converse. Therefore the map that sends E to Ag is a bijection between
left-invariant subsets of G x G and subsets of G with inverse

A Eq={(2,y) €GxG |z 'y e A}
Moreover for A C G,
E' ={(y,2) eGx G|z lyec A}
={(y,2) eGxG |y lzeAl}
— Fy.
Also for A, B C G,
EpoEp={(z,y) €Gx G|z 'yc A}o{(x,y) €Gx G|z 'y€ B}
= {(LU,Z) €EGxG | 3y €EG (-'L',y) € EAv(yWZ) € EB}
={(2,2) €EGxG|IyeGa'lyc Aand y 'z € B}
={(r,2) €GxG |2 '2€ AB}
= FE4B.
Another property is
EAlB]:={r€G |3 € B (x,b) € Ea} = BA™".

The coarse structure generated by a collection of left-invariant sets has a cofi-
nal basis consisting of left-invariant sets. So &£ is left-invariant. Moreover the
collection of ideals A on G are closed under inversion and products. O

Proposition 41. For every topological group G, we have
EL=Cop={FE | EC E4 for some A € OB}.

Proof. Suppose FE € Eop. Then there exists A € OB such that E C F4. Let d
be a continuous left-invariant pseudometric on G. Since A is coarsely bounded,
by Proposition |38} diamg(A) < +00. Then there exists a such that d(1,z) < a
for all x € A. Hence

ECEsCH{(x,y) | dlz,y) <a}, ie. E€&y.

Since it holds for any d continuous left-invariant pseudometric on G, we have
Eecér.
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Suppose E € &r,. Since &, is left-invariant,
E' ={(zz,2y) | z € G and (z,y) € E}

is also in &r. Moreover E’ is also left-invariant so there exists A C G such
that £/ = E4 and A has finite diameter with respect to every continuous left-
invariant pseudometric on G. Hence by Proposition [38] A is coarsely bounded.
Thus A € OB. Therefore E C E4 € OB, i.e. E € OB. O

3.3 Intermediate theorems
In this part, our aim is to show the following intermediate theorem:

Theorem For an European topological group G, the following are equiva-
lent:
(i) the left-coarse structure &y, is monogenic;
(i) G is generated by a coarsely bounded set, i.e. there is some A € OB
algebraically generating G;
(#i) G is locally bounded and not the union of a countable chain of proper open
subgroups.

We need some new definitions:

Definition 42. A coarse space (X, &) is metrisable if it is of the form &, for
some generalised metricd : X x X — R4.

Definition 43. A topological group G is locally bounded if and only if it has
a coarsely bounded identity neighborhood.

Definition 44. A topological group G is a Baire if it satisfies the Baire category
theorem, i.e., if the intersection of a countable family of dense open sets is dense
in G.

Definition 45. A family {B},, C A is said to be cofinal in A if for every
A C A, there exists B,, such that A C B,,.

Definition 46. A subset B C X of a topological space X is nowhere dense if
its closure has empty interior, i.e. if for each open set U C, the set BNU 1is
not dense in U.

A subset B C X is somewhere dense if it is not nowhere dense.

A subset of a topological space X is said to be meager in X if it is a countable
union of nowhere dense subsets of X.

A subset is said to be non-meager if it is not meager.

Definition 47. A topological group G is European if it is Baire and countably
generated over every identity neighborhood.

The next lemmas are going to be directly used to prove Theorem The
latter will help proving one of the equivalences of Theorem [55]

Lemma 48. Suppose G is a topological group countably generated over every
identity neighborhood. Then, for every symmetric open identity neighborhood
V, there is a continuous left-invariant pseudometric d so that a subset A C G
is d-bounded if and only if there are a finite set F and a natural k such that
AC (FV)k.
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Proof. Let V be a symmetric open identity neighborhood. Since G is countably
generated over V', there exists x1, x2, T3, ... € G such that

G= <V U {1‘1,172,;E3, }>

Now let
V= (VU{z1, 27", o zn, 20—1}1)%.

We have G = U, V,, and the V,, is an increasing exhaustive chain of open sym-
metric identity neighborhood such that V3 C V,, ;1 for any n. Then adding the
negative indexes of the chain V,, with symmetric open identity neighborhoods
V; such that V3 C V44 for any 4, we get V,, C V,,41 for n € Z. By Lemma
we obtain a continuous left-invariant pseudometric d on G. Moreover each
d-ball is contained in some V,, and each V,, has finite d-diameter. Then a subset
A C @G is d-bounded if and only if A C V,, for some n. Let FF C G be a finite
subset. Then there exists n > 1 such that F' C V,,. Thus

(FV)* C Vi
has finite d-diameter for all £ > 1. This shows the equivalence. O

Lemma 49. Let G be a locally bounded topological group and assume that G is
countably generated over every identity neighborhood. Then &, is induced by a
continuous left-invariant pseudometric d on G.

Proof. Let V be a symmetric open identity neighborhood coarsely bounded in
G. Let d be a continuous left-invariant pseudometric defined like in Lemma [48]
Then a subset A C G is d-bounded if and only if there are a finite set F' and a
natural n such that A C (F'V)". Thus A is coarsely bounded in G. Therefore
d induces the left-coarse structure £, on G. O

Lemma 50. For a topological group G, the following are equivalent:
(i) the left-coarse structure Er, is metrisable;
(#i) the ideal OB is countably generated, i.e. the ideal OB has a countable
cofinal subfamily;
(i3) Er is metrised by a left-invariant metric d on G.

Proof. (i) = (ii) : Recall that
Eop={E | E C E4 for some A € OB},

where

Es={(z,y) e Gx G| (1,z) € E}.

Since by Lemma [41| Epp = &1, then the ideal OB is countably generated.
(1d) = (uii) : Suppose OB is generated countably by a cofinal family
{A}n COB. Let Al = {1} U A,, A1 and define the sequence {B,}, by

By = {1}
Bos1 = Ay UB,B,.

Then {B, }, is an increasing cofinal sequence in OB. Each B,, is symmetric and
B2 C B,+1. Now define a metric d such that for z,y € G,

d(z,y) = min(k | ™'y € By).
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Let A be a d-bounded set. Then for any x,y € A, there exists C' € R% such
that d(z,y) < C. Then A x A € &;. There exists K > C such that for any
x,y € A such that 7'y € Bx. Hence A x A € Epp = &1, by Lemma Thus
A is coarsely bounded. Therefore £y, is metrised by d on G.

(#i1) = (i) : This follows by definition. O

Lemma 51. Let G be a Baire topological group with metrisable left-coarse struc-
ture £r,. Then G is locally bounded.

Proof. &y, is metrisable, then by Lemmal[50} the ideal OB  is countably generated.
So there is a countable cofinal family {4,},. Thus {A4,}, is cofinal in OB.
Moreover OB contains all the singletons, so

G =|J4..

Also G is Baire, so G is non-empty and open. Thus G is non-meager. Since
G = U, A, there exists at least one of the A4, say A, which is not meager.
Therefore A;, has non-empty interior W. Moreover V = WW ! is an identity
neighborhood. Furthermore since W € OB, WW~! € OB. Thus V € OB.
Hence V is coarsely bounded implying that G is locally bounded. O

Lemma 52. Let G be a topological group and suppose that £r, is induced by a
continuous left-invariant pseudometric d on G. Then G is locally bounded.

Proof. Since the left-invariant pseudometric d is continuous, d is bounded on an
identity neighborhood V. Moreover V x V € £; = £, thus V x V € &£. Hence
V is coarsely bounded and so G is locally bounded. O

Theorem 53. For a European topological group G, the following are equivalent:
(i) the left-coarse structure Er, is metrisable;
(ii) G is locally bounded;
(iii) &1, is induced by a continuous left-invariant pseudometric d on G.

Proof. (i) = (ii): follows from Lemma [5]]

(#9) = (iii): follows from Lemma

(7i1) = (i): Let d be a continuous left-invariant pseudometric on G which
induces &£;,. By Lemma there exists 0 that is a compatible and continuous
left-invariant metric on G. Thus the left-coarse structure £, is metrisable. [

Definition 54. A coarse structure (X,E) is monogenic if £ is generated by a
single entourage E.

Theorem 55. For a European topological group G, the following are equivalent:
(i) the left-coarse structure £, is monogenic;
(ii) G is generated by a coarsely bounded set, i.e. there is some A € OB
algebraically generating G;
(iii) G is locally bounded and not the union of a countable chain of proper open
subgroups.

Proof. (i) = (i11) : &L is monogenic, so it is countably generated. Hence &y,
is metrisable. By Theorem [53] G is locally bounded. Now suppose G = U,,G,,
where for all n, G,, C G which are open subgroups. By Proposition [38] each
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coarsely bounded set is included in one the G,,. So there exists n such that
A C G, and since G is generated by A,

G =(A) CG,.

Hence A = G,,.

(#i1) == (i1) : Suppose G is locally bounded. Let V be an identity
neighborhood coarsely bounded and {z, },, countable set which generates G on
v,

ie. G=VU{x1,....xp,...}.

Moreover G is not the union of a countable chain of proper open subgroups,
thus G is generated by V U {x1,...z,}. Let for n € N,

Gn = <V U {1‘1, xn}>

Each G,, is an open subgroup of G and the G,,’s form an increasing exhaustive
chain. Furthermore for any g € G, there exists an n such that ¢ € G,,. Now
G = U, G, is possible only if there exists n such that

G =G, =VU{z,..x,}).

The latter is coarsely bounded. Hence G is generated by a coarsely bounded
set.
(1) = (i) : Suppose there exists A € OB algebraically generating G, then
ACQG,
ie. G= U A",

By the Baire theorem, some A™ must be somewhere dense and thus B = A"
is coarsely bounded with non-empty interior and it is generating G. If C C G
coarsely bounded, by Proposition since int(B) # (), i.e B is an identity
neighborhood, there exists F finite set such that F* C G and k£ > 1 such that
C C (FB)*. Since B generates G, C C B™ for some m > k. Therefore {B"},,
is cofinal in OB.

Hence £pp is monogenic. Indeed by replacing the generator £ € £ in the
definition of monogenic, by E U A, we have that £ is monogenic if and only if
there is some entourage E € £ such that {E™},, is cofinal in £. Moreover Eop
is a left-coarse structure, so the latter E is of the form F4 with A a coarsely
bounded set. Since E} = E4n, we have the following equivalence: there exists
a coarsely bounded set B such that {B™},, is cofinal in OB if and only if £op
is monogenic. Then by Lemma &1, is monogenic. O

3.4 Final theorem

In this section, our aimed theorem will be proved thanks mainly to Theorem

First we need a few geometric notions on coarse spaces and pseudometric
spaces:

Definition 56. Let (X,E&) and (Y,F) be coarse spaces and ® : X —'Y. ® is
called bornologous if (P x P)[E] C F.
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Definition 57. A continuous left-invariant pseudometric d on a topological
group G is coarsely proper if d induces the left-coarse structure on G, i.e.
&L =¢&4.

Definition 58. Let (X,dx) and (Y,dy) be pseudometric spaces.
A map ®: X = Y is said to be a quasi-isometric embedding if there are positive
constants K, C such that

1

E . dx(xl,xg) -C< dy((I)LL'h(Pl‘Q) <K- dx(l'l,l'g) +C.

Also ® is a quasi-isometry if, moreover there exists a positive C that for any
y €Y, there exists x € X such that

dy (®(z),y) < C.

A map ® : X — Y is Lipschitz for large distances if there are positive constants
K, C such that
dy((bl‘l, (I’JZQ) <K- dx(xl,.rz) + C.

Definition 59. A quasimetric space is a set X equipped with a quasi-isometric
equivalence class D of pseudometrics d on X which is defined by the quasi-
isometry between two spaces. Moreover two pseudometrics d and 9 on a set X
are quasi-isometric if the identity map id : (X,d) — (X, 0) is a quasi-isometry.

Definition 60. A pseudometric space (X,d) is large scale geodesic if there is
K > 1 such that, for all x,y € X, there are zg = x, 21, 22, ..., 2n, = Yy such that
d(zi,zi41) < K and

n—1

Z d(zi, ziv1) < K - d(z,y).

i=0

Definition 61. A continuous left-invariant pseudometric d on a topological

group G is maximal if for every other continuous left-invariant pseudometric 0,
there are constants K,C such that 0 < K -d+ C.

Definition 62. Let G be a topological group admitting a mazximal pseudometric.
The quasimetric structure on G is the quasi-isometric equivalence class of its
maximal pseudometrics.

Definition 63. If ¥ is a symmetric generating set for a topological group G,
then its associated word metric px, : G — N is defined by

ps(g,h) =min(k >0 | 3 s1,...,8, € X g = hs1...5).

The next lemma has been adapted from Theorem 1.4.13 (p.48) of the fol-
lowing paper [Hanl4] written by Bernhard Hanke, Piotr Nowak and Guoliang
Yu.

Lemma 64. Let & : X — Y be a bornologous map between quasi-metric
spaces (X, dx) and (Y,dy) and assume (X,dx) is large scale geodesic. Then ®
is Lipschitz for large distances.
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Proof. Since (X,dx) is large scale geodesic, there exists K > 1 such that for
any x,y € X, there exists z9 = «, 21, ..., 2, = y such that

n—1

dx (vi,viyn) < K and de(ﬂﬁi,%url) < K -dx(z,y).
i=0

First by triangle inequality, we have for z,y € X that

Iy (@(2), 0(y)) < 3 dy (B (), B(s11)).
1=0

Moreover since ® is bornologous, for £ € &4, ,
E={(z1,22) € X? | dx(21,22) < K}
and then ®(E) € &;,. Thus there exists K > 1 such that

O(E) C{(y1,92) € Y? | dy (y1,92) < K'}.

Therefore

n—1

dy ((z), ®(y)) < K'Y dx (i wi1) < K'K - dx(z,y).
=0

O

Lemma 65. For a continuous left-invariant pseudometric d on a topological
group G, the following are equivalent:
(i) d is coarsely proper;
(ii) a set A C G is coarsely bounded if and only if it is d-bounded;
(#ii) for every left-invariant pseudometric O on G, the map

id: (G,d) — (G, 0)
is bornologous.
Proof. (i) = (iii) : Since d is coarsely proper,
Ea=E&L = ﬂ{é‘a | O continuous left-invariant pseudometric on G}

So for any 0 continuous left-invariant on G, £; C £y. Thus
(id x id)[Eq] C Eg.

Hence
id: (G,d) — (G, 09)

is bornologous.

(14) = (i4i) : Let O be a continuous left-invariant pseudometric. To show
that id : (G,d) — (G, 9) is bornologous. Let A C G d-bounded, then by (i7)
A is coarsely bounded, so A is d-bounded. By Lemma [40] the coarse structure
induced by d is included in the one induced by 0. Then £; C E. Hence the
identity map from (G, d) to (G, 9) is bornologous.
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(#91) = (4i) : Suppose that for any continuous left-invariant pseudometric
0, the identity map from (G, d) to (G, 9) is bornologous Then in particular, for
A C @ d-bounded and for a continuous left-invariant pseudometric 9,

Adbounded 5 Ax A€&; = Ax A€ Ey= A J-bounded.

Thus we have shown that if A is d-bounded then A x A € £y for any continuous
left-invariant pseudometric @ which is equivalent to Ax A € £ i.e. A is coarsely
bounded.
(i) <= (i) : if a d-ball of radius R is contained in a 9-ball of radius S,
then
d(z,y) =d(1,27'y) < R=0(z,y) =9(1,z 'y) < S

By Lemma Fi_ﬁl, d is coarsely proper is equivalent to a set A C G is coarsely
bounded when it is d-bounded. O

Lemma 66. Suppose d is a compatible left-invariant metric on a topological
group G and V is a symmetric open identity neighborhood generating G con-
taining 1 and having finite d-diameter. Define

= inf <Zd (9i,1) | i €V, f =hgi.. gn> .

Then 0 is a compatible left-invariant metric, quasi-isometric to the word metric
pv-

Proof. Firstly 0 is left-invariant, moreover V is open and d is continuous, thus
0 is also continuous. Since 0 > d, 0 is a compatible metric on G.

Then we show the last part: 0 is quasi-isometric to the word metric py .

For f,h € G, let n = py(f,h), f = hg1...g, with g; € V. Since g; € V and
1€V, d(gi,1) < diamg(V). So,

Z d(gi, 1) < n-diamg(V),

ie. 9(f,h) Zd (9i,1) < pv(f,h) - diamgy(V).

Now pick € > 0 such that
{g€G|dlg1)<2}CV.

We fix f,h € G and take the shortest sequence such that for g; € V with
i € [0,n],
f=hgi...gn and Zd(gi, 1) <o(f,h)+1
i=1
Then we have g;g;11 ¢ V. Otherwise a sequence with g;¢;11 instead of g; and
gi+1 would be a shorter sequence since d(g;gi+1,1) < d(g;,1) + d(glﬂ, 1).

Let d(g;,1) > € and d(gi11,1) > e. Then there are at least 251 g; such that
d(g:, 1) > e. Therefore

n—l “
<Y d(gi, 1) <O(f,h) +
=1
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Since py(f,h) < n

(f’i Zd gi,1) and so
i=1

pvUah) €y < a(f ) < diama(V) - py (£, 1),

2 2

Hence 0 and py are quasi-isometric. O

Proposition 67. For a continuous left-invariant pseudometric d on a topolog-
ical group G, the following are equivalent:
(i) d is mazimal;
(ii) d is coarsely proper and (G,d) is large scale geodesic;
(iii) d is quasi-isometric to the word metric pa given by a coarsely bounded
symmetric generating set A C G.

Proof. (it) = (i) : Suppose 0 # d is a continuous left-invariant pseudometric
on G. By Lemma : (G,d) — (G, 0) is bornologous. Then by Lemma
[64] id is Lipschitz for large distances. Thus d is maximal.

(i) = (4i4) : Claim: G is generated by a closed ball

Bi={g€G|dlg1) <k}

Suppose it is false, then G is the union of an increasing chain of proper open
sub-groups V,, = (B,,) for n > 1. We now add the negative indexes to the chain
V., = (By) for n > 1 with

%Qvflgvflgn'alv

where the V_; are symmetric and open such that V,3 C V,,; ;. From Lemma
we get

k—1
d(f,g) = inf (Z 6(hir hiv1) | ho = f, i = 9) :

i=0
Since d is maximal, there exists K,C' > 0 such that

o(f,9) < Kd(f,g) + C for all f,g.

Since B,, \ V,,—1 # 0 for infinitely many n > 1, for g € By \ Vi1 STV, \ Vi,
there exists an infinity of n such that d(g,1) > 2"~! and d(g,1) < n. Then

271 < 9(g,1) < Kn + C,
for infinitely many n. This cannot be. Therefore
G=V,=(Bg)forak>1

Let
= inf (Zd glv ‘ 9i S Bka f hgl gn)

from Lemma . where V' = Bj. Thus d < &’. Moreover since d is maximal,
there exists K,C > 0 such that & > Kd + C. Therefore d and 0" are quasi-
isometric. By Lemma d' is quasi-isometric to the word metric pp,. Thus d
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and pp, are quasi-isometric.
We need to check that By, is coarsely bounded. Let d’ a continuous left-invariant
pseudometric, then there exists K,C > 0 such that d' < Kd+ C. If z,y € By,
then d(z,y) < 2k. So

d(z,y) > 2kK + C

and in particular, By is d-bounded. Therefore By is coarsely bounded.

(#it1) = (ii) : pa is the shortest path on the Cayley graph of G with respect
to the symmetric generating A C G. Indeed the Cayley graph has vertexes G
and for g, h € G, g is related to h by an edge if and only if there exists a € A
such that g = ha.
For z,y € G, let

de(z,y) = min{n € N|Jzg = x, 1, ..., Tp_1, T, = y where (z;,x;41) is an edge}.

Then since (x;,z;41) is an edge, de(x;, z;+1) < 1. Thus

n—1

Z de(@i, i) < de(,y).

i=0

Therefore (G, pa) is large scale geodesic. Moreover d is quasi-isometric to pa4,
so (G, d) is large scale geodesic.

Moreover each d-bounded set is ps-bounded. Therefore these sets are in A™ for
an n. Then they are coarsely bounded. Hence d is coarsely proper. O

Using the previous results, we are now able to prove our main theorem.

Theorem 68. For a European topological group G, the following are equivalent:
(i) G admits a continuous left-invariant mazimal pseudometric d;
(i) G is generated by a coarsely bounded set;
(iii) G is locally bounded and not the union of a countable chain of proper open
subgroups;
(iv) the coarse structure is monogenic.

Proof. Thanks to Theorem 55 we already have (ii) <= (iii) <= (iv).

(i) = (i) : Let d be a continuous left-invariant pseudometric admitted by
G. G is generated by a coarsely bounded set, so it is generated by a d-bounded
subset. Then this subset has finite d-dimension. So there exists k € R such that
G is generated by the open d-ball:

V={reG|d1,z) < k}.

Taking the 0 of Lemma we have 0 is quasi-isometric to the word metric
pv. Thus by Lemma V' is coarsely bounded generating G. Therefore by
Proposition [67] 0 is maximal.

(i) = (ii) : Let d be a maximal pseudometric on G. By Proposition |67} d
is quasi-isometric to the word metric p4 with A coarsely bounded set generating

G. O
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4 S(Z,N) is locally bounded

In this section, we will show that S(Z, N) is locally bounded. Thanks to Theorem
[68] we have a characterization of such a result. Thanks to this theorem, we need
to show that S(Z,N) admits a continuous left-invariant maximal pseudometric
d. The perfect candidate for d is the pseudometric defined in [Corl6] at the top
of page 24. For a set X and M a subset of X, we have the following general
definition.

Definition 69. For g,h € S(X, M), dy(g,h) = |gM A hM]| is a left-invariant
pseudometric on S(X, M).

We are only interested in S(Z,N). So let us show that
Theorem 70. dn(g,h) = |gN A hN| is mazimal on S(Z,N).

Thanks to Proposition |67, we need to show that dy is coarsely proper and
(8(Z,N),dn) is large scale geodesic.

4.1 Proof on §°(Z,N)

First we are going to show it on §°(Z,N) because it is an easier case. We will
then use it to prove the result on S(Z,N).

To show that (S§°(Z,N), dn) is large scale geodesic, it is enough to show that
for k£ and e the neutral element,

Bd(ea k) C Bd(ea 2)2k'

Since Sy (Z) the set of finite support permutations is dense in S°(Z,N) and
By(e,0) is open, it is enough to show

Bale, k) NS (Z) C Byle,2)? .

Let 0 € Sf (Z) and k € Ry such that dy(o,e) = k. Then [oN A N| = k. Since
o has finite support, there exists o1,...,0, cyclic permutations with disjoint
supports such that o = o1 ---0,. For j € {1,...,p},

* if o; has its support included in N¢ or N then dn(o;,e) =0,

* otherwise o; = (a1 - - - ay,) where a; € Z. Let

F ={by,...,br € N such that o(b;) <0} U{cq,...,cx € N° such that o(c;) > 0}

={fi,..., far}.
Then there is only a finite number of those f; in the o}, say [ < 2k. Then
oji=(—f—fo—fa— - —fi—)
=(— M) —R)f—f) - (i—)
where each — means that there are some a; # f,, for any m € {1,...,2k}.

So first we have that

dn((— f1),e) =dn((fi — ,e) = 0.
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Let us compute it for the cycle (— f1). In the latter, we know that all
the a; # f1 are all of the same sign. Also ¢ sends the element before f;
onto f1 so fi is of the same sign too. Thus all the elements of ( — f1)
are of the same sign. Therefore dy(( — f1),e) = 0. Second we have the
following

dn((fi — fixr).e) =2,

since two elements are sent from N to N¢ or the other direction.
Since o is the product of o;, we have:

By(e, k) C Byle, 2)2. (8)

By Lemma dn is coarsely proper if and only if every dn-bounded set
A is coarsely bounded. Now thanks to Proposition [3§ it is equivalent to for
every identity neighborhood V, there is a finite set ' C G and k > 1 such that
A C (FV)k. Equation [8 is used to reduce to the case A = By(e,2) which is a
subset of G. Let

V={ceS8ZN) : o(P) =P, where i € {1,...,k}, P, | |Pi A N| < co}.
There exists K such that |P; A N| C {—K, ..., K}. Hence

VoV={oeV : o()=iVie {-K,.. K}

Moreover N

¥ 2 Sym (] — 00, —K — 1]) x Sym ([K + 1, +0])
since the values outside of these two intervals do not matter as long as they stay
either in N or N¢.
Furthermore Sym (] — oo, —K — 1]), respectively Sym ([K + 1, +o0[) is an open
subgroup of Sym(N¢), respectively of Sym(N).
We start with an easier case: let o € By(e,0) and A = ([0, K[). Then there
exists 7 € V such that 7(A C [0,2K][). Thus

B =710 ([0,K]) C [0,2K].

Now we construct 7/ € Sym([0, 2K|[) such that 7/(B) = [0, K.

Since for z € [0, K[, To(z) € [0,2K], we define 7" by 7/(ro(x)) = z for all
x € [0,2K][. Then we extend 7/ arbitrarily such that 7/ € Sym([0,2K[). We have
7'7o € Sym([0,2K][) where 7 € Sym([0,2K]), 7 € V. So 7o € Sym([0,2K][) V.
Thus o € V Sym([0,2K][) V. Hence

By(e,0) €V Sym([0,2K]) V.
Since Sym([0,2K7) is a finite subset, we found F' such that
Ba(e,0) C VFV.

Then we show the case which is the one we need. Let o € By(e,2). Let a < 0
such that o(a) > 0 and b > 0 such that o(b) < 0. Moreover let A = o(]— K, K[).

Then there exists 7 € V such that 7(A) C | — 2K,2K[. Our aim is to have for
K > 0 such that

reV, r({a,b,0(a),s(b)}) C ] — 2K, 2K].
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We set 0/ = 707~ 1. Then 7(a) + 70(a) and 7(b) — 70(b) by o’. By composing
by ¢’ if needed, we can suppose that a,c(a),b and o(b) are in | — 2K, 2K[. Thus

there exists 7 € Sym(] — 2K, 2K7[) such that 7o(N) = N.

Hence 70 € By(e,0). Since By(e,0) C VFV as shown above, 70 € VFV.
Moreover since 7 € V CV, o0 € VFV. Thus

Ba(e,2) CVFV.

Therefore dy is maximal on §°(Z,N).

4.2 Proof on §(Z,N)
We have proven that dy is maximal on §°(Z,N). So now we are going to prove
it on S(Z,N).

We first prove that (S(Z,N),dy) is large scale geodesic. Let o € S(Z,N),
k=|oN A N|and ¢:n+ n+1. Then tr(t) =1 and dn(¢,id) = 1. Let i = tr(o)
and 7 = ot~*. Then since tr is a morphism, we have

tr(t) = tr(o) +tr(t™") =i—i=0.
Thus 7 € §°(Z,N). Moreover

dn(T,id) < dn(T,0) + dn(o,id)
dn(o,id) + dn(t ", id)
k+ |4

kE+k

2k.

INCINCIN NN

Thus 7 is the product of at most 2k elements with distance smaller or equal
than 2 to the identity. Since o = 7t!, o is the product of at most 3k elements
with distance smaller or equal than 2 to the identity.

Second we prove that dy is coarsely proper. Let 7 > 1. The aim is to show
that By(id, r) is bounded, i.e. for any open identity neighborhood V' there exists
a finite subset F' C G and an n such that By(id,r) C (VF)™.

Since §°(Z, N)is an open subgroup of §(Z, N), we can suppose that V' C §°(Z,N).
From what we have done above, we already know that there exists n and a finite
subset F' € §°(Z,N) such that

By(id,r) N S8°(Z,N) C (VF)™.
By letting F=FU {t7",...,t"}, we have that
Ba(id, ) € (VF)".

Indeed, if o € By(id, r),
[tr(o)] < d(r,id) < 7.
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Then ") ¢ F and o = r£() by letting 7 = ot~*(°). So tr(r) = 0. Thus
7 € 8°(Z,N). Therefore 7 € (VF)". Hence

o e (VE)"F C (VF)".
Therefore dy is maximal on S(Z,N).

Thus we have proven that S(Z,N) is locally bounded.
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5 Embedding in S(Z,N)

We want to know what can be embedded in S(Z,N).
The aim of this part is to show that Z¥ can be embedded in S(Z,N) where
Zk =< eq,...,e;, > vectors of the canonical basis of Z*.

On Z*, there is the ' metric which is the distance to the generators defined
for (ny,...,n), (M1, ...,my) € Z* by

k
dp((na,...,ng), (M, ...,my)) = Z [n; —my).

i=1
We want to find a map p : Z¥ — S(Z,N) such that
dl1<(nla "'ank)a (mb "'7mk)) = dN(p(nla "'7nk)7p(m17 amk))

Let p(e;) = 7; for 1 < i < k where

(@) = {x—l—k if z = i[k],

x otherwise.
For (ny,...,nx) € Z¥ and p € N,

p(nlv 7nk)(p) = (Tinl 0---0 Tgk)(]?)
= p + n;k where 7 is the only element of {1, ..., k} such that

p = ilk].
Now we prove that dj is also left-invariant. Indeed for m = (mq, ..., mg),

n = (nl, ...,nk),p = (ph...,pk) S Zk,

K
dp(p+n,p+m) = |(pi +ni) — (pi +ms)]
=1

k
:Z|pi+nz’*pi — my|
i=1

k
=Y b
i=1

= dp(n,m).

Since dj1 and dy are left-invariant, it is enough to show for any (ni, ...,n;) € Z*
that
dpn((ny, ...y nie), (0,...,0)) = dn(p(na, ..., ng), 1d).

Indeed for any (my,...,my) € ZF,
dpn((n1,...,nk), (0, ...,0)) = dpn ((ma, ..., mp) + (N1, .., ng), (M, ..o, M)
Moreover

dp((n1, ..., nk), (0, ...,0)) = dn(p(na, ..., ng), id)

k
©Z|nz| = |p(n1,...,nie)N A NJ.
i=1
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So we need to show the above. To do that we fix i € {0, ...,k — 1}. Let
Ai={pez : p=ilkl}.
Each A; is p-invariant: for any ¢ € Z,
p(na,...,ng)(i+ qk) =i+ (g + ni)k.
Hence A; ={i+qk : g€ Z}. Let B; ={i+qk : ¢ €N} = A; NN. Thus
N=B,L---UBj1.

Clearly p(ni,...,ng)(B;) = n;k + B; C A;. Moreover we have

p(ny,...ng)N AN= Llp(nl,...,nk)Bi VAN |_|Bj

% J

k—1
= |_| p(nl,,nk)Bl A Bj.
,j=0

If ¢ # j then p(ni,...,ng)B; N Bj = 0. Therefore p(nq,...,ng)B; A B; = 0.

Hence
k—1

p(ny,...,ng)N AN= |_| p(ny,..,ng)B; A B;.
i=0
Now we look at the n;’s for each B;.
The first case isif n; > 0 :
pnn, i) Bi = {i + (ns + q)k = q €N} C B,

So p(nl, ,nk)Bl A Bi = Bi \ p(nl, ,nk)Bl

If x € B;, then x = i + gk where ¢ € N. So if x € p(ny,...,n;)B;, then
x=1i+ (¢ +n;)k with ¢ € N. Thus

i+qgk =1+ (¢ +ni)k.

Hence g = ¢’ + n;. The reasoning also goes from bottom to top.
So x € p(ny,...,ng)B; if and only if ¢ = ¢ — n; > 0. Thus

z € B\ p(n1,....ng)Bi & ¢ —n; <0 q<n,.
Therefore p(ni,...,ng)B; A By ={i+qk : ¢ €{0,...,n—1}}. Hence

The second case is if n; <0 :
p(ns i) Bi = {i + (ni + )k = g €N} 2 By. So

p(nl, ...7’I’Lk,)Bi A Bi = p(nl, ...,nk)BZ- \ Bz
={i+ (i +qk : €N, n;+¢<0}
={i+(n;+qk : ¢€{0,..,—n—1}}.
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Therefore we also have |p(nq,...,n,)B; A B;| = |n;|. Hence

k

i=1

Therefore p : Z¥ — S(Z,N) is an isometric embedding. Hence
ZF < 8(Z,N). This embedding would then allow us to find the asymptotic di-
mension of §(Z,N). This is done in the third section by Bell and in Dranishnikov
[BDOS).
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