


A quasi-isomehic classification of

permutational wreath products

Starting point : a finitely group
G = <S)

is a mehic space, so
which other

mehic space is quasi-isomenic
to 6 ?

Or given G, H ,
is there a Q .

F
.
G + Hy

Definition : A map f : (X, dx)
+ (Y

,
dy)

is a quasi-isometry if there are
<21

,

k3,0 such that :

(i) Adx(x,y) - R(dy(f(x) , f(y))
- (dx(x,y) + k(x,y

=X
.

(i) dy(y , f(x) -- k YyeY .

Equivalently , + satisfies
(i) and 7g : y+X

such that & (gof, Fdx) , d(fog , Edy)
< R

-

↳ where d(fig) : = Sup dy(f(x),glx



Remark : Being quasi-isomehic is an

equivalence relation
between mehic

spaces .

What is known about the
Q . 1

. rigidity of

amenable groups ?

Definition : · G is Q . I . rigid if any group
& I . to G

is isomorphic to a finite

index subgroup of G , or to a quotientfor the
other

o G by a finite normal subgroup wayend)
· Aclass & of groups

is Q .I . rigid if any

group & .
F
.
to a group

GE2 is isom .

to a f . 1 : subgroup or to a quotient

by a finite subgroup of some Glee.

Theorem : h, 1,
" is Q .
I

. rigid .

Theoren (Farb-Mosher 1995
,
2000) : Fus, 1,

the Baumslag-Solitar group



BS(1, n) = (a, +1 tat" = al)

is Q . I . rigid .

Moreover
,
BS(1 ,n) and BS(1 ,m) are

Q .
F

.

iff n, m are powers of a common number

Open questions :

· Is the class of finitely presented solvable

groups O .
F

. rigid ?

·
Is the class of f . p .

metabeliam
groups

a .
I

. rigid ? virtually
· Is it true that being " polycyclic is a

&. I . invariant ?

Wreath products
G ven groups

G
,
H
,
define

6 H : = (G) o H

where H acts on #G by permuting the



coordinates.

In addition , if G
= <So) and H = <SH)

the GIH is generated by

[8a : atSf)USH

where S : H + G
,
h (if ise

Thus
, if we think (, p)EGIH as a

colouring of the Cayley graph of) H

with colors in G
, finitely supported,

together with an arrow peH , then

right multiplying (p) by a generator
amounts

· either to keep the same colouring
and moving the arrow to aneighbour

g = ps of p :

(c
, p) . (11

,
s) = (a

, ps) , SESH -



· or to keep the arrow where it is

(i . e . on peH) and changing the color

of this vertex
,
from <(p) tocpja :

~
composition law in 0G

H

(
, p) . (Sa

,

1+ ) = (c +p - Sa
, p) , at SG

More generally , given
n
,
2 and a bounded

degree graph X , Zu(x)
is the graph :

· whose vertices are pairs (, p)
with

C : VIX] - Xn is a colouring of the

vertices of X
,
finitely supported
-

i. e . (supp(a)) < 0

where supp(a) := (XEV(x) :<(x)fo)

and pEV(X) ;
· whose edges

connect (p) , Kip
if either c = c'and pYP' , or it

p = p
1 and C

,
C' only differ

on p :

supp(c' - a) = Sp3 .



When X = Cay (H, S) , then 2u(x) is

the Cayley graph of /ne H with

respect to the generating set EnzuS .

Given a colouring < : V(X) -> En , the

set

h() = ((,p(t(u(x) : peV(x))
is called a leaf.

Remark : in FIH
,

leaves are just

H - cosets : (() = (
,
1H) · H

.

: in F TH

L
· P

more vertically : moves of the
Latt second kind

.

p
#

more horizontally : moves of the
->

first kind

↳



Question : When are two wreath

products G1H ,
G21He quasi-isomehic ?

The answer H = He = 2 is due to

Eskin - Fisher- Whyte .

Theorem : # 22 and E are Q. F .

iff there exist a, r.s, 1 such that

Il = ar
,
El = as .

the proof relies on a technique of
"carse differentiation", and is specific

to two ended groups .

With completely different methods,
Genevois and tessera proved the

following :

#G x H
J H

(G2H is amenable I G, H are anerable)



Theorem (2024) :

let E
.
E be two non hivial finite

groups . Let H ,
Hz be finitely presented

and one-ended groups. Then
:

(i) If the is not amenable
,

then FIH,

and E7H2 are Q . I . if
and only if

IF1 . (El have the same prime divisors

and He
.
He are quasi-isomehic .

(i) If H, is amenable ,
then Et , and

ELHz are Q .I
· if and only if there

are a,
r
.
531 S . t . (f) = aY lEl = a

and there exist a quasi-e-to-one
quasi-isomety H- He

Remark : More generally , they classify In(x)
for some assumptions on X

.



Scaling quasi-isomehies
Notations : In a mahic space X ,

given AX and Ro
,
A
+ R
the

R-neighborhood of A ,

AtR : = U By (a,R

Note that (AtRy
+S

= ALR+SI
-

The Hausdorff distance
betwee

A
, BEX is

&
Haus

(A
,
B) : = inf & R30 : AdBtR

,
BLATRY

Lemma : let f : X-Y be a (, K) - Q .

F
.

let AEX .
Then f(AtR) [f(A)

+R+ 4)
.

Definition : A D . I . f : X+ Y between

two bouded degree graphs is

quasi-12-to-one (for 130) , if there



is Lo such that

1 RIAl-If-(A) 11 = C . 12
,
Al
,

for all finite subsets AaY,
where

2yA = = (y Y / A : JacA
, yya} .

Theorem (Whyte 1999) : A Q .
I
. fix-> Y

is quasi-one-to-one if
and only if it

lies at bounded distance from a bjection.

Remark : Between non amenable spaces,

a Q .I . fiX+ Y is quasi-l-to-one
for any k30

. Indeed
,
as Y is not

amenable, there iseso
such that

12AksIAI for any ACY finite, and

thus

IRIAl-If +CA1l E KIAl + If-(A))



((k + P)/A) (where PS 1 is

a uniform
bound on

If- 1 (y2)),yeY)
1 PA

Consequence : Any quasi-isometry
between non amenable spaces

is at bounded distance from
a

bijection .

Main example of a scaling Q . F :

the inclusion H 46 of a f . i.
into G is quasi-1-torone .subgroup [G : HT

For amenable spaces, we
have :

Lemma : let X amenable· Affix+ Y
is quasi-e-to-one and quasi-l-to-one,
then k = k '.



Proof : Let (Fulnein be a Folwer sequence

of X ,

i
.
e. A mo

& quasi-k-to-one => FC30
s . t .

EnEN
,
IkIFul-If"(Fll)

-

> C . IGFul

i.e .

Ene
, 1k-l

=> k = Lim Full = k !. D
n+ 1Ful

Stability properties

Theorem : Let f : X+ Y, g : /+ z, hiX
+Y

be Q .
I
.

(i) If fix- Y is quasi-e-to-one,
and d(h

, f) <*, then
h is quasi-l-

to-one.

(i) If f : X - Y is quasi-k-to-on



and g
: Y-z is quasi-l'-to-one,

then got is quasi-kle-to-one .

(ii) If f : X - Y is quasi-l-to-one, then

any of its quasi-inverses is quasi-to
-on .

All this showstait
,
when X is

amenable
,

there is a well-defined

group morphism
-> (IRzo,)Sc : GIsa)bounded distance

- quasi-k-torone to K

and we call Sc(X) : = Im (Sa)

the scaling group of X.

Proposition (Genevois and Tessera) :

· Sc(E) = 1Ryo , and
more generally

Sc(p) = 1Rso for any MCG



lattice in a Carnot group;

· Sc(BS(1,n)) = >o Ens
-
1

.

Towards Generois -Tessera's strategy :

3 main steps .

Step 1 : Fix an (A, B) - D .
F
.

9 : FhH
-> E2Hz

.

Then a
lies at finite distance from

a Q
.
I

. G that sends Hy-cosets

into Hy-cosets , and has a quasi-inverse

that does the same
in the other

direction. This follows from
the

following :

Theorem : Let G be a finitely

presented group and
let Ha one

ended group . Then
,
for any



course embedding g :G F2H
,

there is R2
,
0 such that p(G)

lies into the R-neighborhood of
an H-coset .

Remark : They proved the same
statement for general lamplighters

graphs


