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Recap .

We reduced proving the existence ofhyperfinite ergodic subgraphs to the following :

Main hemma
.

Let h be a loc
.

ctbl ergodic map
Boel graph and let Hodh be a component

-

finite Boel subgraph .
Then for each fel

*

(X
, M) and 330

,
there is a component- finite

Bowl subgraph H.Ho ofG such that

IRN-weighted average
of over [x]) for

for all x in a set of measure =1-2.

We will prove this in the prop setting and then discuss in the end what extra modifications

and ingredients we needed for the general map setting.
Even when h is purp,

to
prove

the Main Lenna
,
it is convenient he work with the quotient X/Ho := X/Ro

in which every point [x)HoX/Xo has weight w((x]no) : = 12xHol.

In other words
,
if it : X -> /Ho is the Inotient map ,

then R := /Ho is no longer
pup on (X/Ho

,
iteml

,

it is a very nice map.

So let's introduce the map setting properly
,

and ten specify it he our weighted case.



Mcp via Radon-Nikodymconycle.
Recall that we called a Ber R on (X

,g) map if every Bonel action P*X of a ctbl

group including R preserves the measure class of M ,
i

.

e
.

its will ste.

More intrinsically : R is map - presentially unique Bonel P : R-> IRso,
(x,3) +393(x) =

Weight(x)
called the Radon-Nikodym cocycle of R with

resp -

to M ,
such that : weight(y)

(i) P is a cocycles P3(x) . P
*

/) = &
*

(x) for all Requivalent x
, 3 . zEX.

(ii) Psatisfies mass transport : for every Bonel (transport) t : R -> 10
,
83

,
we have

(2 +(x
, j) &Mix

= (Zty , x O)dM
(3t(x)R I I

mass X sends out mass x receives

Propo R is pup= P = 1 a
.

e
.,

i
.
e

.
(Et(d)=xdM3[x]p

Proof
.
c

. Enough to show that for each Borel bijection 2 : A + B will graph (8) [R

we have MIA) = M(B) . Let t : = Agraph (2) .

Then mass transport gives MIA) = M/B).
=>

. By Feldman-Moore
,

we write R=Lograph (a) where each Un : X X is a Bowel

partial involution
,

which allows un to replaceis with x

.

Detail he

nE/N

left as exercise .

Wan Pl ,)= for some Borel (weight) function w : X-> 1Rao
,

then we say that

P is the differential of W.



Prop . Let R be a pmp oBer on (X
, M) and FER be a Finite Borel subey .

elketT : xY/ER,
= Tel ,

R := RE
.

Then E is
map on (*, M) and its Radon-Nikody

longcle is the differential of the weight function w :*-1so defined by
w((x]t) := ((x] =

)
.

Proof. Exercise.

Local-global bridge
.

When proving pointwise ergodic theorems
,

one has to establish a connection between

the global average file and the local finite averages,
and this is done

via change of variable/mass transport .

In our context
,

it is the following :

Local-global bridgelmma .

Let F be an map finite Bonel eg .
rel

. on (X
, M) with RN-co-

cycle P : F- #so
.

Then for each fel'(X
, M),

Cor = Jafor.
where Af(x) : = the P-weighted average off over [xF :=b) O

*

(y).

Note
.

If P is a differential of w : X- > 1Rso
,

then

Af(x) = Af(x) := mews).
Proof

.

If I was pup ,
kee we can define a transport t(x , g) : = f(x)/12xE). Then

Stir =(2= x) = Stf(x) = (AF + dm
For general map F

,
we replace Yel With

*

(y)/* (*E)/ 10 + (x
, 3) : = f(x) . &"(s)/**((x3

:) =



= f(x)
** (y)/p'((x(z) =

f(x)
+/p +

((yTE) . By mass transport :

(d =(*M==
*

kid

t(x
, 4) t(y ,x)

=Jafar .

Tiling .

For a Ber R on a standard Bonel X
,

the space [x]
*

of all finite womampty
subsets of Revelated points is also standard Bonel .

For a collection [x]
we call any pairwise disjoint subcollect See a filing with t

. Denote :

dom (3) : = US = U S. ......

S
SeS ---

- -

...... XIdom(5)
X

R(3) : = the equirrel. incluced by 3. mr-classes
i

. e . the classes inside dom 13) are exactly the elements of S,
and the classes outside of don (5) are just singletons.

Note
.

If 3 is Bonel
,

then dowl3) and R (3) are also Bowel.

The following is the most basic filing Moremi

Maximal tilings (Rechris-Miller) . Every Bonel collection & : [x] admits a Bone

E-maximal tiling 3 : C.



Proof
.

Feldman-Moore
says

What R1Idx
,

as a youph ,
admits a ctbl Bonel edge-colouring.

UsingHis , one gets that the intersection graph on CXT
*

admits a ctbl Bonel

vertex-coloring ,
i . e .

7 Bowl c : [X]
*
+ IN such Rat USV= 0 => c (u) + c (V).

Then observe heat a tiling is just an independent set in the interaction graph
on t

,
but

every Bonel graph that admits a ctb) Bonel vertex-coloring ,
also

admits a Bonel maximal independent set. (Exercise

How
averages work.

let w : X -> Roo be a weight function and fix a bod F : X + IR. For a finite

conempty set
, put
Auf:Tauflan(s)

Prop .
For any disjointwonempty finite ats U

,
V

,
and XEX IU

,
we have:

(a) Anniv = convex combination of Aut and Af =WIAfter s Auf

(b) AnvaxsAuf ,
where A := 211f1d · maxW(y).y .

(Think that w() is huge)
yEX

Proof. (a) is by definition
,
and (6) follows from (a) :

IAmuf-Anf=(x)(At-Ant-A



Intermediate value property . Let UEV = X be finide conempty sets. Then for every
realo between Auf and Arf

,
there is UEIEV with fa ,

where A : = 211f11d · maxw(y) . otu)
yeX

Proof
. Adding the points of VIK to U one-by-one ,

we get
U =: to I, ... In := V

,
whereiFil =

10 Auf = AtaAfa ... Af = Af . All
111

~ Al - Auf

Main Lemma for aBers.

We will first prove the following much easier lenna :

MainLemma forBers
.

It R be an ergodic pmp
Ber on (X

, M) and FoER be a finite Boreley rel .

Then for each fel
*

(X
, M) and 330

,
there is a finite Bonel subeyrel .

FC Fo of R such that

Apf(x) := Laverage of over [x]F)sJfdn
for all x in a set of measure =1-2.

Note that it is enough to prove this assuming Forclasses have bounded size.

Indeed
,

we can thee return an F, with bounded classes by taking a large enough
NeIN so Kurt classes of F of size <N from a st-2 measure set

,

and we

can keep to on the remaining part .



By taking the quotient it :
X-X**, we can replace X

, N ,

R
,

F with

X, := Tem ,
RP/E

,
and F := Apf .

We also replace Ant will
the weighted average Af ,

where W : ->Ro defined by w((x]) : = /Ex 1.

Thus
,
it's enough to prove :

Quotient Main Lemma for aBers
.

Let R be an ergodic map
Ber on (X

, M) whose

RN-cocycle is the differential of
a Bold Bonel Function w : X -> INs0.

Then for
every
fel

,m) and 330
,

there is a finite Bonel subegrel. FOR

such that Af Wastel for all x in a set of measure = 1-3.

Proof. By subtracting Jidd from f
,

we may assume that SFdm = P
.

For any GO ,

call a finite nonempty set UEX I-regative/Fozero/i-positive if Af is/

-Er
,
57/ < 5

. Assuming 311
, put 5-3 and let 3 ? (X]* be a Bowl maximal tiling

with E-zero sets
.

We will show What F = R(5) works.

S
& & E

- &

I
- Xdom (5)

C
&

&

-- C &

-

3
C &

2
T

E - -

E

C
C

& C
&

R-classes

What kinds of points (d-negative/zero/positivel are left out of dom (3) ?



Claim
.

After discarding an R-invariant wall set
,
all points in XIdom (b) are

Ergative or all points in X(dom (3) are i-positive.
Proof. Suppose not

.
There the ergodicity of R yields that

,

after discording a wall out,
each R-class contains both 5-negative and -positive points.

The R-classes which have only finitely many of one or the other form a

smooth
,

heave wall lby ergodicity) set ,
which we ignore .

So all R-classes

have infinitely may donegative and positive points. Fix an Rocan (

and let UI C(dom(5) be a finite finite set of negative points such thut

A := 21Elld · Kulla/w(u) < J.

S
& ... &

S & & &

I
- Xdom (5)S

&
C -

&

-- C &

·. in -

3
-

C & &

- ...

E - -

&

E

&

-...
R-classes C

It V = H4P where P is a large enough subset of <don (3) of i-positive

points so that Ark O I we can do this beco wal).

Then by the intermediate value property for UEV
, we get a set HEIEV

with AtraD have I is d-zero
, contradicting the maximality of 5.



let Y := the union of all E-classes that are E-zero
,

so it is enough to show

that M(Y)1-2 . By the claim
,

after discording an R-invariant will set
,

we may
assume that each point xeX(dom (5) is O-positive (thei-negative case is handled

analogously). Then Y = dom (3) LE
,

where z : = [xEX (dom (3) : f(x)t (52
,

333.
dom (3) z XIY

- E 8 [2 E If/la

Y

Wesimply compute using the local-global bridge lemma:

O = Stdm =SAFFOM = JAEfdM +SAYdM +A
dom(5)

(*) 2 - 22 u(dom(3)) + 3 .u(z) + 2 . M(X(T)
=

= 31 + 22.0 + [M(X(Y)
,

so M/X Y) =
> &

,
as desired.

Remark
.

The inequality (*) above also shows that dom/3) must have positive measure.

Achieving the analogue of this for graphs would be our first challenge next time
,

when we take as 3 a Borel maximal tiling ofGozero connected sets. It's not

even clear that this S is nomempty.


