| Universite
Paris Citeé

Mémoire d’habilitation & diriger des recherches
Discipline : Mathématiques

Institut de Mathématiques de Jussieu - Paris Rive Gauche

Ecole Doctorale Sciences Mathématiques de Paris Centre

présenté publiquement le 14 mars 2024

par M. Francois LE MAITRE

Polish groups and non-free actions in
the discrete or measurable context

Devant la commission d’examen formée de :

M. Pierre FIMA, Université Paris Cité, Rapporteur interne

M. Yair GLASNER, Université Ben Gourion du Néguev, Rapporteur
Mme Sophie GRIVAUX, Université de Lille, Présidente

M. Cyril HOUDAYER, Ecole Normale Supérieure, Examinateur

M. Todor TSANKOV, Université Lyon 1, Rapporteur






Introduction

In this text which presents some of the author’s work in the past nine years, the main
theme is the study of actions of countable groups on sets with little to no structure. The
emphasis is on non-free actions since free actions are completely described by their number
of orbits in the absence of an underlying structure. We adopt a descriptive set-theoretic
viewpoint by considering various Polish spaces of actions, thus allowing the use of the
Baire category theorem.

The fact that our action spaces are Polish is each time related to Polish groups: all
elements of the action spaces we consider can be seen as group homomorphisms taking
values in a specific Polish group. We explain in details why relevant spaces and groups
are Polish in Part [ Although this part is directed towards non-specialists, our presen-
tation contains a few facts which are hard to track in the literature. Let us now list the
Polish groups and spaces which will be the protagonists of this thesis, along with a brief
presentation of its content.

The group S, of all permutations of the integers. Presented in Section [3 &
plays a prominent role: it encapsulates all actions on countable discrete sets, which are
the topic of Part [T}

The group G first arises via ample generics, which are discussed in Section[8] Indeed,
G is the fundamental example of a Polish non-archimedean group with ample generics.
This by now well-known fact is proved in Section where we highlight the connection
with the space of actions on the integers of finitely generated free groups. We then
give examples of Polish groups with ample generics which are not non-archimedean in
Section [8.2] starting with Malicki’s examples, and then giving the connected examples we
obtained with Kaichouh. In Section we discuss quast non-archimedeanity, a property
of Polish groups which we introduced with Gelander. This property is satisfied by all
known examples of Polish groups with ample generics, and it is equivalent to being totally
disconnected for locally compact groups. We discuss in Section a new negation of quasi
non-archimedeanity called almost n-archimedeanity, and related properties. We finally
compare ample generics to various archimedianity notions in Section [8.5]

The group G, also appears when considering spaces of transitive actions on countable
sets, discussed in Section[9] Another natural model for such a space is the space of infinite
index subgroups of a countable group I', and Section is essentially devoted to the proof
that these two spaces are the same from our point of view (Theorem [0.9). Section
presents an important property of transitive actions called high transitivity, which can
be reformulated as having dense image in &,. This in turn yields a group property also
called high transitivity, which means being isomorphic to a dense subgroup of &,. Other
important properties of transitive actions related to the topology on the space of infinite
index subgroups are discussed in Section weak containment, high faithfulness and
finally totipotency.



Section (10| is entirely devoted to high transitivity for group acting on trees. Our main
goal is to present a result obtained with Fima, Moon and Stalder, namely high transitivity
for an optimal subclass of groups acting on trees. This result is stated in Section [10.1]
The goal of the remaining sections is to prove the result for free products. We actually
give a new stronger statement for (non-amenable) free products: their generic transitive
actions on a countable infinite set are highly transitive. We present the required Bass-
Serre theory for the proof in Section [10.2] and some additional facts on free products and
trees in Section [10.3] Finally, the proof is given in Section [10.4]

The space of Y-valued measurable maps L°(X, 4, Y). Given a Polish space Y and
a standard probability space (X, i), the space LO(X, u,Y) of Y-valued measurable maps
can be endowed with the Polish topology of convergence in measure, as explained in
Section 4l

When Y is actually a Polish group, one gets a connected Polish group which plays an
important role in our aforementioned work with Kaichouh on ample generics: we proved
that if G has ample generics, then so does L°(X, u, G), thus providing the first examples
of connected Polish groups with ample generics (see Section .

Although we barely mention it in this text, this construction has also been invaluable
in the construction of Polish full groups undertaken with Carderi, and then of L! full

groups, see Remark [7.14]

The groups of measure-preserving and non-singular transformations. Given
a standard probability space (X, u), there are two natural Polish groups to consider:
the group Aut(X, ) of measure-preserving bijections and the group Aut*(X, i) of non-
singular (also called measure class-preserving) bijections.

Since Aut(X, i) being G5 in L%(X, i, X') was key in our work with Carderi on Polish
full groups, we took the opportunity to directly derive the Polishness of Aut(X, ) from
this fact in Section [fl We also explain why Aut*(X,p) is a Polish group in Section [6]
using a more conventional approach. We briefly mention how automatic continuity of
Aut(X, ) was used in our proof that Aut*(X, ) has a unique Polish group topology, and
set the stage for the last protagonists by showing that the two-sided uniform metric is
complete, a well-known but seldom proved fact.

Full groups of non-singular equivalence relations. Our last protagonist comes
directly from orbit equivalence theory: given a non-singular action of a countable group
I on (X, pu), the equivalence relation whose classes are the I'-orbits is a non-singular
equivalence relation R, and its full group [R] is the group of non singular bijections whose
graph is contained in R. Section [7]is devoted to basic facts on these Polish groups which
can be hard to find when venturing in the non probability measure-preserving world. Full
groups then appear in this text in two distinct ways.

The first is ample generics: as it turns out, full groups of ergodic Z-actions have ample
generics as soon as the associated equivalence relation is not type II;. This result was
obtained with Kaichouh in the type III case, and the remaining type Il case is treated
here, in Section[8.2] As in our joint paper, we emphasize the natural connection with &,
by embedding full groups in L°(X, u, &), allowing us to think of full groups elements as
random permutations, and more generally of group homomorphisms I' — [R] as random
['-actions on N.



The second way full groups appear is in the study of non-free actions in the measurable
context, which is the topic of Part [[II] Indeed, the action on the underlying probability
space of dense subgroups of full groups enjoy remarkable properties, even when forgetting
about the whole measurable structure. One of these is a strengthening of high transitivity
we call permutational fullness, another is the fact that density is inherited by stabilizers.
All these properties are studied in Section [11] and were obtained with Carderi and Ga-
boriau in an unpublished work. We restrict to the probability-measure preserving setup
for simplicity, but some results like Theorem hold in the non-singular setup as well.
Section [12] finally presents our result with Carderi and Gaboriau: under an optimal hy-
pothesis on the cost of a given ergodic p.m.p. equivalence R, we construct dense free
subgroups of its full group whose associated random transitive action is almost surely
totipotent.
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Part 1

Some spaces of maps and Polish groups

In this first part, we review various constructions of Polish groups and spaces which will
be useful in the sequel.

1 Basic facts on Polish spaces

Before giving examples of Polish groups, we need a few facts on Polish spaces. A Polish
space is a separable topological space whose topology admits a Compatibler'_-] complete
metric. The existence of a compatible complete metric implies that the Baire category
theorem holds (any countable intersection of dense open sets must be dense itself), while
the separability implies that various relevant sets can be written as countable intersections
of (dense) open sets. Since countable intersection of open sets play a crucial role in the
theory of Polish spaces, let us give their nickname right away.

Definition 1.1. A subset Y of a topological space X is Gy if it can be written as a
countable intersection of open sets.

An important family of G subsets is provided by closed subsets of metrizable spaces.
Indeed if (X, d) is a metric space and F' C X is closed, then F' can be written as the
intersection over n € N of the open set of elements at distance less than % from F.
Another example of G subset is obtained by removing countably many points from the
ambient space, for instance R \ Q is a Gj subset of the real line (R \ Q is actually
homeomorphic to the product space NN which plays a central role in the theory of Polish
spaces).

Observe that a metric space is separable if and only if it is second-countable, i.e. its
topology admits a countable basis. Since any subspace of a second-countable topological
space is itself second-countable, subspaces of Polish spaces are always separable for the
induced topologyP?} The question of which subspaces are actually Polish is thus settled
by the following important result, which encompasses the well-known fact that closed
subspaces of complete metric spaces are complete for the induced metric.

Theorem 1.2 (Alexandrov, see [Kec95, Thm. 3.11]). A subspace of a complete metric
space admits a compatible complete metric for the induced topology if and only if it is Gs.

1A metric is called compatible with a topology when it induces this topology.

2Separability does not pass to subspaces in general, e.g. the space {0,1}%1 of subsets of [0,1] is
separable for the product topology (consider finite unions of intervals with rational endpoints) but the
subspace of singletons is not separable since it is discrete for the induced topology.

11



12 PART 1. SOME SPACES OF MAPS AND POLISH GROUPS

Corollary 1.3. Let X be a Polish space, let Y C X. Then Y is Polish for the induced
topology if and only if Y is a Gs subset of X. O

Observe that any countable intersection of Gs sets is Gs, and that in Polish spaces
countable intersections of dense Gg sets are also dense GG5: they can be rewritten as
countable intersections of dense open sets, so they are dense by Baire’s category theorem.

If f:X — Y is amap and (U,) is a family of subsets of Y, we always have
1N, Un) =N, [ Uy, so the inverse image of a G5 set by a continuous map is Gs. This
is not true at all for direct images since the image of an open set needs not be open and
moreover direct images do not commute with countable intersections. We can however
get around this problem in certain specific cases, using the following fundamental result.

Theorem 1.4 (Sierpinski, see [Gao09, Thm. 2.2.9]). Let X be a Polish space, let Y be a
metrizable topological space, and let f: X — Y be a continuous open map. Then f(X) is
Polish.

Restrictions of open maps need not be open, so in order to use this theorem, we make
a small observation.

Lemma 1.5. Let XY be topological spaces, let f : X — Y be open, and suppose that
Z C X satisfies Z = f~Yf(Z)). Then fiz: Z — f(Z) is also open.

Proof. Let U C Z be open, then U = Z NV, where V is an open subset of X. We claim
that f(U) = f(Z) N f(V), so f(U) is open in f(Z) as wanted. Indeed, the inclusion
fU) C f(Z)N f(V) always hold since U = Z NV, and the reverse inclusion follows from
the fact that Z = f~1(f(Z)): ify € f(Z)N f(V), write y = f(z) = f(v) for some z € Z
and v € V, we then have v € f~(f(Z)) and thus v € Z, yielding v € U and hence
y € f(U) as wanted. O

Corollary 1.6. Let X be a Polish space, let Y be a metrizable topological space, and
let f: X — Y be a continuous open map. Then for all Gs subset Z C X such that
Z = f~Yf(2)), we have that f(Z) is Gs inY .

Proof. By Corollary , the set Z is Polish, and the restriction of f toamap f: Z — f(Z)
is continuous if we endow f(Z) with the induced topology from X, which is metrizable.

The restriction of f to Z is continuous, and by the previous lemma it is also open.
Using the above theorem, we obtain that f(Z) is Polish. So f(Z) is Gs by Corollary
L3l O

Remark 1.7. The hypothesis that Z = f~(f(Z)) can be restated as the fact that Z is
a union of fibers of the map f. This hypothesis is fundamental: using the Baire space,
one can show that when X = R? and f is the projection onto the first coordinate, any
analytic subset of R arises as the projection of a Gy subset of R

Another key fact about Polish spaces is the following.

Proposition 1.8. Any countable product of Polish spaces is Polish for the product topol-
0gy.
Let us give a few relevant examples of Polish spaces:

e Any discrete countable space is Polish, since its topology is induced by the complete

_J 0 ifrx=y
5(x,y)—{ 1 ifz#y.

metric
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e Taking advantage of Proposition we deduce that N is a Polish space. It is
sometimes called the Baire space.

e For all n > 1, R™ is a Polish space. More generally any locally compact second-
countable space is Polish. However RY is Polish but not locally compact, because
compact sets therein must have empty interior (our previous example NV also fails
to be locally compact for the same reason).

The following theorem is a cornerstone of descriptive set theory. Recall that the Borel
o-algebra of a topological space is the o-algebra generated by open sets. Elements of this
o-algebra are simply called Borel sets, and a map f : X — Y is called Borel if f~}(U) is
Borel whenever U C Y is open (equivalently, if the preimage of any Borel set is Borel).

Theorem 1.9 (Lusin-Suslin, see [Kec95, Thm. 15.1]). Let X and Y be Polish spaces, let
f: X =Y be a Borel injective map. Then for every A C X Borel, the set f(A) is also
Borel.

We end this section with a brief discussion of Baire measurability, referring to
[Kec95, Chapter 8] for details. The notion of a dense G4 subset in a Polish space is a
good analogue of a full measure subset in a measured space since countable intersections
of dense G sets are themselves dense GG5. The following two definitions are thus a natural
analogue of measure zero subset, and of Lebesgue measurable sets respectively.

Definition 1.10. Let X be a Polish space. A subset of X is called comeager if it
contains a dense G set, and meager if its complement is comeager. A subset B C X is
called Baire measurable if there exists an open set U C X such that B A U is meager.

By the Baire category theorem, countable intersections of comeager sets are comeager,
so by taking complements countable unions of meager sets are meager. It easily follows
that countable unions of Baire-measurable sets are Baire measurable. To see that comple-
ments of Baire measurable sets are Baire-measurable, first note that whenever U C X is
open, the set U \ U is meager because it is closed with empty interior. In particular X \ U
is Baire measurable because it differs from the open set X \ U by a meager set. Now if
A differs from U by a meager set, the complement of A differs from the complement of U
by the same meager set, and since the union of two meager sets is meager, it follows that
X \ A differs from the open set X \ U by a meager set. We have shown the following.

Proposition 1.11. Let X be a Polish space. The set of all Baire measurable subsets of
X forms a o-algebra. In particular, it contains all Borel subsets of X. O

Let X and Y be Polish spaces, we say that a map f : X — Y is Baire-measurable if
for all U C Y open, the set f~1(U) is Baire-measurable, or equivalently if for all B C'Y
Borel, the set f~!(B) is Baire-measurable’]

Using the fact that Lebesgue measurable sets differ from open sets by arbitrarily
small measure subsets, one obtains Lusin’s theorem: Lebesgue-measurable maps admit
continuous restrictions to arbitrarily large measure subsets. For Baire-measurable maps
the situation is even better.

3Tt is important to note here that, as for Lebesgue measurability, we do note require preimages of
Baire-measurable sets to be Baire-measurable, as there are even continuous functions which fail this

property.
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Theorem 1.12. Let X andY be Polish spaces, let f : X — 'Y be Baire-measurable. Then
there is a dense G5 subset Z C X such that the restriction of f to Z is continuous.

Proof. Since Y is Polish, it is second-countable: let (U,),en be a basis for its topology.
For every n € N, since f is Baire-measurable we have an open set V,, C X such that the
set f~Y(U,) AV, is meager. Fix a dense G5 set Z,, disjoint from f~'(U,) A V. Then the
restriction of f to the dense G set Z := ("), Z, is continuous since the preimage of every
U, is now equal to the open set Z NV, and (U, )nen is a basis of the topology of Y. [

2 Basic facts on Polish groups.

By definition, a Polish group is a topological group whose underlying topology is Pol-
ish. Basic examples are provided by locally compact second-countable groups since their
topologies are Polish. Also note that thanks to Proposition [I.8] the class of Polish groups
is closed under countable products, so for instance Z" and RY are Polish groups.

It is very easy to check that a group with a Polish topology is a topological group (and
hence a Polish group) thanks to the following proposition.

Proposition 2.1 (|[Kec95, Ex. 14.15]). Let G' be a group endowed with a Polish topology.
Then G is a Polish group if and only if multiplication is separately continuous: whenever
gn — g € G and h € G, we both have
lim g¢g,h = gh and lim hg, = hg.
n——+00 n—-+00

Proof. Consider the action of G on itself by left translation, which is separately continuous
by hypothesis. It is thus continuous by [Kec95, Thm. 9.14|, which means that group
multiplication is a continuous map G x G — (. Now observe that the graph of the
inverse map is a closed set because it is the set of pairs (g, h) such that gh = 1. We
deduce that the inverse map is Borel by [Kec95, Thm. 14.12|. In particular, the inverse
map is Baire- measurable so by Theorem we find a dense G5 subset X C G such that
the restriction of g — ¢g~! to X is continuous.

Now let g, — g € G, consider h € g7'X N[, g,'X (which exists because the latter
set is a countable intersection of dense Gy sets, hence it is dense Gy itself). Then gh € X
and g,h € X for all n. In particular, (g,h)™* — (gh)7!, so h™lg,' — h7lg™! and so
gt — g1 as wanted. O

In the previous section, we mentioned that Polish subspaces of Polish spaces are exactly
G subspaces. For Polish groups, we have the following stronger result.

Proposition 2.2. Let G be a Polish group, let H < G be a subgroup. Then H is Polish
for the induced topology if and only if H is closed in G.

Proof. If H is closed, then it is clearly Polish, so we need to show that if H is Polish, then
it is closed. By Corollary , H is G, so it is dense Gy in its closure H which is Polish.
Now let ¢ € H. Then gH is also dense G in H, so by the Baire category theorem gH N H
is not empty, which implies that g € H. We conclude that H = H, so H is closed. O

The following automatic continuity result is fundamental.

Theorem 2.3 (Banach, [Ban32|). Let G and H be Polish groups, let 1 : G — H be a
Baire-measurable group homomorphism. Then 7 is continuous.
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Proof. By Theorem [1.12] there is a dense Gy subset X C G such that 7 is continuous
when restricted to X. Let g, — g in G. As in the end of the proof of Theorem [2.1], we fix
an element h in the dense G; set g7 X N[, g,,' X, then since 7y is continuous we have

m(gn)7(h) = 7(guh) = 7(gh) = 7(g)m(h),
so m(g,) — 7(g) as wanted. O

In general, one often encounters the following situation: we have a Polish group H
and a subgroup G < H which is also Polish, but for another topology. The following
result says in particular that if G sits reasonably well inside H (i.e. if the inclusion map
is Baire-measurable), his topology has to refine that of H and is the unique Polish group
topology on G such that the inclusion G — H is Baire-measurable.

Proposition 2.4. Let G and H be Polish groups, let m : G — H be a group homomor-
phism, suppose that 7 is a Baire-measurable map. Then m is continuous, m(G) is a Borel
subgroup of H, and 7(G) admits a unique Polish group topology such that © : G — w(Q)
is Baire-measurable (equivalently, continuous).

Proof. Since 7 is Baire-measurable it has to be continuous by Banach’s theorem which
we just stated. In particular its kernel is closed, so G /Ker 7 is a Polish group by [Gao09,
Thm. 2.2.10]. Then 7 induces a continuous injective homomorphism 7 : G/Kerm — H.
Since 7 is continuous injective, the set 7(G/Kerm) = 7(G) is Borel by Theorem [1.9
Denote by 7 the Polish group topology on 7(G) that we obtain by identifying 7(G) to
G/Ker 7 via 7, by construction 7 : G — 7(G) is continuous and since Baire-measurable
homomorphisms are continuous we have to show that 7 is the only Polish group topology
such that 7 : G — 7(G) is continuous. So suppose 7’ is another Polish group topology on
7(G) which makes 7 continuous. By the universal property of the quotient topology, 7/
has to refine 7. But then the identity map (7(G),7") — (7(G, 7)) is continuous injective,
so appealing once more to Theorem [I.9)its inverse is also Borel. By Banach’s theorem, this
inverse map is continuous so the identity map (7(G),7") — (7(G, 7)) is a homeomorphism,
which means that 7 = 7/ as wanted. m

Remark 2.5. In this text, we will only use this proposition when 7 is injective, but the
general form is useful to keep in mind.

Some Polish groups G satisfy the remarkable property that their Polish group topology
is actually the only Polish group topology one can endow them with. Even more remark-
able is the automatic continuity property, which states that given any separable
topological group H, every group homomorphism G — H has to be continuous.

Proposition 2.6. Suppose a Polish group G satisfies the automatic continuity property.
Then its Polish group topology is unique.

Proof. Let 7 be the Polish group topology for which G enjoys the automatic continuity
property, let 7/ be another Polish group topology on G. The identity map (G, 7) — (G, 7’)
has to be continuous so 7 = 7/ from the uniqueness in the previous proposition. O

Finally, let us mentions that one always has a natural way of building a compatible
complete metric on any Polish group G: one starts with a left-invariant metric d; as
provided by the Birkhoff-Kakutani theorem, and then the metric d defined by

d(g7 h) = dl(Q, h) + dl(gilu hil)
is automatically complete (see [Gao09, Cor. 2.2.2]).
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3 The permutation group of the integers G

Definition 3.1. The group G is the group of all permutations of the set N of nonnegative
integers. It is endowed with the topology of pointwise convergence, viewing N as a discrete
set.

The topology of G, can concretely be understood as follows: given a sequence (,,)nen
of permutations, we have ¢, — ¢ if and only if for every k € N, we have o, (k) = o(k)
for large enough n € N. Using this characterization, it is not hard to see that &, is a
topological group, even without relying on Proposition

Let us now prove that G, is Polish, using an approach that will appear again later:
we will show that it is G in a well-chosen function space.

Proposition 3.2. G, is a Polish group.

Proof. By definition, the topology on &, is the topology induced by NY, viewing N as
a discrete set. The latter is obviously a Polish space, so NV is Polish. In order to show
that G is Polish, it suffices to show that it is a G subset of NY in view of Corollary .
But this follows in a straightforward manner by unraveling the definition of a bijection.
Indeed a function N — N is surjective if and only if it belongs to the Gy set

N <U{feNN:f<m>:n}>,

neN \meN

and it is injective if and only if it belongs to the closed (in particular Gy) set

N () {FeN:f(m)# f(n)}

neN meN\{n}
So &, can be written as the intersection of two G sets: it is itself G5, hence Polish. [

Remark 3.3. The above approach generalizes as follows. First, given a compact Polish
space X and a Polish space Y, the space C(X,Y") of continuous maps from X to Y is Polish
for the compact-open topology. Taking Y = X, one can show that the homeomorphism
group Homeo(X) is G in C(X, X) and that it is a topological group for the compact-open
topology.

Now, given a locally compact Polish space X, one can consider its Alexandrov com-
pactification X U {oco} and endow its homeomorphism group with the compact open
topology. Homeomorphisms of X then correspond to the closed subgroup consisting of
the stabilizer of oo, in particular they form a Polish group. Note that the compact-open
topology on Homeo(X) is not a group topology in general (although it is Polish), and that
the topology induced by the compact-open topology on Homeo(X U {oo}) is described by
taking as a subbasis the usual compact-open subbasis to which we add sets of the form
{g € Homeo(X): g(F') C X \ K}, where F is closed and K is compact in X (for all this,
see [Dij05]). In the next section, we prepare the ground for a similar construction in the
measurable context.

4 Spaces of measurable maps

A probability space (X, B, ) is called standard when X can be endowed with a Polish
topology so that B is the associated Borel o-algebra and pu is atomless, e.g. X = [0, 1]
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endowed with the Lebesgue measure. A classical result in descriptive set theory implies
that all standard probability spaces are isomorphic [Kec95, Thm. 17.41], but in this text
we only need the easier fact that they are isomorphic up to a null set. From now on, the
underlying o-algebra B will be implicit in our notation.

Definition 4.1. Let (X, u) be a standard probability space, and let Y be a Polish space.
Then L°(X, 1, Y) is the space of all measurable maps f : X — Y up to measure zero, i.e.
we identify two such maps fi, fo when p({z € X: fi(z) # fo(x)}) = 0. It is endowed with
the topology of convergence in measure, defined by declaring open the following sets
for every A C X measurable, U C Y open and € > 0:

Uea = A{f € L°(X, 1, Y): p(f7H(U) N A) > e}

Using the second-countability of Y and the separability of the measure algebral| of
(X, p), it is not hard to see that the topology of convergence in measure is second-
countable. In order to see that it is Polish, we make a small detour which will justify in
passing the fact that we call it the topology of convergence of measure.

Lemma 4.2. Let d be a compatible metric on Y. Let fo € LO(X,u,Y), then a basis of
neighborhoods of f is given by

{f e X 1Y) n({x € X:d(f(2), fo(z)) > €}) < e}

Proof. Let (y,) be dense in Y, then for each n let

A, = {;1: € X:d(fo(x),yn) < %}

By density X = (J,, A, in particular there is N € N such that pu(lJ, .y A4n) > 1— 5. If
we denote by U" the $ open ball around y,, we have by construction that the open set

ﬂ M(A'/L 2N7

n<N

is contained in {f € LO(X, 1, Y): pu({z € X: d(f(2), fo(x)) > €}) < €}.
In order to conclude, we need to show that conversely, given any f, in an open set for
the topology of convergence in measure, there is € > 0 such that this open set contains

{fel’(X, 1, Y): p({z € X:d(f(x), fox)) > €}) < e}

Without loss of generality, take fy € Ua A, then since U is open we find n € N such that
p({z e A d(fo(z), Y \U) > +}) <e. Let

d = min (%,e—u({xeA: d(fo(z), Y \U) > %})7

then observe that if we have f € LO(X, p,Y) such that u({z € X : d(fo(z), f(z)) > 6}) <0
then f € U a. O

4The measure algebra of a probability space is the algebra of measurable subsets up to measure zero,
endowed with the topology induced by the complete metric d,,(A4, B) = u(A A B). Its separability when
(X, ) is standard follows by putting a compatible Polish topology on X and checking that regularity
implies density of finite unions of elements of a fixed countable basis of open sets.
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Let d be a compatible bounded metric on Y (such a metric always exist because
min(1,d) induces the same topology as d). Then we can endow L°(X,u,Y) with the

metric d defined by
i(f.g) = /X A(f(x), 9(x))du(x). (1)

We then have the following well-known properties of convergence in measure and cZ, see
e.g. [Kecl(, Sec. 19| (everything is stated for groups there but the relevant statements
work equally well without this assumption).

Lemma 4.3. The following hold.
(i) The metric d is compatible with the topology of convergence in measure.

(i1) A sequence of functions (f,) converges to f in measure if and only if every subse-
quence of (f,) converges almost surely to f.

(iii) If d is complete, then so is d.

As a consequence of item (iii) and the above-mentioned second-countability of the
topology of convergence in measure, we obtain the following.

Corollary 4.4. Whenever Y is a Polish space, LO(X, u,Y') is Polish for the topology of
convergence in measure. O

Remark 4.5. By definition a standard probability space is atomless. However, all the
definitions and facts above hold as well when there are atoms, with unchanged proofs. It
is of interest to note that when (X, i) is completely atomic and A is its (countable) set
of atoms, LO(X, 11, Y) is naturally homeomorphic to Y. In particular, one can think of
the LY construction as a generalization of the operation of taking a countable power of a
set. As we will see in Section [8.2] a key point of this generalization is that the absence of
atoms yields a contractible (in particular connected) topological space.

5 The group of probability measure-preserving bijec-
tions Aut(X, u)

We now define our second favorite Polish group, which stems from ergodic theory. Let
(X, 1) be a standard (atomless) probability space, we denote by Aut(X,u) the group
of all measure preserving bijections of (X, ) up to measure zero, i.e. the group of all
T : X — X Borel bijection such that for all A C X Borel, we have u(A) = u(T71(A))
where we identify two such bijections 77,75 as soon as pu({z € X: T1(z) # Tar(x)}) = 0.

Example 5.1. Take X = [0,1) and X the Lebesgue measure. Then for every a € R, the
bijection T, defined by T,(x) = z + a mod 1 is a measure-preserving bijection.

Since all standard atomless probability spaces are isomorphic, there is only one group
Aut(X, p) up to group isomorphism. We will follow an unconventional path by defining
on it a Polish group topology which depends on the choice of a Polish topology on X a
priori, and then check that this topology is independent of this choice. This approach is
motivated by our construction of Polish full groups with Carderi [CLMI6|, although we
won’t present this construction in this text.
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Lemma 5.2. Fiz a Polish topology T compatible with the standard Borel space structure
of X. Then Aut(X, ) is G5 in LO(X, u, X) for the topology of convergence in measure.

Proof. Note that Aut(X, u) can be identified with the space of Borel maps X — X which
are both measure-preserving, and become injective when restricted to an appropriate full
measure set. It thus suffices to check that the space of such maps is Gj.

First we check that the space of all measure preserving maps f € L°(X, u, X) is closed
by showing that its complement is open: suppose that f € L%(X, u, X) is not measure-
preserving. Then by taking if needed a complement we find A C X such that u(f~1(A)) >
p(A). Using regularity, we then find U open containing A such that p(f~1(A)) > u(U),
so in particular u(f~(U)) > u(U). Then the open set

{9 € L%(X, 1, X): (g (U)) > w(U)}

is a neighborhood of f disjoint from the set of measure-preserving maps.

Let us now check that the space of injective measure-preserving maps f € LO(X, u, X)
is Gs. Let (A,) be a separating family for X: as soon as x # y € X, there is n € N such
that x € A, but y € A,,. The fact that the space of injective measure-preserving maps
f e L%X, u, X) is G5 will follow directly from the following claim: a measure-preserving
map f is injective if and only if for every € > 0 and n € N, there is an open set U such
that u(U) < u(A,) + € and u(A, N f7HU)) > u(A,) — e

Let us prove the above claim: if f is injective then A, = f~1(f(4,)). By regularity
we find U D f(A,) which satisfies u(U \ f(A,)) < € and since f is measure-preserving, U
is as wanted.

For the converse, we fix for every n a sequence (UF); such that u(f~*(UF) N A, >
pw(A,) —27% and u(f~1(U,,) \ An)) < 27%. By the Borel-Cantelli lemma, after throwing
away null sets, we have that for all z, z € A, if and only if z € f~'(U,,) for all but
finitely many k € N. We may finally check that f is injective: let x # y, then there is n
such that x € A, but y ¢ A, in particular there must be k such that x € f~1(U¥) but
y & fHUF), so f(z) € Uy, but f(y) & U,,. We conclude that f(z) # f(y) as wanted.

We now have that Aut(X, i) is equal to the intersection of a closed (in particular Gy)
subset with another G subset, in particular it is G5 which ends the proof. O

Theorem 5.3. Let (X, 1) be a Polish space endowed with a Borel probability measure .
Then Aut(X, p) is a Polish group for the topology of convergence in measure.

Proof. Since G5 subspaces of Polish spaces are themselves Polish and Aut(X, i) is G in
the Polish space L°(X, 1, X) by the previous lemma, we only need to check that Aut(X, )
is a topological group for the topology of convergence in measure. By Proposition we
only need to check that given a fixed element h € G, both left and right multiplication
by h are continuous.

To see that right multiplication by A is continuous, one can observe that given a
compatible metric d on Y, the metric d given by equation induces the topology of
convergence in measure, and since h preserves the measure we have that for all g € G,

d(gih, gah) = /X A(guh(x), goh(x)) = / A(gr(2), 92(2)) = d(gn. g2).

X

In other words, the right multiplication by A is an isometry of (Aut(X, u1), d), in particular
it is continuous.
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To see that left multiplication by h is continuous, we fix again a compatible metric d
and we use the characterizations given by Lemma [4.3] Let ¢ > 0, and go € G, consider
the open neighborhood U of hgy given by

U=A{f: p({z € X: d(hgo(z), f(z)) < €}) > 1—€}

By Lusin’s theorem, there is a Borel set Xy C X of measure > 1—¢/2 such that the restric-
tion of h to Xy is uniformly continuous. Let § > 0 such that for all z1, x5 € Xy, d(x1,25) <
d implies d(h(z1), h(z2)) < €. Now for every g such that u({z € X: d(go(z),g(x)) < d0}) >
1 — ¢/2, the event that both g(z) € X and d(go(x),g(z)) < 0 has probability at least
1 — € because ¢ is measure-preserving. By construction the event d(hg;(x),hga(x)) < €
then has probability at least 1 — €. In other words, the neighborhood V' of gy defined by

Vi=p({zr e X:d(go(z),g9(x)) <d}) >1—¢€/2
satisfies that for all ¢ € V', we have hg € U, thus finishing the proof. m

We now describe the standard way of understanding the Polish group topology of
Aut(X, u), which shows in particular that this topology does not depend on the Polish
topology we put on X.

Definition 5.4. Given a standard probability space (X, u), the weak topology on
Aut(X, u) is the weakest topology such that for all A C X Borel , the map (S,7)
u(S(A) AT(A)) is continuous.

One can check that the weak topology is a Polish group topology, see e.g. [Kecl0),
Sec. 1]. Moreover, it is a result of Robert Kallman that the weak topology is the unique
Polish group topology on Aut(X, u) [Kal85|. In particular, we have the following result
(see also [CLM16, Prop. 2.9] for a different proof).

Proposition 5.5. Let X be a Polish space endowed with a nonatomic probability mea-

sure (. Then the weak topology and the topology of convergence in measure coincide on
Aut(X, p). N

Let us conclude this section by mentioning that Aut(X, 1) not only has a unique Polish
group topology, but it actually satisfies the automatic continuity property by a result of
Ben Yaacov, Berenstein and Melleray [BYBM13].

6 The group of non-singular bijections Aut*(X, u)

If 41 is a o-finite (possibly finite) Borel measure on a standard Borel space X, its measure
class is the set [u] of all Borel o-finite measures v on X such that for all A C X Borel,
v(A) = 0 if and only if u(A) = 0. Recall that by the Radon-Nikodym theorem, v € [y
if and only if there is f € L'(X, u) such that v = fu and f(x) > 0 for almost all z € X.
Such a map f is unique up to measure zero, and denoted by g—/’:.

Given a standard probability space (X, i), we then define the larger group Aut* (X, )
of non-singular bijections of (X, ), which are all Borel bijections 7" : X — X such that for
all A C X Borel, we have u(A) = 0 if and only if u(7'(A)) = 0. In other words, we require
that T" preserves the measure-class of p, that is T € [u] or equivalently T.v € [u] for all
v € [u]. Here is a straightforward consequence of the uniform continuity characterization
of absolute continuity for measures (see for instance [Cohl3, Lem. 4.2.1]).
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Lemma 6.1. Let T' € Aut* (X, u). Then for every e > 0, there is § > 0 such that for all
A C X Borel, u(A) < 6 implies u(T(A)) < e. O

The group Aut*(X, i) can also be endowed with a Polish group topology, but to our
knowledge the latter does not have a description similar to that of Aut(X, ) in terms
of convergence in measure, which is why the constructions of Polish full groups from
[CLM16] don’t carry over to the non-singular setup a priori.

Let us describe the Polish group topology of Aut™(X, ut). Observe that by construction,
for all T € Aut*(X,p) and f € L'(X,p), we have that [, fdu = [ fo T 'dTp, in
particular the map f +— f o T~! induces an isometry L'(X, u) — L*(X, T,p).

Moreover, a straightforward computation shows that for all g € L' (X, u) almost surely
non zero, the multiplication by g induces an isometry LY(X, u) — LY(X, gu), so equiva-

lently the multiplication by ¢~! induces an isometry L'(X, gu) — LY(X, )

dT*u_l

In particular, composing the map f + f o T~! and the multiplication by -

see that each T induces an isometry’] +(T) of L*(X, u1) given by

, We

(T)(f)() = ST ()] (ddT;’“‘m) |

Definition 6.2. The strong topology on Aut*(X, i) is the weakest topology such that
for all f € LY(X, p), the map (S,T) — ¢(S)f — «(T)f is continuous.

Remark 6.3. The strong topology is often called the weak topology, but since the weak
topology that we defined on Aut(X, ) makes sense on the whole group Aut*(X, ) we
prefer to use a different term.

The following result is due to Ionescu Tulcea, see [IT65].
Proposition 6.4. The strong topology on Aut*(X, i) is a Polish group topology.

Sketch of proof. Let us denote by Isom(L!(X, u)) the isometry group of L'(X, i), which
is a Polish group for the topology of pointwise convergence, as is every isometry group
of a complete separable metric space (see [Kec95, Example 9 in Sec. 9.B]). One can then
check that the map ¢ : Aut*(X, u) — Isom(L'(X, 1)) is a group homomorphism, using
the chain rule. Also note that ¢ is injective, and then check that its image is the group of
isometries of L' (X, 1) which preserve the cone of positive functions. So Aut*(X, 1) can be
seen via ¢ as a closed subgroup of the Polish group Isom (L' (X, 11)), hence it is Polish. [

Remark 6.5. To see that Aut(X, ) is Polish for the topology induced by the strong
topology, one can now observe that it is equal to the Aut* (X, u)-stabilizer of the function
constant equal to 1 in L*(X, ), hence closed in Aut*(X, ). Using the density of step
functions, it is then not hard to show that the strong topology induces the weak topol-
ogy on Aut(X, u) (this also follows from the uniqueness of the Polish group topology of
Aut(X, ). The weak topology actually makes sense the whole group of non-singular
bijections Aut* (X, u1), but it fails to be a group topology as the following example shows
(group multiplication is separately continuous but not continuous).

5This action can also be understood as follows: we have a natural isometric action of Aut*(X,u) on
L°>°(X, ) by precomposition, inducing an action by isometries on its predual L' (X, ). Such a point of
view generalizes to show that automorphisms groups of von Neumann algebras with separable predual
are Polish.
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Example 6.6. We work with X = [0, 1) endowed with the Lebesgue measure. For every
n € N, consider the partition (IF)7_; of [0,1) into half-open intervals of size *, and take
AF C I* of measure % For every n, let T, be any non-singular leeCtIOH such that
T, (]k) = I¥ and T, (Ak) = ]k \ A for all k € {1,...,n}. Observe that T;, — id weakly.

Now let A, = U;_, 4%, and let U, be an 1nvolut10n of support [0, ) U A,, which
exchanges [0, 1) and A,. Agam U, — idy, but u(T,U,([0,3)) A X) — 0 so T,U,, cannot
converge for the weak topology.

Although the weak topology does not define a group topology on Aut*(X, u), it is
refined by the strong topology and generates the same Borel structure as the strong topol-
ogy. This observation is key to our recent proof that the strong topology of Aut*(X, i)
is its unique Polish group topology [LM22]. Our result also relies on the aforementioned
automatic continuity property for the group of measure-preserving bijections of (X, )
[BYBM13|. The following question is natural.

Question 1. Does Aut*(X, ) have the automatic continuity property?

Remark 6.7. The unified framework that has been developed by Sabok [Sab19| and then
Malicki [Mall6a] to deal with automatic continuity for Aut(X, u), U(H) and the isometry
group of the Urysohn space does not apply here, which makes this question particularly
appealing.

We end this section by defining another (non separable!) group topology on Aut™(X, )
called the uniform topology which will be put on full groups in the next section. It is
induced by the uniform metric

0(S,T) = u({z € X: S(z) £ T(@)}).
The following lemma is well-known but we could not find a reference for a proof.

Lemma 6.8. The uniform topology is a group topology on Aut*(X,u), and the metric
dy(S,T) + d,(S7H, T is complete.

Proof. First observe that d, is left-invariant: for all S,77,T, € Aut*(X,pu) we have
dy, (ST, STy) = d,(T1,T,). Let us show the continuity of multiplication: take S,, — S and
T, — T, then

(ST, ST + do(S,T, ST)

du(S, T, ST) <
< dy(Th, T) + dy(S,T, ST)

d
d
Now observe that by definition

du(SaT, ST) = (T~ ({z € X: Sul) # S(2)})),

so the second term in the previous inequality tends to zero by Lemma and the fact
that S,, — S, while the first tends to zero because T,, — T'. We conclude that group
multiplication is continuous.

For the continuity of the inverse map, suppose 7T,, — T, then by left-invariance
d (T, T~ =d,(idx, T,,7~") — 0 by continuity of multiplication.

Let us finally check completeness. Let (7},) be a d-Cauchy sequence where d(S,T) =
du(S,T) + d,(S™, T71). Tt suffices to show that some subsequence of (T},) converges so
by taking a subsequence we may as well assume d(T,,,T,,41) < 27" Let A, = {z € X :
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T.(z) # Thi1(z)}, then because d, < d, the set A, has measure at most 27". Since
>, 27" is finite, the Borel-Cantelli lemma ensures us that almost every z € X belongs
to finitely many A,. For every N let By be the set of x € X such that Ty_(x) # Tn(x)
but T,,(x) = Tx(x) for all n > N, then up to measure zero (By) is a partition of X, and
since each T, was invertible, we see that (T (Bx))nso consists of disjoint sets. Define
T:X — XbyT(x)=Ty(z) forall z € By and all N € N. Since each T,, was a bijection,
we see that

Tn(By) ={r € X : Ty' (v) # Ty'(z) and T, '(x) = T'(x) for all n > N}.

But using now that d,(T,;',T,};) < 27" and the Borel-Cantelli lemma, we see that
(Tn(By))nso is also a partition of X up to a null set, which shows that T is invertible.
The fact that d,(75,,7) — 0 (and hence d(T,,,T) — 0 by continuity of the inverse) is now
a direct consequence of the fact that (B,,) is a partition so y(lJ,,» y Bn) — 0. This finishes
the proof that d is complete, so the lemma is proved. O

7 Full groups of non-singular countable equivalence re-
lations

We now introduce full groups of non-singular countable equivalence relations. Let us
emphasize that apart from our results on ample generics, we will only consider measure-
preserving equivalence relations, which are special cases of non-singular equivalence rela-
tions. The non-singular world is nevertheless an appealing playground for many of the
constructions that we have made in the measure-preserving world (such as Polish full
groups [CLM16, [CLM18] and L! full groups [?]). However, we don’t know how to show in
general that their natural non-singular analogues are Polish as well because Aut™(X, u1)’s
topology is not that of convergence in measure when seeing it inside L°(X, 1, X) (see also
Remark . Our student Fabien Hoareau is nevertheless working on a family of Polish
full groups which preserve an infinite o-finite measure.

Definition 7.1. A non-singular action of a countable group I' on (X, i) is a ['-action
on X by non-singular bijections. It is ergodic if every I'-invariant set is ergodic.

Given a non-singular action of a countable group I' ~ (X, i), we get an equivalence
relation Rr~x which encodes the partition of the space into I'-orbits, given by (z,y) €
Rr~x if and only if x and y lie in the same I'-orbit. Equivalence relations on X that arise
in this manner are called non-singular equivalence relations. Ergodicity of the action
is actually encoded by the corresponding non-singular equivalence relation as follows.

Definition 7.2. A non singular equivalence relation R is ergodic when every Borel set
which is a union of R-classes has measure 0 or 1.

Example 7.3. Let us fix the Polish space X = {0, 1} which is the set of all subsets
of N. Then X is a compact group for the symmetric difference operation, and the dense
countable subgroup I' of finite subsets acts by symmetric difference on X. The associated
equivalence relation is

Ro = {(P,Q) € {0,1}" x {0,1}": P A Q is finite}.
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This equivalence relation is hyperfinite: it can be written as an increasing union of Borel
subequivalence relations with finite classes R,,, which here we can take as

R, ={(P.Q): PAQC{0,....n}}.

Let us now describe various measure classes on X which yield different non-singular
ergodic hyperfinite equivalence relations.

1. 1. \*"
= =0+ =0 ,
Hi/2 (2 0o+ 5 1)
which is the Haar measure on X. Then [' acts in a measure-preserving manner, and
this measure-preserving action is ergodic while the measure is finite. By definition
(X, 1, Ro) is a type II; non-singular equivalence relation, which is thus actually

probability measure-preserving. Using the uniqueness of the Haar measure and the
density of I" in X, one can show that i, is the only I'-invariant probability measure.

e We first take

o If we now fix p € (0,3) with p # %, and consider

tp = (pdo + (1 — p)&r)*N,

the I'-action is non singular and it can be shown using the ratio set that no measure
in the class of 1, can be preserved: the action is of type III, and more precisely

that the action is actually of type III,, where \ = ﬁ.

e Let us now see {0,1}" as {0,1}% via a bijection N — Z. Let P;(Z \ N) be the
set of finite subsets of Z \ N, which we view as binary sequences (x;);<o which take

the value 1 finitely many times. Let pio be the o-finite infinite measure on {0, 1}%
defined by

Poo = Z 04 @ pija.

AEP;(Z\N)

Via our natural bijection {0,1}%* — {0, 1} we get a measure on X which we still
denote by ji, and we have a measure-preserving action of I" which is of type
II,. An example of a probability measure in the class of ., is given by first
enumerating Py(Z \ N) as P;(Z \ N) = {A;: n € N} and then taking the measure

Hoo = Dken o 0at @ Hfa:

Definition 7.4. Given a non-singular equivalence relation R on a standard probability
space (X, i), its full group [R] is the subgroup of Aut*(X, i) defined by

[R] ={T € Aut*(X, pu): Vo € X, (z,T(z)) € R}.

Suppose that R is a non-singular equivalence relation, let I' ~ (X, 1) be a non-singular
action of a countable group I' such that R = Rp~x. Then one can check that an element
T € Aut™(X, p) is in [R] if and only if there is a partition (A, ),er such that for all z € A,
T(x) = ~vax. It follows that if T' ~ (X, 1) preserves a measure A\ € [u], then the elements
of the full group also preserve A.

In particular, we see that the definitions that were given in Example[7.3| are properties
of the corresponding non-singular equivalence relation. Let us state these properties for
completeness.



7. FULL GROUPS 25

Definition 7.5. Let R be an ergodic non-singular equivalence relation on a standard
probability space (X, u). We say that R is

e type II, if there is a finite measure y' € [u| which is preserved by every element of
the full group of R;

e type I1 if there is a o-finite infinite measure ' € [u] which is preserved by every
element of the full group of R;

e type III otherwise.

Remark 7.6. Since we require standard probability spaces to be atomless, our definition
does not cover type I ergodic equivalence relations, which split into two subclasses:

e For every n € N, the ergodic type I,, equivalence relation is the transitive equivalence
relation on a set X of cardinality n; it preserves the counting measure, which can
be normalized to become a probability measure. The full group is the permutation
group of the underlying finite set X.

e The ergodic type I, equivalence relation is the transitive equivalence relation on
an infinite countable set (endowed with a fully supported probability measure); it
preserves the (infinite) counting measure and its full group is our dear friend &.

In order to see that Definition is sound, we need to check that type II; and type
[T, are mutually exclusive, which is a direct consequence of the following lemma.

Lemma 7.7. Let R be a type 11 ergodic equivalence relation, i.e. suppose there is a o-
finite (finite or infinite) measure ' € [u] which is preserved by the full group of R, and
let ©” be another measure in [u] preserved by the full group of R. Then there is a constant
C' > 0 such that " = Cy'.

Proof. Let f = %, then since both y' and p” are [R]-invariant, the function f is [R]-
invariant. By ergodicity f must be constant (indeed for every ¢t € Q its level set A; =
{r € X : f(z) < t} is [R]-invariant so it has measure 0 or 1, which implies that f is

constant up to measure zero). [l

The group topology we put on full groups of non-singular equivalence relations is the
one induced by the uniform topology on Aut*(X, ), coming from the uniform metric
dy(S,T) = u({x € X: S(z) # T(x)}) defined at the end of the previous section. Ob-
serving that full groups of non-singular equivalence relations are closed in the uniform
topology, the following consequence of Lemma is immediate.

Proposition 7.8. Let R be a non-singular equivalence relation. Then the metric d, (S, T)+
du(S™1, T71) is complete on [R]. O

Remark 7.9. When restricted to the group of measure-preserving bijections Aut(X, u),
the inverse map is a d,-isometry, so the metric d,, itself is complete on Aut(X, p). In
particular, it is complete on full groups of probability measure-preserving equivalence
relations.

In order to show that full groups of non-singular equivalence relations are Polish, we
now only need to show that they are separable. We do this via the following lemma which
is important on its own since it connects full groups of non-singular equivalence relations
to the permutation group &,,. We first need a bit of terminology.
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Definition 7.10. A non-singular equivalence relation R is aperiodic if for almost every
x € X, the R-class of x is infinite.

Definition 7.11. Given an aperiodic non-singular equivalence relation R, a decompo-
sition of R is a sequence F = (f,) of Borel maps f, : X — X with disjoint graphs such
that fy =idy and for almost all z € X,

[r]r = {fu(z): n € N}.

Every aperiodic non-singular equivalence relation admits a decomposition: if R =
Rr~x, we enumerate I' = {7, : n € N} where 79 = 1 and inductively define f,(x) = vz
where k is the first integer such that v, & {fi(z): m < n}.

Observe that given a decomposition F = (f,) of R, for almost all x € X we have
a natural bijection ¢ : N — [z]g given by n +— f,(x). and the assumption fy = idx
guarantees that 0 is sent to x. Using these bijections, and the fact that every element
of the full group acts by permutation on each equivalence class, we have another natural
way of understanding full groups which was observed in [KLM15].

Lemma 7.12 (see [KLMI15, Prop. 13]). Let R be an aperiodic non-singular equivalence
relation, let (f,) be a decomposition of R, then the map ®F which takes every T € [R] to
the map ®7(T) : X — S, defined by:

(1) (x) = (¢7) " Tiir 'y
induces an embedding [R] — LY(X, i, o). ]

Using the fact that L°(X, u, &) is Polish (see Corollary and Proposition , we
obtain the following.

Corollary 7.13. Full groups of non-singular equivalence relations are Polish for the uni-
form topology. ]

Remark 7.14. In addition to the above interpretation of the full group as a group
of random permutations, let us mention that in the type II; case, one can understand
its topology as follows. Given a type II; equivalence relation R, assume g is actually
preserved and let I' ~ (X, ) such that R = Rr~x. Assuming for simplicity that I' is
acting freely, then each element of the full group T has a unique cocycle ¢ : X — T’
given by T'(z) = cp(x) - x, and the map T +— c¢r is a topological space embedding of
[T] into LO(X,u,T), whose image is the space of cocycles of elements of elements of
[R]. Fixing a Polish topology on X, the continuous map ® : LO(X, u, ') — LY(X, u, X)
which takes f : X — T to ®(f) : @ — ~ -z satisfies by definition that ®~'(Aut(Xpu))
is the space of cocycles of elements of [R], which is Polish since Aut(X,pu) is Gs in
L%(X, i, X) by Lemma . We thus recover in a third way the fact that the full group
[R] is Polish. This observation was the starting point of our work with Carderi where
we constructed a Polish topology on the full group of the action of any Polish group
by measure-preserving bijections [CLMI6, [CLMIS8|. Our later work on L! full groups of
graphings [LMI8b], [LM21], and with Slutsky on L' full groups of actions of Polish normed
groups |?] also makes a crucial use of this basic observation.

We finally introduce pseudo full groups of non-singular equivalence relations, which
are an important tool in order to build elements of the full group.
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Definition 7.15. Let R be a non-singular equivalence relation. Its pseudo full group
[[R]] is the set of all partially defined maps ¢ : A — B, where A, B C X are Borel, such
that ¢ is bijective and for all z € A, we have (z,p(z)) € R. The set A is called the
domain of ¢, denoted by dom ¢, while B is the range of ¢, denoted by rng .

Observe that if R = Rp~x is type II and pu is preserved by I', then again since every
¢ € [[R]] is obtained by gluing together restrictions of elements of I', every ¢ must satisfy
p(dom ¢) = p(rng ). The following converse is very useful and well-known. We provide
the proof for completeness.

Lemma 7.16. Let R be a non-singular ergodic equivalence relation of type 11 on (X, p),
where 1 is o-finite and [R]-invariant. Suppose that A, B C X are Borel subsets of X such
that p(A) = w(B). Then there is ¢ € [[R]] such that dom ¢ = A and rngyp = B (up to
measure zero).

Proof. We first treat the case where u(A) = u(B) < +oo. Let I' be a countable group
acting on X so that R = Rr~x. Let us fix an enumeration I' = {v,: n > 0} of I'. We
recursively define ¢,, € [[R]] with domain contained in A, range contained in B, by ¢ = ()
and

(z) = on(x) if x € dom @y;
Prnt+1L) = Y if x € A\ dom ¢,, and v,z € B\ rng ¢,,.

Let ¢ = {J,, ¥n, assume by contradiction that either p(A\dom ¢) > 0 or p(B\rng ) > 0.
Then since p is preserved and u(A) = u(B), we both have (A \ dom ¢) > 0 and
p(B\rng ¢) > 0. Since R is ergodic, the I-invariant positive measure set |, v, ' (B\rng ¢)
has full measure. We thus find n such that

p((A\ dom ) N (B \ g ) > 0,

and observe that the definition of ¢, is contradicted since its domain should have
contained this positive measure set. This finishes the proof when both p(A) and p(B)
are finite.

For the case u(A) = u(B) = +oo, we first use the fact that p is atomless to write
both A and B are disjoint unions of measure 1 sets A =| | A,, B = ||, B,. Using the
previous case, we find ¢, € [[R]] with domain A,, and range B,, up to null sets. We finally
take ¢ = J,, ¢n, which has domain A and range B up to measure zero. O]
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Part 11

Non-free actions in the discrete context

8 Ample generics and quasi non-archimedean groups

8.1 Ample generics for G,

Given a countable group I, it is natural to try to classify its actions on countable infinite
sets up to conjugacy. Recall that two actions a: I' ~ X and f: I' ~ Y are conjugate if
there is a bijection f : X — Y such that for ally € 'and all x € X, 5(7y) f(z) = f(a(y)z),

or equivalently for all v € T',
B(y)=foa(y)of

Since all countable infinite sets are in bijection with N, we may then focus on I'-
actions on N, which are the same thing as group homomorphisms I' — &,,. In view of
the following lemma, the space Hom(I', S,) of I'-actions on N is a Polish space.

Lemma 8.1. Let I' be a countable group, let G be a Polish group. Then the space of group
homomorphisms I' — G s a Polish space for the topology of pointwise convergence.

Proof. Being a countable product of Polish spaces, the space G' of all maps I' — G is
Polish. The space of homomorphisms I' — G is easily seen to be a closed subspace thereof,
so it is Polish as well. O

The topology on Hom(I', &) can be described as follows: a basic open neighborhood
of a homomorphism « is obtained from a finite set F' € N and a finite set S C I' as the
set Us () of all actions o/ such that for all v € S and all x € F

o' (7)(z) = a(y)(x).

Remark 8.2. When I is finitely generated, observe that one can simply fix once and for
all a finite generating set S, and then by continuity of the product map on S, the set
of all Us p where F' ranges over finite subsets of N is a neighborhood basis of «.

The fact that we are looking at I'-actions up to conjugacy is formalized by noting
that we have a natural & -action on Hom(I", &) which is given by pointwise conjugacy:
o-a(y) = oa(y)o !, so that conjugacy classes are exactly &..-orbits on Hom(T', S,).
A natural question then arises: is there an orbit which is comeager, i.e. which contains
a dense Gs set? As we will see, answering this question when I' ranges over finitely
generated free groups amounts to checking whether &, has ample generics. In particular,
the following central theorem will be reformulated as the fact that &G, has ample generics.

29
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Theorem 8.3 (Folklore). Letn € N, let F,, denote the free group over n generators. Con-
sider the set A, C Hom(F,,, &) consisting of F,-actions a on N satisfying the following
conditions:

(1) « only has finite orbits;

(2) for every transitive action B of F,, on a finite set, there are infinitely many a-orbits
such that the restriction of a to each of these orbits is conjugate to [3.

Then A,, is dense Gs in Hom(F,,, S,), and consists of a single conjugacy class.

Remark 8.4. As a warm-up, observe that for n = 1 we are stating that the permutations
which have only finite orbits, and which have infinitely many orbits of size k& for every
k > 1, are all conjugate and form a dense Gy set.

Proof. The fact that A,, consists of a single conjugacy class is left as an exercise. Let us
then show that A, is Gs.

First, let 8 be a F,-action on a finite set of the form {1,...,k}. Denote by a4, ..., a,
the standard generators of [F,,.

Observe that given x € N, the restriction of «a to the F,-orbit of = is conjugate to
g if and only if there are xy,...,2x € N such that + = z; for some i € {1,...,k} and
a(am)r; = Tg(a,,); for allm € {1,...,n} and j € {1,...,k}. If we denote by Ag, the set
of such actions, it is then clear that Ag, is open.

Now a € A, if and only if for every x € N, there is k > 1 and a transitive S-action
on {1,...,k} such that « restricted to the F,-orbit of = is conjugate to /3, and for every
k > 1 and every transitive S-action on {1,...,k}, there are infinitely many y € N such
that « restricted to the FF,-orbit of y is conjugate to 8. In other words, if we denote by
N the set of N-tuples of pairwise distinct elements of N and by B the (countable) set
of transitive F,-actions on sets of the form {1, ..., k} for some k > 1, then

A, = (ﬂ UAM> NN U ﬁAﬂ,yj . (IL.1)

Since each Ag, is open, this shows that A is G;.

As we will see shortly, proving that A, is dense essentially boils down to proving the
following claim, where the support of an action o : I' ~ X is the set of points z € X
such that there is v € T satisfying a(y)z # x.

Claim. For all z € N, the set of F,,-actions on N with finite support is dense.

Proof of the claim. Let a be any F,-action on N, let S = {ay,...,a,} be the standard
generating set of F,,, and let /' € N. We need to find an element o’ of Ug () with finite
support, i.e. an action o/ with finite support such that o/(a;)y = a(a;)y for all y € F and
ie{l,...,n}.

To this end, let F" = FUJ;_, a(a;)F. For every i € {1,...,n}, the bijection a(a;)
induces a partial bijection ¢; on the finite set F’ which by construction of F” satisfies
0i(y) = ala;)y for all y € F. Let 0; : F/ — F’ be an extension of this partial bijection to
a bijection of F’. We finally define o' by

o (a;)y = {

By construction o has its support contained in F’ and o' € Ugp, which finishes the
pI‘OOf. Dclaim

oi(y) ifye F
Y otherwise.
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Let us now explain why A,, is dense. By the claim it suffices to show given any action
« with finite support, every neighborhood of « intersects A,. If we let F' be a finite set
defining the neighborhood Us r(cv), since a has finite support the set ' == J, p a(7F)
is finite. It is then not hard to modify « outside of the finite «(IF,)-invariant set F’ so
that it belongs to A,,. O

We now give the original definition of ample generics and explain how it connects to
the previous result.
Definition 8.5. A Polish group G has ample generics if for every n > 1, the diagonal
conjugacy action G ~ G™ given by g-(g1, ..., gn) = (991971, ..., ggng ') admits a comeager
orbit.

Lemma 8.6. Let G be a Polish group, let aq,...,a, denote the standard generators of
F,. Then the map ® : Hom(F,, G) — G"™ which maps « to (a(ay),...,a(ay)) is a homeo-
morphism which is G-equivariant when we endow Hom(F,,, G) with the conjugacy action
g-aly) = galy)g~t and G™ with the diagonal conjugacy action described in the previous
definition.

Proof. The continuity and equivariance of ® are clear, and the fact that it is injective fol-
lows from the fact that {as, ..., a, } is a generating set for IF,,. Surjectivity is a consequence
of the universal property of F,, and openness follows the continuity of group operations
in G. O

In view of the previous lemma a Polish group G has ample generics if and only if the
conjugacy action of G on Hom([F,,, G) has a comeager orbit for every n > 1.

Example 8.7. By Theorem the Polish group &, has ample generics.

Remark 8.8. Glasner, Kitroser and Melleray have obtained a neat characterization of
the countable groups I' satisfying that Hom(I',S.,) has a comeager orbit in terms of
isolated subgroups in the space of subgroups of I' [GKM16, Thm. 1.3].

Ample generics arose in the work of Hodges, Hodkinson, Lascar and Shelah [HHLS93].
It was used to show that some automorphism groups of countable structures essentially
remember the underlying structure as abstract groups. In general, automorphism groups
of countable structures are exactly the Polish groups which are non-archimedean. Recall
that a topological group is called archimedean if for every neighborhood of the identity
U and every g € G, there is h € U and n € N such that g = h™. The definition of a
non-archimedean group is stronger than the negation of being archimedean.

Definition 8.9. A topological group G is non-archimedean if its identity admits a
basis of neighborhoods consisting of open subgroups.

The prototypical example of a non-archimedean Polish group is the group &, of
permutations of N: a basis of neighborhoods of the identity is given by the family of open
subgroups

G ={0€6,:Vic{0,...,n},o(i) =i},

where n € N. As a matter of fact, every Polish non-archimedean group is isomorphic to a
closed subgroup of &, (see [BK96, Thm. 1.5.1] for this and the fact that automorphism
groups of countable structures are exactly Polish non-archimedean groups).

In an influential paper where they isolate the property of ample generics and study
some model-theoretic ways to understand it, Kechris and Rosendal show that Polish
groups with ample generics share the following remarkable property.
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Theorem 8.10 (Kechris-Rosendal [KROT7|). Let G be a Polish group with ample generics.
Then G has the automatic continuity property: for every separable topological group
H, every group homomorphism G — H has to be continuous.

In the same paper, they ask whether there exists Polish groups with ample generics
which are not non-archimedean. In the next section, we will discuss three breeds of
examples which were found in 2015.

8.2 Ample generics outside non-archimedean groups

The following three types of examples do yield Polish groups with ample generics which
are not non-archimedean.

Tsankov’s group The first example that we will discuss was constructed by Tsankov.
Malicki then proved that it has ample genericsﬂ As we will discuss in the next section, one
of its main features is that it is a totally disconnected group which is not non-archimedean

(see Example [8.22)).

Definition 8.11 (Tsankov, see [Tsa06, Sec. 5]). Endow N with the measure p defined by
n({n}) = £, and consider the subgroup G, of G consisting of all permutations o € Sy
whose support (defined as suppo = {n € N: o(n) # n}) has finite measure. Endow this
group with the left-invariant metric d,, defined by

du(,7) = p({n € N: o(n) # 7(n)}).
By [Tsa06, Thm. 5.3] G, is then a Polish group for the topology induced by d,,.
Theorem 8.12 (Malicki [Mall6bl). The above-defined group G, has ample generics.

Proof. We follow again the strategy of the proof of Theorem[8.3] Fix n € N. By definition,
the group G, is a subgroup of &, and the inclusion map is continuous. It then follows
from Theorem [8.3| that the space A of homomorphism « : F,, — G, such that

(i) « only has finite orbits;

(i) for every transitive action 8 of F,, on a finite set, there are infinitely many a-orbits
such that the restriction of o to each of these orbits is conjugate to .

is G(g.

Let us check that A consists of a single conjugacy class. To see this, we first define
the support of a I'-action o on N as the set of all x € N such that there is v € I" with
a(y)r # x. Let a, 8 € A, then supp o = |J;_; supp a(a;) so the support of « has finite
measure, and by the same argument so does supp 8. By our assumption on A, we find a
partial bijection ¢ : supp a — supp  which conjugates the restriction of « to its support
to the restriction of £ to its support.

We now fix a small mistake in Malicki’s proof: it is not necessarily true that one can
extend ¢ to a bijection which is the identity outside of supp a U supp 8, e.g. it could
be that suppa C supp . Let C C N be infinite, of finite measure, and disjoint from
supp @ U supp 3 (its existence follows from the fact that limn% = 0 but Zn% = +00).

1 As we briefly discuss in Remark this example belongs to a much larger class, but we prefer to
stick to a concrete example for readability.
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Let 79 be an arbitrary extension of ¢ to a bijection of Y := C U (supp a U supp ), then
if 7 = 79 Uidny, we have 7 € G, and 7 conjugates o to 3, thus finishing the proof that
A consists of a single conjugacy class.

Finally, to see that A is dense, we first establish the following claim.

Claim. For all z € N, the set of homomorphisms F, — G|, with finite support is dense
in Hom(F,,, G,,)

Proof of the claim. Let a : F,, — G, let S = {a4, ..., a,} be the standard generating set
of F,, let € > 0 and let F' € N large enough so that p(suppa \ F') < e.

We then repeat the proof of the claim from the proof of Theorem [B.3} let F' =
FUU", a(a;)F C suppa. For every i € {1,...,n}, the bijection a(a;) induces a partial
bijection ¢; on the finite set F’ which by construction of F” satisfies ¢;(y) = a(a;)y for
all y € F. Let 0; : F/ — F’ be an extension of this partial bijection to a bijection of F”.
We finally define o/ by
oi(y) ifye F’

Yy otherwise.

o (a;)y = {

By construction o/ has its support contained in F’ and d,(a(a;),a/(a;)) < € for all ¢ =
1,...,n because a(a;) and o/(a;) only differ on supp a \ F. Oelaim

Density of A now easily follows, using the fact that u({n}) tends to zero. We have
shown that for every n € N, G, »~ Hom(F,,, G,) has a dense G orbit, so by Lemma
the proof that G, has ample generics is complete. O

Remark 8.13. The only two features of the measure p that we used were that pu({n})
is positive but tends to zero while ) u({n}) = +oo. Even more generally, Tsankov’s
groups make sense more generally when one picks a Polishable ideal of P(N), and one can
then give a very large class of totally disconnected groups satisfying ample generics while
not being non archimedean, see the main result from [MallGh].

Groups of measurable maps Our second class of examples was obtained together
with Kaichouh [KLMT5]: we observed that if G has ample generics, then L°(X, u, G) also
has ample generics, a natural generalization of the easy fact that G has ample generics.
Since the proof is rather straightforward, we give it in full details.

We start by observing the following general fact about spaces of measurable maps,
where we make the following slight abuse of notation. If Y is a Polish space and Z C Y,
we identify LY(X, u, Z) to the subspace of L°(X, u, V) consisting of maps f : X — Y such
that f(z) € Z for almost every z € X.

Proposition 8.14. Let Y be a Polish space, and let Z CY be Gs. The following hold.
(i) If Z is Gs in Y then LO(X, pu, Z) is G5 in LO(X, 1, Y).
(i1) If Z is dense in'Y then LY(X, pu, Z) is dense in LO(X, u,Y).

Proof. We first prove (i): assume Z is Gs. By Alexandrov’s theorem Polish subspaces of
Polish spaces are exactly G subspaces, see Corollary [[.3] We thus first see that since Z is
Polish, L°(X, i, Z) is Polish for the topology of convergence in measure. Observe that the
latter is equal to the topology induced by the Polish topology of convergence in measure
of LY(X, u1,Y). Using Alexandrov’s theorem once more, we conclude that LO(X, p, Z) is
Gs.
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Let us prove (ii). Assume that Z is dense, let {z,: n € N} C Z be countable dense
and let d be a compatible metric on Y. We work with the neighborhood basis given by
lemma [4.2] Let us fix € > 0 and f € LO(X, u,Y), we need to find g € L°(X, 1, Z) such
that

i({z € X: d(gla), f(x) > e}) < e.

For every z € X, let g(z) = 2, where n is the least integer such that d(f(z), z,) < €. Then
we actually have d(f(z), g(x)) < € for every € X, so in particular g is as wanted.  [J

Remark 8.15. Here is a more concrete proof of the first part that we gave in [KLMI5].
First note that L°(X, u, Z) is Gs whenever Z is open, using the fact that it is the inter-
section over n € N of the open sets

{f e L(X, Y p(f1(2)) > 1— %}

Then observe that if Z =), Z, with Z,, open, then L°(X,u, Z) =N, LY(X, p, Z,,) so it
has to be G5 as well.

The key tool to our proof is the following version of the Jankov-von Neumann theorem,
which allows us to choose elements in a measurable way.

Theorem 8.16. Let (X, ) be a standard probability space and Y be a Polish space, let
A C X XY be Borel, suppose that mx(A) = X where mx : X XY — X is the projection
on the first factor. Then there is f € LY(X,u,Y) such that (z, f(z)) € A for almost all
reX.

Proof. The Jankov-von Neumann theorem grants us the existence of a o(X1)-measurable
map [ : X — Y such that (z, f(z)) € A for all z € X (see [Kec95, 18.A]). The conclusion
follows by combining the following two facts: every o(X1) set is Lebesgue measurable (see
[Kec95, Thm. 29.7]), and every Lebesgue measurable function is equal to a Borel function
up to measure zero. OJ

We can now prove the announced result.

Theorem 8.17 ([KLM15, Thm. 6]). Let G be a Polish group with ample generics, then
LY%(X, i, G) also has ample generics.

Proof. Let n € N, consider the diagonal L°(X, u, G)-action on L°(X, i, G)™ by conjugacy,
we need to find a dense Gy orbit for this action. Fix (g1,...,9,) € G™ with a dense G-
orbit, which we denote by O. The previous proposition ensures uses that L°(X, u, O) is
dense Gs. It follows that LO(X, u, O)™ is dense Gy, as is any product of dense G sets for
the product topology.

So in order to finish the proof, it suffices to show that L°(X, u, O)™ consists of a single
LO(X, i, G)-orbit for the diagonal action. For each i € {1,...,n} denote by g; the constant
function equal to g;, then (g1, ..., g,) € L°(X, u, O)". Now take (f1, ..., fn) € LO(X, u, O)™.
By assumption for all x € X there is ¢ € GG such that

(9fi(@)g™ . gfu(@)g™h) = (91, - gn)-

To conclude the proof, it suffices to show that we can choose this g in a measurable
manner: we need a Borel function g : X — G such that for almost all x € X,

(9(@) fr(z)g (@), ..., g(x) fulx)g ™" (%)) = (g15-- -, gn)-
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The fact that such a function exists is a direct consequence of the Jankov-von Neumann
theorem as stated before (Theorem [8.16]), applied to the Borel set

A={(z,9) € X xG: (gfr(x)g™" ... gfu(x)g™") = (91, .-, 9n) .} -

We conclude that the LY(X, u, G)-orbit of (g1, ..., d,) is equal to L°(X, u, O)". Since the
latter is dense Gy, this finishes the proof that L°(X, u, G) has ample generics. O]

Remark 8.18. Kwiatkowska and Malicki have proven that the converse also holds: if
LO(X, u, G) has ample generics then so does G, see [KM19, Cor. 3.2].

The main interest of our result is that L°(X, u, G) is always contractible (in particular,
connected) as soon as (X, p) is standard: indeed we can assume X = [0, 1] endowed with
the Lebesgue measure, and then the map @ : [0,1] x LO(X, u, G) — L%(X, u, G) given by

(b(t»f)(x):{ flz) fz>t

1a ifxr <t

is a homotopy from idro(x,,q) to the constant map equal to the neutral element of
LO(X, u, G), thus witnessing that L°(X, p, G) is contractible. Since G embeds into L(X, i, G)
via constant maps, we have the following corollary, yielding examples of Polish groups with
ample generics but far from being non-archimedean.

Corollary 8.19 (JKLMI15l Cor. 8|). Every Polish group with ample generics embeds in a
contractible Polish group with ample generics. [

Full groups of non-singular hyperfinite equivalence relations. Our last class of
examples comes from ergodic theory: with Kaichouh we showed that every full group of
a type 111 ergodic hyperfinite equivalence relation has ample generics. Using the recon-
struction theorem of Fremlin [Fre02, 384D| and Krieger’s classification of type III ergodic
automorphisms up to orbit equivalence into types I1l,, 1T, (0 < A < 1) and 11Ty [Kri69],
we get a continuum of connected?] simple Polish groups with ample generics. Concrete
examples are provided by the second item in Example[7.3] The description of the dense
Gy sets in Hom(F,,, [R]) consisting of a single orbit are given by the following result.

Theorem 8.20. Let R be a type 111 ergodic hyperfinite equivalence relation, let n > 1.
Consider the subset H,, of Hom(F,, [R]) given by homomorphisms o : F,, — [R] such
that o has only finite orbits, and for every transitive F,,-action B on a finite set, the set of
x € X such that the restriction of a to the o(TF,)-orbit of x is conjugate to 3 has positive
measure.
Then H,, is dense Gs and consists of a single conjugacy class. In particular, [R] has
ample generics.

We won’t give the proof and refer the reader to [KLMI15, Sec. 4]. However we will
now explain why the type Il ergodic hyperfinite equivalence relation (as described in
the last item of Example has a full group with ample generics, a result that was left
open by our paper. The ideas is very similar to our original proof, and the description
of the dense Gy diagonal conjugacy classes is very natural in view of the description of
the dense G5 diagonal conjugacy class for &, (see Theorem , noting that &, can be
seen as the full group of the type I, ergodic equivalence relation (see Remark .

2Full groups are always connected by a result of Bezuglyi and Golodets [BG80, Thm. 2.3], in particular
they are not non-archimedean.
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Theorem 8.21. Let R be a type 11, hyperfinite ergodic equivalence relation, let v be an
movariant o-finite measure.

Consider the subset H,, of Hom(F,,, [R]) given by homomorphisms o : F,, — [R] such
that o has only finite orbits, and for every transitive IF,,-action 5 on a finite set, the set of
x € X such that the restriction of a to the a(FF,)-orbit of x is conjugate to 5 has infinite
measure.

Then H,, is dense Gs and consists of a single conjugacy class. In particular, [R] has
ample generics.

Proof. Since there is only one hyperfinite type Il ergodic equivalence relation up to
isomorphism, we may as well assume that we are in the following variation of the situation
described by the last item of Example [7.3] We take X = N x {0,1}" endowed with the
equivalence relation R = (N x N) x Ry and the measure p = Y, 0 ® (300 + %61)®N.
As a side note which will be useful later on, observe that we can easily obtain an element
5 of H, from an action 8 : F, ~ N in A, (as defined in Theorem by defining

Bk, x = (B(y)k, ).
Observe R is hyperfinite, e.g. because it can be written as the increasing union of R
where

((i, P),(5,Q)) € Rp if PAQ CH{0,....,k} and (i = j ormax(i,7) < k).

We then have the following natural result, which is a direct consequence of |[KT10,
Lem. 4.7| (their proof works as well in the non-singular setup; we nevertheless give a
simple proof for our restricted setup).

Lemma. The union (J,y[Rx] is dense in [R].

Proof of the lemma. Take T' € [R], define T, € [Ry] by closing the finite segments ob-
tained by intersecting the graph of T" with Ry, namely:

B T(z) if(z,T(x)) €R
Ti(w) = { T=I(z) otherwise, Wher:j =min{i > 1: (2,7 7(z)) € R} — 1.

The finiteness of the equivalence classes of Ry and the fact that 7" is a bijection ensures
us that Ty is well-defined and belongs to [Ry]. Since R = |J, R, for all z € X we have
Ti(x) = T(z) for large enough k, so we conclude that d, (7}, T) — 0. Uiemma

We now move on to show that H,, is dense. To this end, the key point is to show the
following analogue of the claims from the proofs of Theorem and [8.12] It relies on the
previous lemma and hence on hyperfiniteness.

Claim. The set of homomorphisms « : F,, — [R] such that
e o has only finite orbits and
e the support of o has finite measure

is dense in Hom([F,, [R]).

Proof of the claim. Take any a : F, — [R], we need to approximate it by elements
satisfying the conclusion of the claim. By the previous lemma we can approximate
a(ay), ...,a(a,) by elements of | J,[Ryx], so we may as well assume that a(ay), ..., a(a,) €
[Rk], and thus that a has only finite orbits.
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Now by o-finiteness we way write X as an increasing union X = (J, X}, where each X,
has finite measure. Then since « has only finite orbits, for all z € X the whole a(IF,,)-orbit
of x is contained in X}, for k large enough. So if we let

A = {ZL‘ € Xy Q(Fn)$ - Xk},

we have that (J, Ay = X and each A is a-invariant. Denoting by oy, the action which
is the identity outside of A; and coincides with « on Ay, we clearly have a, — o and ay
has the desired property. O elaim

Now that the claim has been established, we can explain why H,, is dense. It suffices
to approximate elements as in the claim by elements of H,,. So take any « as in the claim.
We also fix 8 € Ha (such elements exist as explained in the end of the first paragraph of
the proof). Let (By) be a decreasing sequence of Borel subsets of X \ supp o with infinite
measure and trivial intersection, and for each k let ¢, € [[R]] with domain X and range
By, as provided by Lemma [7.16] Then let

(7)x if x € supp o

o
ar(V)z =3 erB(V)er(x) if x € By;
T otherwise.

Since B € H,, we have oy, € H,,. Moreover the actions «y and « only differ on Bj. Since
the sets By are decreasing and (), By = 0, we have v(By) — 0 where v is any finite
measure equivalent to u, and we conclude that oy — a as wanted.

We are now left with proving that H,, consists of a single conjugacy class and that it
is G(g.

We first prove H, is G5. We start by showing that the set Hi® of o : F,, — [R] with
only finite orbits is GG5. To see this, recall from the proof of Theorem that the space
Afn of F,-actions on N with only finite orbits is G since we have the equality

Al = (ﬂ U Aﬂ,z) ,

zeN geB

where B denotes the set of all transitive actions on finite sets of the form {1, .., k} and for
B € B, the set Ag, is the open set of all actions on N whose restriction to the orbit of x
is conjugate to . Using Proposition we obtain that LO(X, u, Af") is also Gj.

Now let (f,) be a decomposition of R as in Definition [7.11] denote by

®: [R] = L°(X, 11, 6.)

the corresponding continuous embedding as provided by Proposition [8.14] Then by defi-
nition

Hi = @7 (L(X, 1, AT)).
so Hin is G5 as wanted since it is the preimage of a G5 set by a continuous function.

In order to show that H,, is G, it now suffices to show that for every € B, the set
HP of a such that

i ({ac € X1 Qjqa(r,)e 18 conjugate to B}) = 400
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is a G5 set. Once this is done, the proof will be over since by definition

Mo =HE"O () ML
BeB

So to see this, observe that since our decomposition (f,,) satisfies fy = idx, we can rewrite
H? as the set of all a such that

p({x e X: ®(a)(z) € Agp}) = 00

We now rely on a final lemma.

Lemma. Let U be an open subset of a Polish space Y, let u be a o-finite measure on a
standard space X. Then the following set is G5 in LY(X, u, Y):

Moo (U) = {f € L'(X, 1, Y): p(fH(U)) = +00}.
Proof of the lemma. Observe that Moo (U) = (), Mx(U) where
Moy (U) = {f e L'(X, 1, Y): p(f7(U)) > n}

It thus suffices to show each M~ (U) is open. Let us thus fix f € Mo, (U), let f, — f
in measure and assume by contradiction that f, € M_,(U). Up to taking a subsequence
we have that f,(z) converges to f(z) for almost every x. In particular since U is open,
for almost all x € f~1(U), we also have x € f,'(U) for n large enough. It follows that up

to measure zero,
(R N (%
N n>=N
and since by assumption pu(f,1(U)) < k for all n we conclude that u(f~'(U)) < k, a
contradiction. Miemma

Using the notation of the lemma, we can finally rewrite
My = 07 (Moo(Aso))

and since Az is open the desired conclusion that H? (and hence H,,) is G5 follows.

We finally prove that H,, consists of a single conjugacy class. At this point, it might
be a good idea for the reader to do the exercise from the proof of Theorem namely
to give an explicit proof that the set A, from Theorem consists of a single conjugacy
class. Indeed, we are now going to do that in a measurable manner in our context.

To this end, it will be more convenient to work with finite index subgroups of [F,, rather
than our set B of transitive actions on finite sets. Let (A;) be a sequence of elements of
finite index subgroups of FF,, such that

e Every subgroup of finite index is conjugate to some A;;
e For all 7 # j the subgroup A; is not conjugate to A;.

Now let ay,ay € H,. For i € N, denote by X} the set of x € X such that there is y
in the aq-orbit of  with
Stabg, (y) = A;.

Since a; € H,, and (A;) is an injective enumeration of conjugacy classes of finite index
subgroups, we have that (X});cy is a partition of X consisting of infinite measure subsets.
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We analogously define a partition (X3);en corresponding to the action ap by z € X3 iff
there is y in the agp-orbit of = such that Stab,,(y) = A;.
Fix j € {1,2}, we first define the following Borel subset of X:

in = {y € X: Stab,,(y) = A}

We can now take advantage of the finiteness of the a;-orbits to (measurably) pick a point
z € Yf in each orbit contained in X; Let us give a detailed argument for the sake
of completeness: one first fixes a Borel total order <x on X (obtained for instance by
identifying X to [0, 1] and taking for <x the usual linear order on the reals). Here is then
for i € N the Borel subset of YJZ which intersects exactly once each orbit contained in X;:

Zi={z€Y:Vy e Y/ N (o(F,)z), 2z <x y}-

In plain words, Z; is obtained from X} by selecting in each orbit the minimum of the
(finite!) set of elements with stabilizer A;. The fact that that Z! is Borel becomes clear
once one notices that z € Z; iff z € Y]Z and for all v € FF,, such that Stab,,(z) = A;, one
has z <x a;(7)z, allowing us to rewrite Z} as

Zi= ({z €Y} a;(v)z €Y} and z <x a;(7)z}
’YG]F’VL

=N (0 N{zeY) 2 <x a;(72)}).

’ye]F’VL

Now observe that if F; € F,, is a (necessarily finite) set of left coset representatives for
Ai (ie. Fy =[] cp vAi), then

Xi= ] amz;

YELF;

Since X} has infinite measure, it follows that Z} also has infinite measure.
By Lemma [7.16] for each i € N we find ¢; € [[R]] of domain Z} and of range Z. We
then define the conjugacy map S € [R] by: for all v € F}, for all z € yZ1,
S(x) = as(y)picn (7).
Noting that the map S does not depend on the particular choice of coset representatives

F;, it is then straightforward to check that S conjugates a; to ai. This finishes the proof
that H,, consists of a single conjugacy class, so the theorem is proven. O]

8.3 Quasi non-archimedianity

We will now discuss a feature which is shared by the various examples of ample generic
groups we presented. This feature is a generalization of being non-archimedean that we
introduced in a joint work with Tsachik Gelander, and we call it quasi non-archimedean
[GLMI7].

Let us start by repeating the definition of non-archimedianity: a topological group G
is non-archimedean if its identity element admits a basis of neighborhoods consisting of
open subgroups. Every open subgroup of a topological group has to be also closed because
its complement is a disjoint union of its cosets which are open. It follows that every non-
archimedean topological group is totally disconnected: all its connected components
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are trivial, or more concretely given any two distinct points, there is a clopen set that
contains the first point but not the second. It is well-known consequence of van Dantzig’s
theorem that conversely, every locally compact Polish group is non-archimedean as soon as
it is totally disconnected (see [Taol4, Rmk. 1.6.10] for a proof of van Dantzig’s theorem).
However, this is not true of Polish groups in general, as the following nice example shows.

Example 8.22. Recall from Definition that if we endow N with the measure p
defined by pu({n}) = %, Tsankov’s group G, of permutations ¢ € &, whose support has
finite measure is Polish for the topology induced by the left-invariant metric d,, defined
by

du(f,9) = p({n € N: f(n) # g(n)}).

Since its inclusion in the totally disconnected space &, is continuous, it has to be totally
disconnected. However, using the fact that Zn% = oo but limn% = 0, it is not hard to
see that given any ¢ > 0 and k € N one can find a k-tuple (0;)%_, of finitely supported
elements of G, with pairwise disjoint supports, each of measure belonging to the interval
[5,€). In particular, their product o;---0p has a support of measure at least % It
follows that given an open ball B of radius 0 > 0 centered at the identity, there is no open
subgroup contained in B. So the topological group G, is far from being non-archimedean.

We now introduce quasi non-archimedeanity. As a motivation, observe that a topolog-
ical group G is non-archimedean if and only if for every neighborhood of the identity U,
there is a neighborhood of the identity V' such that for every n € N and every ¢1, ..., g, € V/,
the group generated by {g¢i,...,g,} is contained in U (this is essentially the property we
negated in the previous example).

Definition 8.23. A topological group is quasi non-archimedean (QNA) if for every
neighborhood of the identity U and every n € N, there is a neighborhood of the identity
V such that for all g1, ..., g, € V, the group generated by {gi, ..., g} is contained in U.

As the reader can see, the difference with non-archimedean is that n is now given
before having to chose V.

Example 8.24. Tsankov’s group G, is quasi-non archimedean. Indeed, without loss of
generality we can take U to be an open ball of d,-radius € > 0. Given n € N, we let V' be
the open ball of d, radius £. Let y,...,0, € V, and let A be the union of their supports.
By hypothesis p(A) < e. Now observe that every element of the group generated by
o1, ...,0, has support contained in A, in particular it belongs to U as wanted. However
G, is not non-archimedean, as we saw in Example

Theorem 8.25 (Gelander and the author, see [GLMI1T7]). Let G be a locally compact
group, then G is quasi non-archimedean if and only if it is non-archimedean.

We give the easy proof suggested by Cornulier and Caprace.

Proof. Suppose that G quasi non-archimedean, and assume by contradiction that G is not
non-archimedean. By van Dantzig’s theorem, the connected component of the identity
Gy of GG is not trivial. It is then well-known that Gy contains a one-parameter subgroup,
i.e. there is a non-trivial continuous group homomorphism ¢ : R — Gy (see [MZ55], 4.7.2]
in the metric case, [MZ55], 4.15] and [HM20l Lem. 7.41(ii)| for the general case).

Let us see why this contradicts that G is quasi-non archimedean even for n = 1. Since
¥ is not trivial we find a neighborhood of the identity U in G which does not contain
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¥ (R). Since G is quasi non-archimedean we should find (for n = 1) a neighborhood of the
identity V' such that for all g € V', the group generated by ¢ is contained in U. However,
¢~ (V) contains (—¢, €) for some € > 0, and since every real can be written as kt for some
t € (—e,€) and k € N, we see that ¢(R) should be contained in U, a contradiction. [

Remark 8.26. As noted in |[GLMIT]|, it is not hard to check that the class of quasi
non-archimedean topological groups is closed under taking subgroups (with the induced
topology), quotients by closed normal subgroups, and products.

8.4 Almost archimedeanity

Motivated by the above proof, we now introduce a property which we think is the correct
opposite of quasi non-archimedean, rather than being infinitesimally finitely generated,
which was studied in [GLM17] (we will come back to this other notion at the end of this
section).

Definition 8.27. Let n € N. A topological group G is almost n-archimedean if for
every neighborhood of the identity U, the union Ugl,..‘,gneU (g1, ..., gn) is dense in G.

A topological group is almost archimedean if it is almost n-archimedean for some
n € N, and it is infinitesimally generated if it is generated by every neighborhood of
the identity.

Observe that for every U open neighborhood of the identity in a topological group G,
the union U, . <y (91,-,9n) is open and contained in the group generated by U. In
particular every almost archimedean topological group has to be infinitesimally generated.
Also note that every connected group is automatically infinitesimally generated.

Example 8.28. Every connected locally compact group is almost 1-archimedean since
the union of its one-parameter subgroups is dense (see [MZ55, 4.15]).

The following is a natural strengthening of [GLM17, Prop. 5.5]|.

Proposition 8.29. Let G' be an almost archimedean topological group, let H be a quasi
non-archimedean topological group. Then every continuous group homomorphism m : G —
H is trivial.

Proof. We first show that 7=!(U) is dense whenever U is an open neighborhood of the
identity in H. Let n such that G is almost n-archimedean. Let U be an open neighborhood
of the identity in H. By assumption there is a smaller open neighborhood V' such that
given any hq, ..., h, € V, the group generated by hq,...,h, is contained in U. Now let
g1y Gn € 1 (V), then the group 7({(g1,-..,gn)) = (7(g1),...,7(gn)) is contained in U.
Since the union of all {gy,...,g,) is dense in G, we have that #=!(U) is dense in G as
wanted.

We can now finish the proof in a standard manner. Let now W be a neighborhood of
the identity in H, let U an open neighborhood of the identity such that U? C W, we have
that 7=1(U) is dense and open so 7~ (U)? = G. Moreover 7 (U)? C w € (U?) C 7~ 1(W)
so 7 1(W) = G. Since this holds for every neighborhood of the identity W and since H
is Hausdorff we conclude that 7 is the trivial homomorphism. O

Question 2. Is there a Polish group which is almost 2-archimedean but not almost 1-
archimedean?
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We will now provide a notion which keeps being equivalent to connectedness for lo-
cally compact separable groups, but which is not for Polish groups. To the best of our
knowledge, it first appeared in Kechris’ monograph in order to rule out continuous ho-
momorphisms from the real line to full groups of measure-preserving equivalence [Kecl0],
under the name locally topologically finitely generated.

Definition 8.30. Let n € N. A topological group G ha infinitesimal rank at most n
(or is infinitesimally n-generated) if for every neighborhood of the identity U, there
are g, ..., g, € U which generated a dense subgroup of GG. It is infinitesimally finitely
generated if it has finite infinitesimal rank.

Observe that if G has infinitesimal rank at most n, then G is almost n-archimedean,
in particular it is infinitesimally generated and cannot be quasi non-archimedean.

Example 8.31. For all n € N, the topological group R" has infinitesimal rank n +
1. Indeed, given a neighborhood U of 0, one first takes K € N large enough so that
%61, s %en € U, where (e;)!", is the canonical basis of R". Denote by I' the discrete
subgroup generated by (%el, e %en) and 7 the projection R” — R"/I". By Kronecker’s
theorem, if we now take f € R™ N U with irrational coordinates which are rationally
independent, we have that 7(f) generates a dense subgroup of R™/T", which implies that
the n + 1-elements set {%61, e %en, f} generates a dense subgroup of R™. This shows
that the infinitesimal rank of R™ is at most n + 1. To see the reverse inequality observe
that given any n vectors, the group they generate is contained in the vector space they
generate, so if we assume by contradiction that they generate a dense subgroup then they
must form a basis of R™. In particular, the group they generate must be discrete in R,

a contradiction.

Remark 8.32. Note that RY is an example of a Polish group which is almost 1-archimedean
without being infinitesimally finitely generated.

We have already observed that connected locally compact groups are almost 1-archimedean
because the set of elements belonging to a 1-parameter subgroup is dense. For separable
groups, using deep structural results on connected locally compact groups, the following
strengthening was obtained in the aforementioned joint work with Gelander.

Theorem 8.33 (|[GLMI1T7]). Let G be a connected separable locally compact group. Then
the infinitesimal rank of G is finite. Furthermore,

o if G is compact nonabelian then its infinitesimal rank is 2;
o if G is compact abelian then its infinitesimal rank is 1.

Our result for compact groups strengthens results of Halmos-Samelson in the abelian
case [HS42|, and Hoffman-Morris in the non-abelian case (they deal with the topological
rank rather than the infinitesimal rank). We emphasize that we do not assume G to be
Polish here; e.g. our result applies to the compact group K%' as soon K is a compact
separable group. Moreover, for Polish locally compact groups, our result is a direct
consequence of stronger results such as the Schreier-Ulam theorem, see the discussion in
the introduction of [GLMIT].
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8.5 Archimedes versus ample generics

We finish this section by going back to ample generics outside of the non-archimedean
world as asked by Kechris and Rosendal.

We have already explained that, as proven by Malicki, Tsankov’s groups have ample
generics (Theorem, are not non-archimedean (Example, quasi non-archimedean
(Example [8.24), and totally disconnected.

An argument analogue to that from Example [8.24] shows that full groups of non-
singular equivalence relations are all quasi non-archimedean (see also [GLM17, Thm. 5.2]).
These groups have ample generics as soon as the equivalence relation is hyperfinite and
has type Il (Theorem or type III (Theorem [8.20), and they are connected [BG80),
Thm. 2.3] hence not non-archimedean.

We have also seen that the class of groups with ample generics is stable under the
groups of measurable maps construction (see Paragraph , yielding that the connected
group L°(X, u, G) has ample generics as soon as G has ample generics. Moreover, it is
not hard to see that being quasi non-archimedean is also stable under this construction
(see |[GLMIT, Prop. 5.4]).

So all the known examples of Polish groups with ample generics which are not non-
archimedean are still quasi non-archimedean. Since non-archimedean groups are clearly
quasi-non archimedean, we have the following very natural question.

Question 3. Must every Polish group with ample generics be quasi non-archimedean?

While we don’t believe the answer to be positive, we don’t have any candidate. We
saw in the previous section a wealth of properties which negate quasi non-archimedeanity,
so the following questions are probably a better start for someone who believes the answer
to be positive.

Question 4. a) Can a Polish group with a dense set of elements belonging to 1-parameter
subgroups have ample generics?

b) If not, can almost archimedean Polish groups have ample generics?
¢) Can infinitesimally finitely generated Polish groups have ample generics?

Note that connected groups are infinitesimally generated and we have seen examples
of connected groups with ample generics, so the adverb finitely is important in the last
item of the above question.

9 Transitive actions of countable groups

9.1 The spaces of transitive actions over an infinite countable set

Given a countable group I', we will now focus on the subspace of transitive I'-actions
inside Hom(I", &), which its closely related to the space of infinite index subgroups of
.

Recall that given a subgroup A < I', we have a natural associated transitive action
sometimes called the quasi-regular action oy : I' ~ I'/A, given by

an(v)gA = vgA.
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Actually, this action comes with a natural root, namely the coset A, whose stabilizer
Staba, (A) = {y €'t aa(y)A = A}
is always equal to A since yA = A iff v € A. We thus make the following definition.

Definition 9.1. A rooted transitive action of the group I' is a couple («, z¢) where «
is a transitive '-action on a set X and xy € X.

Example 9.2. Given a subgroup A < T', we get the (quasi-regular) rooted action (ay, A)
associated to A. As explained before the definition, we then recover A as the stabilizer of
the root.

Say that two pointed transitive rooted actions («, zo) and (3,yy) on X and Y respec-
tively are isomorphic if there is a bijection f : X — Y such that f(xg) = yo and for all
r € X and all vy € T, f(a(y)x) = B(7)f(x). Observe that for a given rooted transitive
action (o, xy) on X, the map

' - X
7 o)z

quotients down to an isomorphism of rooted actions between («, zo) and the quasi-regular
rooted action associated to the a-stabilizer of zy. It follows that two rooted transitive
actions are isomorphic if and only if the respective stabilizers of their roots are equal. So
subgroups and isomorphism classes of rooted transitive actions are two sides of the same
coin.

Let us connect this to non rooted transitive actions. Recall that given any action
a: '~ X and any xy € X, we have the following important formula:

Stabg (a(7)xg) = v Stabg(z0)y . (I1.2)

Let us denote by Sub(I") the space of subgroups of I'. By the above formula, if we associate
to every transitive action the set of all its stabilizers, we get a conjugacy class in Sub(T),
and two transitive actions are conjugate if and only if the corresponding conjugacy classes
are equal in Sub(I"). This motivates the study of the dynamical system I" ~ Sub(I"), where
the action is given by

A= yAyTL

Note that Sub(T') is a closed subspace of the compact space {0, 1} of subsets of I'. In
particular, Sub(I") is a compact Polish space.

We now have two models for the space of transitive actions of a countable group I'
over an infinite set: the subspace of Hom(I', &) consisting of transitive actions on N and
the space of infinite index subgroups of I'. Our goal here is two show that theses models
are essentially the same as far as descriptive set theory is concerned (see Theorem .
Let us for now give these models some nicknames.

Definition 9.3. We denote by Homy, (", &) the space of transitive I'-actions on N, and
by Subj(I') the space of infinite index subgroups of I'.

Before going further, let us connect the space of all ['-actions on a countable set and
the space of all subgroups of I" via the stabilizer map.

Proposition 9.4 (see [GKMI6l, Lem. 2.5]). Let I" be a countable group, let xy € N. The
map Stab,,: o € Hom(I', &) — Stab,(zg) is continuous and open.
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The difficult part is to show that the stabilizer map is open. Since this proposition
is fundamental in understanding the connection between our two models for the space
of transitive actions, we provide a proof below (the hasty reader can jump directly to
Theorem [9.9). It is useful to first restate the topology of Sub(T') in terms of pointed
actions.

Definition 9.5. Given a finite symmetric subset S € I', define the S-Schreier graph of
an action a on a set X as the labeled graphff| whose underlying set is X and such that for

every z € X and s € S, we have an s-labeled edge from x to a(s)z whose opposite edge
is labeled s 1.

By definition, the R-ball around a vertex v in a graph is the graph whose set of
vertices is the set of all vertices connected to v by a path of length at most R, and whose
edges are the edges which occur in paths of length at most R. The following lemma is
well-known and key to a good understanding of the topology of Sub(I').

Lemma 9.6. Let I" be a discrete group. A family of basic neighborhoods of A € Sub(I")
s given by taking a radius R > 0, a finite symmetric subset S C I, and then the corre-
sponding neighborhood of A is the set all A" such that the R-ball of the S-Schreier graph of
'~ T/N centered at A is isomorphic to the R-ball of the S-Schreier graph of T ~ T /A
centered at A.

Proof. The topology given by this neighborhood basis refines the topology on the space
of subgroups because the intersection of A with a finite set .S is detected in the radius 1
ball around A in the S U S™! Schreier graph of I' ~ T'/A. Indeed the intersection of A
with S is equal to the set of labels s € S whose corresponding edge starting from A is a
loop.

Conversely, fix S @ I' symmetric, and let F = (S U {1})®. Let A’ such that A’ N
F? = AN F? we claim that the map F/A" — F/A given by yA’ — A is well-defined
and bijective. Indeed, YA = +/A iff y714' € A and we have 714" € F? so the latter
is equivalent to v~ !9/ € A’, which is itself equivalent to yA’ = 4'A’. Using a similar
reasoning, one can check that this map actually induces a labeled graph isomorphism
between the R-balls of the two Schreier graphs (recall that our definition of R-ball only
keeps edges which belong to paths of length at most R). O

Proof of Proposition[9.4. In order to see that Stab, is continuous, first note that the
topology on Subr is generated by finite intersections of open sets of the following form,
where v € I":

I(v)={A<T:veA}land O(y) ={A <T: vy & A} =Sub(I') \ Z().

It thus suffices to check that preimages by Stab,, of sets of the above form are open. But
by definition,
Stab;(Z()) = {a € Hom(T, 6.): a(y)zo = zo}

is clopen, so the preimage of the complement Stab_ '(O(7)) is clopen as well, thus finishing
the proof of the continuity.

In order to prove that Stab,, is open, we need to show that given any action o and any
basic neighborhood U of «y, the direct image Stab,, (/) is a neighborhood of Stab,, ().

3We follow Serre’s conventions for graphs, which we recall at the beginning of Section m (see also
Section 3.1 from Chapter I in [Ser80]).
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To this end, let ag be a fixed action of I on N, by shrinking I/ we can assume there is
S € I' symmetric and F' € N containing xg such that

U=Usp={acHom(l,8): V(v,y) € S x F,a(y)y = ao(7)y}.

Let now Y = ay(I')zg, and F} = FNY, F, = F'\ F;. Enlarging S if necessary (and thus
shrinking U further), we may as well assume that every element x € Fj is of the form
a(v)xg for some v € S.

We now define the neighborhood V of Stab,, (ag) which will be contained in Stab,,, ():
V is the set consisting of all A < T' such that the ball of radius 2 of the S-Schreier graph
of ' ~ I'/A centered at A is isomorphic to that of o centered at zg.

Let us show that V C Stab,, (). Let A € V, let ¢ be a graph isomorphism from
the radius 2 ball of the S-Schreier graph of I' ~ I'/A centered at A to the radius 2 ball
of the S-Schreier graph of oy centered at z(y, and extend ¢ arbitrarily to an injection
¢ : I'/A — N such that N\ ¢(I'/A) is infinite and contains Fy U ag(S)F,. Finally, let
¥ :N\Y — N\ ¢(I'/A) be an injection which is equal to the identity on Fy U ap(S)Fs.

Let p denote the action of I on I'/A, define an action « of I on N by

@p(v)p~ (x) ifx € o(T/A),
a(y)z = Yag(y)H(z) ifx € Pp(N\Y),

x otherwise.

By construction the restriction of « to the a-orbit of z is conjugate to p, so Stab,,(a) = A.

In order to finish the proof, we check that o € U. Let z € F and v € S.

If x € Fy, we have © = ay(g)x, for some g € S, and hence both z and ag(y)x belong
to the 2-ball centered at z, in the S-Schreier graph of . It follows that ¢ (ap(y)z) =
p(7)¢ (), in other words ag(y)z = wp(7)p~'(z). Since ¢ extends ¢, we conclude that
a(y)r = ap(y)z.

If x € Fy, we have ¢(x) = z, and ap(7)x € ap(S)Fy so Y(ap(y)x) = ap(y)x as well.
It follows that

a(y)z = pag(MY™ (x) = Yag(v)z = ag(v)x
as wanted, thus finishing the proof. n

With this in mind, we can go back to the space of transitive I'-actions on N and the
space of infinite index subgroups of I'. Our goal is to show that these two topological
spaces are essentially the same as far are descriptive set theory is concerned. First, we
show that they both define G subsets in their ambient topological spaces, hence they are
both Polish.

Lemma 9.7. The space Hom,(I',8) is G5 in Hom(I',8), and the space Subj(I')
is G in Sub(I"). In particular, both are Polish spaces. Moreover, for all x € N the
restriction of the stabilizer map to Stab, : Hom, (I', &) — Subp (') is continuous and
open.

Proof. Observe that a € Hom(T', S,) is transitive if and only if for all z,y € N there is
v € I' such that a(y)r = y. So if for x,y € N we let U, ,, the open set of all a such that
there is v € T satisfying a(y)z = y, we have that

Homy, (T, S) = ﬂ Uy,

z,yeN
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thus showing that Homy, (I', S) is Gs.

For the fact that Subyg(I') is G, observe that A has index a least N if and only if
there are 71, ..., vy € I' such that %fyj’l ¢ A for all distinct 4,5 € {1,..., N}. This shows
that the set Vi of subgroups of index at least IV is open, so Subpg) = (\yeny Vv is G
as wanted. We conclude from Corollary that both Homy, (I', 8+ ) and Subj(I") are
Polish.

Let us finally establish that the restriction of the stabilizer map is continuous and
open. Recall from Proposition that Stab, : Hom(I',&,) — Sub(I') is continuous
and open, in particular its restriction to Homy (I", &) is continuous. We clearly have
Sub.o)(I') = Stab, (Hom,(I', &,)). Since we also have

Homy, (T, &) = Stab, ' (Subj(T')) = Stab, ' (Stab, (Hom (T, §.)))

we conclude from Lemma that the restriction of Stab, to a map Hom (T, &) —
Subs)(I') is open as well. O

Remark 9.8. The fact that Subp(I') is G5 can also be seen as a consequence of the fact
that Homy,(I', S,) is Gy, by fixing x € N and combining the following three facts with

Corollary
e the map Stab, is continuous and open (Proposition ;

e Hom, (T, &) = Stab,*(Stab, (Hom (T, 8)));
o Subi(I') = Stab, (Hom(I', &)).

Recall from the discussion at the beginning of this section that two transitive actions
of I' are conjugate if and only if the conjugacy class of their stabilizers are equal. In other
words, the stabilizer map induces a bijection between the quotient spaces Hom, (I', ) /S
and Subp(I')/T". In particular, it induces a bijection between & -invariant subsets of
Homy, (I, 8) and I'-invariant subsets of Subj,(I"), and the results we have seen have
the following important consequence, which says that this bijection is very nice as far as
descriptive set theory is concerned. Let us mention that this result is a somehow baby
version of the inspiring results of Melleray and Tsankov on category-preserving maps, cf.
appendix of [MT13]. Similar results have been obtained by Foreman, Rudolph and Weiss
in the context of the space of measure-preserving actions of Z [Rud9§], see also [For10].

Theorem 9.9. Let P be a conjugacy-invariant property of transitive I'-actions over a
countable infinite set. Denote by Ap the set of a € Homy, (T, &) satisfying P, and by
Bp the set of A € Subg(I') such that I' ~ I'/A satisfies P. The following hold:

(1) Ap is open in Homy(I', &) iff Bp is open in Sub,(I).
(2) Ap is G5 in Hom, (I', 8) iff Bp is Gs in Suby ().
(3) Ap is dense in Hom,(I', &) iff Bp is dense in Subp(T")

Proof. Fix x € N. Recall from Proposition that the stabilizer map Stab, is both
continuous and open. By the conjugacy invariance of P, we both have Ap = Stab,'(Bp)
and Bp = Stab,(Ap). The first equivalence immediately follows.

Now if Ap is Gy, then Bp = Stab,(Ap) also is by Corollary [L.6] noting that Ap =
Stab,'(Bp) = Stab*(Stab,(Ap)). The converse follows from the continuity of Stab, and
the equality Ap = Stab, ' (Bp), which establishes (2).
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For the equivalence (3)), if Ap is dense then since Stab, is continuous surjective we get
that Bp also is. Conversely, suppose that Ap is not dense, let U be a non-empty open
set disjoint from Ap. Since P is conjugacy invariant, Stab,(U) is a non-empty open set
disjoint from Bp. So Bp is not dense, which finishes the proof. n

Here is an easy application which will be useful in the next section.

Corollary 9.10. In the space Hom,(I',S), actions with finitely generated stabilizers
are dense.

Proof. Every countable group A = {\,,: n € N} can be written as an increasing union
of finitely generated subgroups A,, = (Xg,...,A,). When A has infinite index, the A,’s
must have infinite index as well, so the conjugacy invariant set of infinite index finitely
generated subgroups is dense in Subp,)(I'). The conclusion now follows from the last item
of the above theorem. O

We end this section by characterizing when the G5 set Subp(I') is actually closed.
Proposition 9.11. Let I' be a countable group.
(1) If T is finitely generated, then Subpg () is closed in Sub(I).
(2) If T is not finitely generated, then Subpg (') is dense non closed in Sub(I').

Proof. Observe that by Lemma if ' is generated by a finite set S, then finite index
subgroups are isolated in Sub(I") because a sufficiently large ball in their S-Schreier graphs
will completely determine the corresponding rooted transitive action up to isomorphism.
In particular, finite index subgroups form an open set, which establishes the first item.
For the second item, suppose now that I' is not finitely generated. Let A be a finite
index subgroup of I', then A cannot be finitely generated because coset representatives of
['/A along with generators of A form a generating set for I'. If we enumerate A = {\,,: n €
N}, we again have that the sequence of subgroups ((Ag, ..., A\y))nen converges to A and
consists of finitely generated (hence infinite index) subgroups. The density follows, and
since Sub(I") \ Subj)(I') always contains I', the set Subp)(I") cannot be closed. O

Remark 9.12. If I is an infinite simple group then Sub(I') = Sub.;(I') LU {I'} because
every finite index subgroup A contains a finite index normal subgroup (obtained as the
kernel of the action I' ~ I'/A). So Suby(I") is open when I' is simple.

We will now review various conjugacy invariant properties of transitive actions which
define G5 subsets (in both models of the space of transitive actions by Theorem [0.9)).

9.2 High transitivity

The following natural strengthening of transitivity was first considered for finite groups
acting on finite sets.

Definition 9.13. Let n € N. An action of a countable group I' on a set X of cardinality
at least n is called n-transitive if for every pairwise distinct x4, ..., x, € X, and pairwise
distinct yy, ..., Yy, there is v € T" such that for all i € {1,... ,n}, we have vx; = y;.
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Observe that when X has cardinality n, the only group which admits a faithful n-
transitive action on X is the symmetric group over n elements. But much more is true: for
n = 4, the groups which admit a faithful 4-transitive action on a finite set are completely
classified: these are some Matthieu groups, and then the symmetric groups over a set of
cardinality > 4 and the alternating groups over a set of cardinality > 6, although the only
known proofs of this appear to rely on the classification of finite simple groups. A more
precise statement relies on the following notion.

Definition 9.14. The transitivity degree of a countable group I', denoted by td(T"), is
the supremum of the n € N such that I' admits a faithful n-transitive action.

The previously mentioned Matthieu groups with 4-transitive faithful actions actually
have transitivity degree 4 or 5, so that for n > 6, the only finite groups of transitivity
degree n are exactly the symmetric group &,, and the alternating group 2,15 (see [Cam81],
Thm. 5.3]). We now switch to infinite countable groups, starting with a natural open
question which to our knowledge was first asked by Hull and Osin.

Question 5. Is there a countable infinite group with finite transitivity degree > 47

A natural source of groups with infinite transitivity degree are the highly transitive
ones defined below. It is also unknown whether these are the only examples of countable
groups with infinite transitivity degree.

Definition 9.15. An action of a countable group I' on an infinite set X is called highly
transitive when it is n-transitive for every n € N. A countable group is called highly
transitive when it admits a faithful highly transitive action.

Remark 9.16. One can check that an action a : I' — S is highly transitive if and only
if the image of « is dense in Sym(X).

Our first example is given by the group of finitely supported permutations &), closely
followed by the group 2l of finitely supported even permutations. But contrarily to what
the situation for finite groups could suggest, there are many highly transitive countable
groups!

A natural finitely generated example due to B.H. Neumann (see the introduction of
[McD77]) is given by the group of all permutations o of Z which are translations up to a
finite set: there is k € N and F' € Z such that for all # ¢ F, we have o(x) = z+k. Indeed,
the natural action of this group on 7Z is highly transitive because the group contains all
finitely supported permutations of Z, and it is not hard to check that it is generated by
z +— x + 1 and the transposition (1 2).

More generally, any countable group admitting a faithful action on a countable set
such that its image in &(X) contains the group of finitely supported even permutations
is highly transitive; such groups are called partially finitary groups by Le Boudec and
Matte Bon, after having been first delineated in [HO16]. The following consequence of
the Jordan-Wielandt theorem is due to Le Boudec an Matte Bon.

Theorem 9.17 (|[LBMB22al, Prop. 2.4]). Let ' be a partially finitary group, as witnessed
by a faithful action o : I' — &(X) whose image contains the group of finitely supported
even permutations. Then « is the only 2-transitive I'-action up to conjugacy.
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Let us also mention a nice characterization of partially finitary groups among highly
transitive groups. Given a group I', we let Z = (t) be the l-generated free group and
fix some w € I'x Z. For every g € I', the universal property of I' x Z yields a unique
homomorphism 7, : I' ¥ Z — I' which is the identity on I' and takes ¢ to g, and we let
w(g) = 7 (w). For instance if we fix some v € I, one can consider w = oty 't~!, and
then w(g) = 1 iff g commutes with .

Definition 9.18. A group I satisfies a mixed identity if there is w € G xZ \ {1} such
that w(g) = 1 for all g € T'. If T" satisfies no mixed identity, one says that I' is mixed
identity free (MIF).

Theorem 9.19 ([HOI16, Thm. 5.9]). Let I" be a highly transitive group. ThenT" is partially
finitary if and only if it satisfies a mized identity.

Sketch of proof. If T is partially finitary, let us identify I with its image in the symmetric
group via its highly transitive action so that I' contains all even permutations. Let us
fix any four 3-cycles ¢y, o, c3,cq4 € I' with disjoint supports, then if ¢ € T" is yet another
3-cycle, any conjugate of ¢ must have disjoint support with at least one of the ¢;’s, so it
must commute with at least one of the ¢;’s. So the iterated commutator

w= |[[ler el et ol et ] e

is the desired mixed identity.

Suppose conversely that I' is not partially finitary, and fix a highly transitive I'-action.
Using high transitivity and the proof of the simplicity of the infinite alternating group
(), we see that all the elements of I" must have infinite support because otherwise I'
would be partially finitary.

Now fix w € '« Z \ {1}. Conjugating w by a large enough power of ¢, we may and do
assume that w begins and ends by t*!. Write

w = tkn+1fyntkn .. .f)/ltkl

where each k; is nonzero, and each ~; € I" is non trivial.
Fix yg € X, since 7, ..., v, have infinite support we can fix some elements 1, ..., Yn, Yni1 €
X such that the following elements:

Yo, Yty -+ -5 Yny Ynd1, V1Y1, V2Y25 - - -5 YnlYn

are all distinct.
We can thus find a partial bijection 7 of X of finite domain such that 7% (y) = 3; and

k3(

™2 (1) = y2, T (Yav2) = Y3+ - s T (Vo1 ¥Unat) = Yoo T (Yn) = Y-

By high transitivity, there is v € I' which extends the restriction of 7 to its support. By
construction w(7y)yo = Yni1 7 Yo S0 w(7y) # 1 as wanted. O

Remark 9.20. A more precise construction of 7 yields that if w € T" % (t) is a mixed
identity of length £ satisfied by I' and I" is not partially finitary, then the transitivity
degree of T" is at most k — 1 (see [LBMB22b, Prop. A.1]). So groups satisfying a mixed
identity do have infinite transitivity degree if and only if they are highly transitive.
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Yo Y1Y1 Y2Y2

k1<

1 Y2 Y3 UYn Yn+1

Figure 1: The construction of 7 when k; > 0, ky < 0, k3 < 0 and k1 > 0.

Remark 9.21. A modification of the proof of the right to left implication can be used
in the context of homogeneous actions on Urysohn spaces, showing for instance that any
dense subgroup of the automorphism group of the random graph has to be MIF (see
[EGLMM21], Sec. 6]).

A very large class of examples of non partially finitary groups coming with a natural
highly transitive action is provided by topological full groups of actions of countable
groups on the Cantor space with at least one infinite dense orbit: their action on any such
orbit is highly transitive and faithful by density (see Example [11.10). This property is
also true of their sufficiently large subgroups, so for instance the simple finitely generated
groups considered by Matui in [Mat06] are highly transitive.

Remark 9.22. Juschenko and Monod showed later on that the simple finitely generated
groups considered by Matui are moreover amenable [JM13]|. Moreover Nekrashevych gave
the optimal generalization of Matui’s results by introducing the nicely behaved notion of
alternating topological full group [Nek17].

Other than partially finitary groups and (subgroups of) topological full groups, we
don’t know any other countable groups coming with a natural highly transitive action.
Nevertheless, there are many more highly transitive groups.

Indeed, free groups are highly transitive as was first proven by McDonough using a
Baire category argument [McD77|. More generally, highly transitive free products can be
characterized, as was discovered by Gunhouse and Hickin independently.

Theorem 9.23 ([Gun92, Hic92|). Let T' be a nontrivial free product, i.e. I' = T'y x I'y
with both ||, |Ts| = 2. Then T is highly transitive iff one of its free factors I'; is not
isomorphic to Z/27.

Remark 9.24. Gunhouse and Hickin actually show that when a nontrivial free product
is not Z/27 x 7./27, it has a faithful highly transitive actions on N which is moreover
Jordan: there is an infinite coinfinite subset A C N whose pointwise stabilizer acts highly
transitively on the complement N\ A. This definition of Jordan is much stronger than the
one taken by Adeleke and Macpherson in their classification of non highly transitive Jordan
infinite primitive permutation groups [AM96]. Note that the faithful highly transitive
action of partially finitary groups is Jordan (any infinite coinfinite set witnesses this
property!). It is also not hard to check that topological full groups satisfy a similar
conclusion (all their actions on the orbits are Jordan).
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Continuing our list of highly transitive groups, a wealth of examples such as surface
groups [Kit12], outer automorphism groups of free groups of rank at least 4 [GG13| and
hyperbolic groups with trivial finite radical [Chal2] were found to be highly transitive.
All the above results on non partially finitary highly transitive groups were subsumed by
the following result of Hull and Osin.

Theorem 9.25 ([HO16, Thm. 1.2]). All acylindrically hyperbolic groups with trivial finite
radical are highly transitive.

In a somehow different direction, Fima, Moon and Stalder [FMS15| used Baire cate-
gory techniques to obtain a large class of highly transitive groups acting on trees which
intersects acylindrically hyperbolic groups (e.g. via free products, see [MO15|, Cor. 2.2|)
but is not contained in it as pointed out in Hull and Osin’s paper [HO16, Cor. 5.12|. We
finish this section by stating the optimal generalization of [FMS15|] that we obtained with
Fima, Moon and Stalder, deferring to Section [10] the needed definitions and examples, a
sketch of its proof and a justification of its optimality, building on work of Le Boudec and
Matte Bon on non highly transitive groups.

Theorem 9.26 ([FLMMS22, Thm. A]). Let I' be a countable group with a faithful action
on a tree T which is minimal and of general type. Assume that the I'-action on the
boundary of T is topologically free. Then T" is highly transitive.

Remark 9.27. Before their aforementioned work with Fima [FMS15], Moon and Stalder,
unaware of Gunhouse and Hickin’s results, had obtained a completely different proof of
Theorem using Baire category methods [MSI3|. As we will see, the proof of the
above result relies on a generalization of their techniques, and we will show that in the
case of free products, one can push these techniques a bit further to obtain a genericity
result in the space of transitive actions.

9.3 High faithfulness, weak containment and totipotency

The following definition is a natural strengthening of faithfulness, somehow dual to high
transitivity.

Definition 9.28. Let I' ~ X be any action. This action is called highly faithful if
given any 7, -+ ,7, € I'\ {1}, there is x € X such that for all i € {1,...,n}, we have

VT # .

Example 9.29. A nice example of a non highly faithful action is provided by highly
transitive partially finitary group, since their only 2-transitive action (cf. Theorem [9.17))
even has elements with disjoint support. In particular, they don’t admit highly faithful
highly transitive actions. The natural orbit actions of topological full groups are also never
highly faithful for a similar reason, and we don’t know wether topological full groups admit
highly faithful highly transitive actions.

To our knowledge, the notion of high faithfulness appeared first in the work of de la
Harpe |de 85] on C*-simple groups under the name of strong faithfulness. Fima, Moon
and Stalder introduced a slightly stronger notion which they called high faithfulness in
[EMS15], but it agrees with the above notion for infinite groups, which is the only case of
interest here as well as in their paper (see [FLMMS22, Prop. 2.5] for the equivalence of the
two notions). In a joint unpublished work with Carderi and Gaboriau, we realized that
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the correct way to understand high faithfulness was in terms of the following definition,

which is the natural analogue of Kechris’ weak containment for measure-preserving actions
[Kec10l Sec. 10].

Definition 9.30. An action o : I' ~ X weakly contains an action § : I' ~ Y if
given any S € I' and any I’ € Y, the graph induced by the S-Schreier graph of § on F
is isomorphic to the graph induced by the S-Schreier graph of o on some finite subset
F' e X.

Note that given an action @ € Hom(I', &), a neighborhood basis of a can be con-
structed by taking all F' € N, S € I symmetric and then having as basic neighborhood of
a the set of all actions 5 whose S-Schreier graph induce on F' the same S-Schreier graph
as 8. We thus have the following result, analogous to [Kecl(, Prop. 10.1].

Proposition 9.31. An action o € Hom(T', &) weakly contains f € Hom(I', S,) if and
only if the closure of the Go-orbit of av contains the closure of the & -orbit of 3. ]

The next proposition is a routine consequence of the definition, and can also be directly
deduced from the above proposition (see also [Kecl0, Cor. 10.3] for its probability measure-
preserving version).

Proposition 9.32. The weak containment relation defines a Gs subset of Hom(I', &) x
Hom(T', &), and for any I'-action  on N, the set of all actions « € Hom(I', S,) weakly
contained in (B is closed. O

Finally, when we restrict to transitive actions, the description of the topology of Sub(T")
given in Lemma [9.6] yields the following fact.

Proposition 9.33. An action o weakly contains a transitive action 5 if and only if the
closure of the set of stabilizers of a contains the set of the stabilizers of . ]

Corollary 9.34. An action of a countable group I is highly faithful if and only if it weakly
contains the reqular action I' ~ T'. [

Remark 9.35. Subgroups A < I such that I' ~ I'/A is not highly faithful are called con-
fined and play an important role in Le Boudec and Matte Bon’s remarkable classification
of highly transitive actions of Higman-Thompson’s groups V; [LBMB22a, Thm. 4.

Remark 9.36. The reader acquainted with weak containment of unitary representations
in the sense of Zimmer can note that if a : I' ~ X weakly contains g : I' ~ Y, then
the unitary representations r, of I' on £?>(X) weakly contains the unitary representation
kg of T on £2(Y) (this was actually used for high faithfulness by Burton and Kechris,
see [BK20, Lem. F.1], and also very recently by Gerasimova and Monod under the name
unconfined, see [GM23]|). The converse is far from being true: for instance a nontrivial
transitive action can never weakly contain the trivial action, while amenable groups are
characterized as those whose regular unitary representation weakly contains the trivial
representation.

Observe that given a fixed countable group I', there is a ['-action on a countable set
which weakly contains all I'-actions. Indeed there are only countably many finite induced
S-Schreier graphs up to isomorphism, so an arbitrary action is always weakly contained
in a countable one. So if we take (a,) dense in Hom(I', S,), the action on N x N ~ N
which we obtain by gluing all the «,,’s together weakly contains all actions.
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Using Proposition [9.31], we can reformulate this as the fact that the action G,
Hom(T', S.,) always has a dense orbit (see [Kecl0, Thm. 10.7] for the probability measure
preserving version; as was pointed out to us by Todor Tsankov, such a construction can
also be adapted to show that Hom(T', [R])) always contains a dense conjugacy class when
R is an infinite type ergodic non-singular equivalence relation). The following definition
was essentially introduced in [CGLM23| for invariant random subgroups; the version that
we propose here is not exactly the same, as we discuss at the end of Section [12]

Definition 9.37. A transitive action of a countable group I' on an infinite set is called
totipotent when it weakly contains all transitive I'-actions on infinite sets.

Using Theorem and Proposition [9.31] we can reformulate totipotency as follows.

e An action o € Homy, (', &) is totipotent when its conjugacy class is dense in

Homy, (I', &,).
e A subgroup A < T is totipotent when its conjugacy class is dense in Suby(I').

Example 9.38. Let us explain why Fy = (a,b) admits a totipotent action by explicitly
building such an action (we will see some stronger results later on). Let (B,,) enumerate
all the balls of S = {a,b,a™', b1 }-Schreier graphs of transitive actions of Fy on infinite
sets up to conjugacy, and for each n let a,, be a transitive Fo-action admitting B,, as a ball
in its S-Schreier graph. It suffices to construct a transitive Fo-action whose S-Schreier
graphs contains all the B,’s. Note that S-Schreier graphs of Fs-actions are exactly S-
labeled oriented graphs such that

(1) For every vertex z, there is exactly one s-labeled edge starting from x (in particular
every vertex has outgoing degree |S| = 4)

(2) If an edge is labeled s € S, then its opposite edge is labeled s7*.

Our starting graph is the disjoint union of the balls B,,. We are going to attach these
along a biinfinite a-labeled line. In the following construction, when we add an edge we
will always implicitly add the corresponding opposite edge as required by Condition (2)).

By
ity
a a
e Yo o y3
b b b b
° ) ) o L ] o
zZ_9 a Z_1 a 20 a Z1 a zZ2 a z3

Figure 2: Gluing the B,’s together.

Since each «,, is transitive over an infinite set, for each n we find some z, € B,, and
sp € S such that a,(s,)x, € By. Let y, = a,(s,)z,, then we add to our graph the vertex
Y, and the s,-labeled edge from y, to x,,. We now distinguish two cases:
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o If s, € {b,b7'} let 2, = y,.

o If 5, € {a,a '} let 2, be a new vertex different from all the previous ones and add
a b-labeled edge from v, to z,.

Now let (2,)n<0 be a sequence of distinct additional vertices, all distinct from the
previous ones. For each n € Z, we add an a-labeled edge from z, to z,..

Finally, we take care of Condition as follows: we observe that the only infinite a
or b-labeled line is the biinfinite line (2, ),ez, in particular there is no infinite one-sided a
or b-labeled line. So the points for which some a or b-labeled edge is missing belong to a
(possibly empty) a or b-labeled finite segment which we simply close by adding an edge
from its last vertex to its first vertex.

By construction, we have obtained a connected Schreier graph which contains a copy
of every ball arising in the Schreier graph of every transitive Fa-action over an infinite set:
this is the Schreier graph of the desired totipotent Fso-action.

Remark 9.39. Observe that no abelian group admits a totipotent action except the trivial
group. It would be interesting to delineate the class of groups admitting a totipotent action
more precisely, but we won’t undertake this task here and only give positive results.

Totipotency admits an alternative definition when I' is not finitely generated.

Proposition 9.40. Let I' be a non finitely generated group, then A < I is totipotent if
and only if its conjugacy class is dense in Sub(I').

Proof. If A is totipotent, the density of Subj(I") in Sub(I") (see item (Z2]) in Proposition
yields that its conjugacy class is dense in the whole Sub(T"). Conversely, let A < T'
have a dense conjugacy class in Sub(I"). Then A cannot have finite index because otherwise
its conjugacy class would be finitd] So A has infinite index and in particular its conjugacy
class is dense in Subj)(I'): A is totipotent. O

Say that an action group on a Polish space by homeomorphisms is topologically
transitive when it admits a dense orbit. We have the following well-known result.

Proposition 9.41. Let a group G act by homeomorphisms on a Polish space X. Then
the following are equivalent

(1) the G-action is topologically transitive;
(ii) the set of x € X whose orbit is dense is a dense Gs subset of X ;
(111) for all U,V C X nonempty open, there is g € G such that g-U NV # ).

Proof. We show the chain of implication :>:>:>.

To see the first implication :>, take x with a dense orbit, then find g,h € G
such that g-x € U and h -z € V. Tt follows that hg™' - (g-x) € V so hg7t-UNV # (.

The implication (fii)= (i) holds because if we let (U,) be a countable basis of nonempty
open sets for the topology of X, condition implies that each G- U, is dense in X, and
since it is open we get that (), .y G - Uy, is dense Gs. By construction (), G - U, is the
set of all points with a dense orbit, so holds as wanted.

The implication :> is a direct consequence of the Baire category theorem, which
finishes the proof of the proposition. m

neN

4Note that Sub(T") is infinite as soon as I is infinite, e.g. because the map v + (v) is finite-to-one.
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By definition a transitive I'-action over an infinite set is totipotent iff its conjugacy
class of stabilizers is dense in the space of infinite index subgroups of I', so by the above
proposition the set of totipotent actions is G, and it is dense if and only if it is not empty.

It is an instructive exercise to understand how condition in Proposition [9.41]
simplifies the proof of the existence of a totipotent Fo-action: it suffices to show that
given two balls in two Schreier graphs of transitive Fo-actions on infinite sets, one can
find a third transitive Fo-actions on an infinite set which contains a copy of both previous
balls. Using this approach, we will now identify a large class of locally finite groups
admitting totipotent actions.

Definition 9.42. A locally finite group I is called productive if given any finite subgroup
G < T, there is v € T such that the subgroups G and yGvy~! intersect trivially and
commute.

In other words, I' is productive if given any finite subgroup G < I, there is v € I" such
that the group (G U~G~~!) naturally decomposes as a direct product G x yGy~L.

Example 9.43. The group &, of finitely supported permutations of N is productive.
Indeed, every finite subgroup G is contained in the group of permutations supported on
a finite subset F' of N, and we can then find 0 € &« such that o(F) N F = 0, so that
G commutes with cGo™! and G NeGo~! = {idy}. The same argument shows that the
group (o of finitely supported permutations of N of even signature is also productive.

Proposition 9.44. FEvery productive locally finite infinite group I admits a totipotent
action.

Proof. We have to show that the I'-action on Subp(I") is topologically transitive. We
thus apply condition from Proposition [9.41]

Let U and V' be two nonempty open subsets of Subj)(I'). Since I is locally finite, up
to shrinking down U and V' we may find a finite group G < I' and subgroups Gy, Gy < G
such that

U={AeSub(I'): ANG =Gy} and V = {A € Sub)(I'): ANG =Gy }.

Since T is productive, we find v € T such that yGy™ ' NG = {1r} and yGy~! commutes
with G. We then define

A= (Gy,7Guy™').

Observe that A is naturally isomorphic to the direct product Gy x yGpy~! < G x yGy~L.
Moreover ANG = Gy and v IAYNG =Gy, s0 v - UNV # () as wanted. O

Remark 9.45. If a locally finite infinite group I' admits a totipotent action, then its
space of subgroups has no isolated points. Indeed every infinite element of Sub(I") is
the union of its finite subgroups, in particular the space of finite subgroups is dense so
no infinite subgroup is isolated. Moreover no finite subgroup can be totipotent, because
for every k € N the set of subgroups of cardinality at most k is closed. So if A < T is
totipotent, every finite subgroup is a nontrivial limit of conjugates of A, and we conclude
that Sub(I") has no isolated point.

Another locally finite group to which the above result applies is the group Gas of
dyadic permutations, and we now recall its definition.
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Definition 9.46. Consider for every n € N the group Gon = &({0,1}"), and embed Sy
into Gyn+1 by making it act on the first n coordinate on {0,1}"™ = {0,1}" x {0,1}. The
corresponding direct limit over n € N is the group of dyadic permutations Gos.

Proposition 9.47. The group Gax is productive, in particular it has a totipotent action.

Proof. Consider the permutation o of {0,1}?" which takes (7;)2"" t0 (Tnii mod 27)i%g

Observe that it conjugates Gon acting on the first n coordinates to Gon acting on the last
n coordinates on {0,1}?". These two actions commute and the corresponding subgroups
of G2 intersect trivially, so G9= is productive since the first action is the one given by
the embedding Gon < Gg2n through the direct limit which defines Gy~. The existence of
a totipotent action then follows from Proposition [9.44] O

The above proposition could be extended by either replacing 2 by some varying inte-
gers, or also by considering alternating groups instead of symmetric groups. Such locally
finite groups arise naturally in the study of topological full groups of minimal Z-actions
(see e.g. Section 4 in [JM13]), and Sa~ arises more specifically from the 2-odometer.
Remarkably, the minimal conjugacy closed invariant subsets of the space of subgroups
(also known as URS) of these groups are classified when one only works with alternating
groups, see [TT18, Thm. 10.3].

To conclude this section, let us mention part of the very recent work of Azuelos
and Gaboriau, who have obtained a wide class of groups admitting a totipotent action,
including many hyperbolic groups and many groups acting on trees [AG23|. We will cite
in Section [10.5] a particular case of their results for groups acting on trees, and explain
why it implies I'; % 'y admits a totipotent action as soon as |I'1| > 3 and |['y| > 2.

10 High transitivity for groups acting on trees

10.1 Statement of the main result

In this section, we state the result obtained with Fima, Moon and Stalder which charac-
terizes high transitivity for a large class of groups acting on trees [FLMMS22|. We start
by giving the necessary definitions, starting with a definition of graphs which allows for
multiple edges. Although such edges do not appear in the statement of our main result,
they are unavoidable in its proof through the Bass-Serre graphs of actions that will appear
in the next section.

A graph G is given by a vertex set V(G) and a set of edges F(G) endowed with the
following structural maps:

e A source map s: E(G) — V(G) and target map t: E(G) — V(G);

e A fixed-point free involution E(G) — E(G) which we denote by - : e — € and call
the antipode map.

These structural maps are related by the following equation: for all edge e € £(G), we
have

s(€) = t(e) and (&) = s(e).

We say that two vertices vy, vy € V(G) are adjacent or connected by an edge if there
is e € E(G) such that s(e) = vy and t(e) = vs.
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A path of length n > 1 is a finite sequence of edges (e;)!; such that for all i €
{1,...,n—1} t(e;) = s(e;+1). A path (e;)?, is called reduced if for all i € {1,...,n—1}
we moreover have e;; 1 # €;. Viewing edges as paths of length 1, we may extend the
definition of s and t to the set of paths by putting

s((ei)iz1) = s(er) and t((e:)izy) = tlen).

We also say that (e;)!; is a path from s(e;) to t(e,). We also extend the definition of
the antipode map to paths by letting (e;)"; = (€,-1-;)!,. Finally, a biinfinite reduced
path is a biinfinite sequence (¢;);cz of edges such that for all i € Z, t(e;) = s(e;41) and
i # €iy1.

Say that two vertices are in the same connected component if there is a path from
one to the other. It is straightforward to see that being in the same connected component
is an equivalence relation. Its equivalence classes are called the connected components of
the graph. A graph is connected when it has only one connected component.

Finally a cycle is a reduced path whose target and source coincide.

Definition 10.1. A forest is a graph with no cycles, and a tree is a connected forest.

A nonempty tree is called pruned when it has no degree one vertices. Note that every
pruned tree is infinite.

A subgraph of a graph is given by subsets both of the vertex and edge sets which are
stable under the structural maps. Any subset V' of the vertex set of a graph induces a
subgraph whose vertex set is W and whose edge set is the set of edges whose source and
target belong to W. Similarly, any subset F of the edge set induces a subgraph whose
edge set is £ U E and whose vertex set is the set of targets and sources of elements of E.

Definition 10.2. Given an edge e, its associated half-graph is the subgraph induced by
the set of edges f such that there is a reduced path starting by e, not using e, and whose
last edge is equal to f. We denote it by H(e).

Note that the half-graph H(e) always contains the edge e. When H(e) is actually a
tree (which is automatic if the ambient graph is a tree), we call it a half-tree and we say
that e is a treeing edge.

We now start the hypothesis that we will have to make on our group actions on trees
so as to characterize high transitivity. The first one is minimality.

Definition 10.3. A group action on a tree is called minimal when there is no non-trivial
invariant subtrees.

Here is an easy structural consequence of admitting a minimal action, or equivalently
having the whole automorphism group acting minimally.

Lemma 10.4. Let T be a tree with at least two edges endowed with a minimal action of
a group I'. Then T 1is pruned.

Proof. Suppose T is not pruned. Then its degree one vertices can be pruned off, thus
obtaining a subtree & C 7. Since the tree 7 has at least two edges S is not empty, and
it is [-invariant by construction, contradicting minimality. O

Our next hypothesis is the most important one, and it relies on the fact that every
tree automorphism « has to be of one of the following forms, obtained by considering the
minimum distance between v and «(v):
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e « is elliptic if it fixes a vertex (the minimum distance is 0).

e « is an inversion if it flips two adjacent vertices (the minimum distance is 1 and
attained by the two vertices which are flipped)

e «is hyperbolic if there is an a-invariant biinfinite reduced path (e;);cz onto which «
acts by translation (meaning that there is a fixed k € Z\ {0} such that a(e;) = e,
for all 1 € Z; the elements sent at minimum distance from themselves are then
precisely the elements of this axis, and this minimum distance is equal to |k|).

Definition 10.5. A group action on a tree is called of general type if there are two
group elements acting hyperbolically and transversely (the intersection of their axes is
finite and nonempty).

Example 10.6. The action of the free group Fy = (a, b) on its Cayley graph is of general
type because a and b act hyperbolically, and their respective axes intersect only at the
identity element.

We finally state the key property that will allow us to characterize high transitivity.

Definition 10.7. A T'-action on a pruned tree 7T is called topologically free on the
boundary if whenever v € '\ {1} and H is a half-tree, there is a half-tree H' C H such
that vH' is disjoint from H'.

Remark 10.8. The terminology comes from the fact that this is equivalent to the action
on the boundary 0T of the tree (endowed with the natural Hausdorff topology associated
to half-trees) being topologically free in the usual sense. For a minimal action of general
type on a tree, topological freeness is actually equivalent to the action being highly faithful
in the sense of Definition see [BIO20L Prop. 3.8]. Also note that every tree endowed
with a faithful minimal action of an infinite group must be pruned by Lemma [10.4] so the
above definition does apply in the following theorem.

Here is our main result. Stated as such, it relies crucially on the work of Le Boudec and
Matte Bon [LBMB22bh|. Recall that td(I") is the transitivity degree of T', see Definition
and that MIF means mixed identity free, see Definition [9.18]

Theorem 10.9 ([FLMMS22, Thm. BJ). Suppose we are given a countable infinite group
' with a faithful minimal T'-action of general type on a tree T. Then the following are
equivalent:

(i) T' admits a highly faithful highly transitive action;
(1) T is highly transitive;
(iii) td(T) > 4;
(iv) T is MIF;
(v) the I'-action on the boundary of T is topologically free.
Let us now state the key theorem which enables us to prove the above result.

Theorem 10.10 ([FLMMS22, Thm. A]). Let I be a countable group with a minimal
action of general type on a tree T which is moreover topologically free. Then I' admits a
highly faithful highly transitive action.
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Granting this result and the following lemma, we will prove theorem [10.9|

Lemma 10.11 (see also [FLMMS22| Lem. 2.5]). Let I' ~ X be a highly faithful transitive
action over an infinite set. Then every non trivial element of I' has infinite support.

Proof. Suppose by contradiction that vy € I' has finite support F. Since I' is acting
transitively on the infinite set X, by Neumann’s lemma there is some v € I'" such that
vF N F = (. But then v and yyyy~! have disjoint supports, thus contradicting high
faithfulness. [

Proof of Theorem[10.9. The implication () = (ii) = is clear.

Two important implications come from the work of Le Boudec and Matte Bon: —
is Proposition 3.7 in [LBMB22b|, and the implication (jii) = ({v)) is Corollary 1.5
from the same paper.

The implication —> ({i) is our main result, namely Theorem . So , ,
and are all equivalent, and since implies , we only need to show that one of
them implies .

We thus finish by showing that implies : observe that if I' ~ X is highly
faithful, then every non trivial element of I' has infinite support by the above lemma. In
particular, I" is not partially finitary so by Theorem [9.19]it is MIF as wanted. O

Our proof of theorem relies crucially on Bass-Serre theory. Standard arguments
reduce it to the case where I' is either an amalgamated product or an HNN extension
whose action on its Bass-Serre tree is of general type and topologically free (see Section
7.1 in [FLMMS22|). In this exposition, we will explain in details the proof only for free
products, pointing out briefly the differences with the case of amalgamated free products
(see Remark [10.27). We won’t mention HNN extensions further. The construction that
we present for free products originates in the work of Moon and Stalder [MS13]|, although
they only use it for free products of finite groups in their paper.

10.2 A bit of Bass-Serre theory

Convention. In this section and in the two next ones, actions on graphs will always be
left actions, while actions on sets are right actions.

Let I' =T'; x 'y be a free product. One associates to any right I'-action on a set X a
(bipartite) Bass-Serre graph denoted by BS(X v I') defined as follows:

e The set of vertices is the set of I'y orbits union a disjoint copy of the set of I'y-orbits:

V(BS(X ~T)) = X/Ty U X/Ty

e We put an edge between a I'j-orbit and a I'y orbit for every common element they
have. More precisely, let

EBS(X ~AT)) =X x {—, +}.

The source and antipode maps are then completely determined by the following
assignment: for all ¥ € X, let s(z,+) = z - 'y, let t(z,+) = 2 - Ty, and let (z,+) =

(x,—) (sos(x,—)=z-Ty, t(xr,—) =2 -T; and (z,—) = (z,+)).
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Observe that this graph is connected if and only if the action is transitive, and that
its connected components can naturally be identified to I'-orbits. Also note that by the
definition of edges and the fact that our graph is bipartite, any path must consist of edges
of alternating signs. Here is a key observation.

Lemma 10.12. Let I' = I'y x I'y be a free product. If we have a free I'-action X T,
then the associated Bass-Serre graph BS(X 1) is a forest.

Proof. Suppose for instance (e, ..., e,) is a cycle with target and source xI'y. Then since
the graph is bipartite n is even. Without loss of generality assume that the first edge is
positive: then e; = (z1,4), €2 = (2, —), ... €, = (v, —). By definition for i = 2,...,n we
have v; such that x;.1 = x;7;, where for ¢ even we have v; € 'y, for + odd we have v; € 'y
and in both cases 7; # 1 because the cycle is a reduced path. Let v =~ --- 7,1, then v is
a non-trivial reduced word in I'y *I's whose last letter v,,_; belongs to v,. By construction
x17y belongs to the same I';-orbit as x1, so we find v, € I'y such that x;vy, = x;. But
since v was a non-trivial reduced word ending with an element of I'y, ¥, is a non-trivial
element of v fixing a point, contradicting the freeness of the I'-action. The argument for
cycles with target and source zI'y is the same, switching the roles of I'; and I's. O

Definition 10.13. Let I' = I'; x I’y be a free product. The Bass-Serre tree BS(I" T)
obtained from the (free!) right action by right translation I' v T is called the Bass-Serre
tree of the free product decomposition of I' = I'y x I'y. Since we will be working with a
fixed free product I' = I'y x I'y, we will simply call this tree the Bass-Serre tree of T'.

The left action of I' = I'y xI'y by left multiplication on itself commutes with the action
by right multiplication, so it induces a I" action by automorphisms on its Bass-Serre tree.
More generally, whenever we have two right actions X ~ I', Y I, any I'-equivariant
map 7 : X — Y induces a graph homomorphism 7, : BS(X ~ ') - BS(Y ~ I') which
is surjective if 7 is. This homomorphism is actually always star surjective in the following
sense.

Definition 10.14. Given a graph G, the star of a vertex v € V(G) is the set of edges
whose source is equal to v

star(v) = {e € E(G): s(e) = v}.

Let 7 : G — H be a graph homomorphism, then 7 is star surjective if it is surjective
and for every v € V(G), m(star(v)) = star(m(v)).

Here is a straightforward but important consequence of star surjectivity.

Lemma 10.15. Let 7 : G — H be a surjective graph homomorphism, assume in addition
that m is star surjective. Then any reduced path (f1, ..., fa) in H can be lifted to a reduced
path (eq,...,e,) in G, meaning that for all i € {1,...,n} we have w(e;) = f;. Moreover,
lifts can be extended: if the reduced path (fi,..., farm) extends (fi,..., fu), then there
aTe €py1, -y €nim Such that the reduced path (eq, ..., entm) is a lift of (f1,..., fozm). O

A subtree T of a graph G is called spanning when V(7)) = V(G). Spanning subtrees
always exist, see e.g. [Ser80, Prop. 11 in 1.2.3]. We have the following basic lemma, which
is an important tool for developing Bass-Serre theory (see also [Ser80, Prop. 14 in 1.3.1]).
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Lemma 10.16. Let m: G — H be a surjective graph homomorphism, assume in addition
that 7 is star surjective. Then given a subtree T C H, there is a graph homomorphism
J: T — G which lifts T : for every vertex v € V(T) and every edge e € E(T),

m(j(v)) = v and w(j(e)) = e.

Proof. Observe that any lift of a proper subtree j' : 7/ C T — G can be extended to an
additional vertex connected to 7’ inside 7T, using star surjectivity. The conclusion then
follows by a direct application of Zorn’s lemma. n

Given a group A acting on a tree T, Bass-Serre theory offers a natural presentation of
A in terms of some of its edge and vertex stabilizers, along with some additional individual
elements of A. This presentation is a description of A as the fundamental group of a graph
of groups. We now give this presentation in details in the general case, and then explain
how the picture is much simpler in our setup of free products.

Building a presentation from a group acting on a tree. Let us start with a group
A acting on a tree 7 without inversions. We can then form the quotient graph G = A\T
and denote by 7 : 7 — G the quotient map, which is surjective and star surjective. Fix
a spanning subtree S C G and a lift j : S — T as provided by Lemma [10.16]

We also fix an orientation of G, i.e. a subset A C FE(G) such that for every edge
e € E(G), either e € A or € € A and these two cases are mutually exclusive.

We can start describing the vertex and edge stabilizers appearing in the presentation
of A (we will need some additional edge stabilizers eventually):

e For every v € V(G), let A, = Staba(j(v))
e For every e € E(S)N A, let A, = Stab,(j(e))

We then extend j to E(G) by first letting, for e € A, j(e) be a lift of e such that

Such a lift exists by local surjectivity. Then for e € B we let j(e) = ﬁ. We extend our
list of edge stabilizers to all the positively oriented edges of G:

e fore € (F(G)\ E(S)) N A, let A, = Staby(j(e))

Observe that j is still a section of 7, but it is not a graph homomorphism anymore because
it does not commute with the target map of edges in A (and the source map of edges in
B). Nevertheless, by the definition of the quotient map, for every edge e € A, there is
some edge in the A-orbit of j(e) whose target is equal to t(j(e)), so the following definition
makes sense:

e For every e € AN (E(G) \ E(S)), we fix A\. € A such that \.j(t(e)) = t(j(e)).
We then have A, Staby (j(t(e)))A\;! = Staba(t(j(e))), in other words
Al As " = Staby (t(j(e))) = Staba(j(e)) = A.. (I.3)

We finally define various embeddings which will allow us to give the group presentation
we seek:
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e For e € A, let ¢ be the natural inclusion of A, in Ay given by the fact that
Ac = Staba (j(e)) < Staba(s(j(e))) = Staba(j(s(e))) = As(e)-

e Fore € ANE(S), let 1} be the natural inclusion of A, in Ay given by the fact that
Ac = Staba(j(e)) < Staba(t(j(e))) = Staba(j(t(e))) = Axe).-

o For e € A\ E(S), let ¢ be the embedding of A, into Ay provided by Equation

(I1.3)): for all v € A, let
() = AT A = AT (DA

Theorem 10.17 (see [Ser80, Thm. 13 in 1.5.3]). The group A is actually given by the fol-
lowing presentation: it is generated by the groups (A,)vev(g) and the additional generators
(Ae)eca\E(s), subject to the following relations

e (amalgamation relations) for alle € AN E(S) and all v € A.:
te(v) = 2()-
e (HNN relations) for all e € A\ E(S) and all v € A.:
() = AE () Ae.

Example 10.18. If A is acting freely on 7T, both edge and vertex stabilizers are trivial, so
the amalgamation and HNN relations are trivial, and we deduce that A is freely generated
by (Ae)eca\E(s), thus recovering the characterization of free groups as groups freely acting
on trees.

Example 10.19. Let I' = I'y % ['s be a free product, let T be its Bass-Serre tree. By
construction the I'-action on 7T is free at the level of edges, and has two orbits at the level
of vertices, namely I'/T'; and I'/T'y. The stabilizer of the coset 'y is I'1, and the stabilizer
of the coset I'y is I'y, so stabilizers of vertices are conjugates of either I'; or I's. The
quotient graph is then a single edge, and we can take as a lift the edge 11 whose vertex
stabilizers are I'y and I's. Since the action on edges is free, again the amalgamation and
HNN relations trivialize and we recover the free product decomposition of I'.

More generally, take A < I', then again edge stabilizers are trivial so we conclude
from the above theorem that A is naturally isomorphic to a free product of a free group
over |A\ E(S)| generators with subgroups of either I'; or I'y (Kurosh’s theorem). In
particular, if A is finitely generated, there are only finitely many non trivial A,, and the
set E(G) \ E(S) is finite (in other words, G has a finitely generated fundamental group).

Remark 10.20. There are actually two natural trees that we can make Fy = (a, b) act on.
The first is the standard Cayley graph, and then the quotient graph is a bouquet of two
circles, obtained by doing two trivial HNN extensions of the trivial group via generators
a and b. The second is associated to the free product decomposition Fy = Z % Z, and it
is not locally finite. Here vertex stabilizers are isomorphic to Z, the action on edges is
free, and the quotient graph is as above an edge whose two extremities are decorated with
copies of Z.

Both trees can be used in order to build highly transitive actions of 5, but do note
that in this text, we only present a full proof for free products, and hence for Fy = Z x Z
we are working with the second tree, which is not locally finite.
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We end this section with an important well-known lemma towards proving our high
transitivity result for free products.

Lemma 10.21. Let I' =T 'y be a free product with |I'y| = 3 and |T's| > 2, let T be the
associated Bass-Serre tree. Then I' ~ T is minimal, topologically free on the boundary
and of general type.

Proof. Recall that the I'-action on 7T is transitive on the edges, hence minimal. There
are only two vertex orbits, corresponding to I'; or I'y cosets, so up to conjugacy there are
two types of elliptic elements: those of I'; and those of I's. But by freeness of the action
on the edges and the fact that both I'y and I'y have cardinality at least 2, it is clear that
these elliptic elements act topologically freely on the boundary.

The fact that the hyperbolic elements of I" also act topologically freely follows from
the fact that 7 has no isolated points in its boundary: given any half-tree H, one can
find two disjoint half-trees H; and Hs contained in #H. (the latter property is a direct
consequence of the fact that the vertices corresponding to I'; cosets have degree |I'1| = 3
and every edge touches such a vertex). Now given any hyperbolic automorphism « of T,
if H is any half-tree, we find two smaller disjoint half trees H;, Ho. Then one of them,
say Hi, is disjoint from the axis of «, and hence a(H;) is disjoint from H; as wanted.

Finally, let us show that the action is of general type. Observe that given v; € I'1\ {1}
and v, € 'y \ {1}, the element 7,7, is hyperbolic and its axis can be described as follows:
if W be the set of all finite words (of length > 1) of the form ~;v97172 ... then the set of
edges of the axis of 7172 is WU{1}UW . With that observation in hand, we take distinct
7,7 € Th € I'y \ {1} and v, € T’y \ {1}, and then the hyperbolic tree automorphisms
Y172 and ;72 are transverse, thus showing that the action is of general type. O

10.3 Finitely generated subgroups of free products and half-trees

Our proof of the genericity of high transitivity for free products will use crucially the fact
that finitely generated groups of infinite index form a dense subset of the set of infinite
index subgroups. This allows us to bypass some constructions from [FLMMS22]|, using
Bass-Serre theory as described in the previous section, noting that Bass-Serre graphs of
finitely generated subgroups are essentially isomorphic to the whole Bass-Serre graph,
except on a finite part, which is the content of the following proposition. I am very
grateful to Damien Gaboriau for explaining this to me a certain number of times.

Proposition 10.22. Let I' =Ty « 'y be a free product, let T be its Bass-Serre tree, and
let A < T be an infinite index finitely generated subgroup, let G = A\T and denote by
7w T — G the quotient map. There is a finite connected set K C E(G) whose complement
induces a forest F with infinitely many vertices, and such that for all v € V(F) and all
w € V(T) such that m(w) = v, the map 7 is star-bijective at w, meaning that it induces
a bijection star(w) — star(v).

Proof. We apply Theorem [10.17} we fix an orientation A of A\T, a spanning tree S C
A\T, alift j : S — T extended to all the edges of A so that j(s(e)) =s(j(e)) for all e € A.
Finally, for all e € A\ E(S), we fix some A\, € A such that \.j(t(e)) = t(j(e)). Since
the A-action on T is free at the level of edges, Theorem yields that A decomposes
naturally as a free product as follows:

A= e F 4 s,
(veVEkA\T) Staby T(](U>)> * a0\ B(s)
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where F 4\ g(s) is a free group freely generated by (Ae)ecca\r(s). Since A is finitely generated,
there are only finitely many v € V(A\7) such that Staby~7(j(v)) # {1}, and the set
A\ E(S) is finite. Moreover, since A has infinite index, the edge set of A\7 is infinite. It
follows that the vertex set of A\7 is infinite (otherwise A\ E(S) would have to be infinite
since a tree has exactly one more vertex than positively oriented edges).

Let us define K as the finite connected set of edges spanned by A along with the
vertices v € V(A\T) such that Staby~7(j(v)) # {1}. Since all the vertices from A belong
to K and S is a spanning tree such that F(G) = E(S)U A, the complement of K induces
a forest. Finally, if we fix any vertex v € V(G) \ K, we have Staby~7(j(v)) = {1}, so
for every w € V(7)) such that m(w) = v, we also have Stabp~7(w) = {1}. By definition
of the quotient map, this implies that for all w € V(7)) such that m(w) = v, 7 induces a
bijection star(w) — star(v) as wanted. O

In order to use the above proposition, we need a better understanding of half-trees.
We first reproduce a useful lemma from [FLMMS22]. Recall that an edge is called a
treeing edge when its associated half-graph is a tree.

Lemma 10.23. Let G be a connected graph admitting a treeing edge, and let w be a reduced
path in G. Then w can be extended to a reduced path w' whose last edge is a treeing edge.

Proof. See [FLMMS22, Lem. 2.17|. O

Proposition [10.22] will be used together with the following lemma.

Lemma 10.24. Let T be a pruned nonempty tree, let w: T — G be a star-surjective graph
homomorphism. Suppose that there is a finite set K C E(G) whose complement induces
a forest F with infinitely many vertices, and such that for all v € V(F), all w € V(T)
such that w(w) = v the map 7 induces a bijection star(w) — star(v). The following hold:

(i) If H is a half-tree in T such that 7(H) is contained in the forest F, then n(H) is a
half-tree and the restriction of ™ to H is a graph isomorphism H — 7w(H).

(i1) Given any half-tree H in T, there is a smaller half-tree H' C H such that 7(H') is
contained in F.

Proof. We start by proving item (). Let H = H(e) be a half-tree in T such that 7(H)
is contained in F. Clearly m(H) is a subtree since it is connected and contained in a
forest. Moreover, any reduced path in H has to be sent by 7 to a reduced path in F since
for all v € V(F), and all w € V(7)) such that m(w) = v the map 7 induces a bijection
star(w) — star(v). It follows that w(H(e)) = H(w(e)), in particular 7(H) is a half-tree
as wanted. Moreover, using star-bijectivity again, we obtain that 7 is an injection at
the level of reduced paths starting by e, and hence the restriction of 7 to H is a graph
isomorphism H — 7(H).

We now prove item (). Again let H = H(e) be a half-tree in T, let f = 7(e), let
v = t(e). By the above lemma, there is a reduced path (f, fa,..., fn) in G starting by
f whose last edge f, is a treeing edge, meaning that the half-graph H(f,,) is actually
half-tree in G. We now distinguish two cases.

e If the half-tree H(f,,) is infinite, it contains a half-tree contained in F since K is
finite. We can thus extend our reduced path to (f, f2,. .., fnem) so that H(frim)
is a half-tree contained in F. We then lift this reduced path to (e, es, ..., €p4m), and
then the half-tree H (e, ) is sent by 7 to the half-tree H(f,, 1), which is contained
in F as wanted.
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e Otherwise H(f,,) is finite so it must contain a degree one vertex v. Let (fo, ..., fotm)
be the unique geodesic path in H(f,) from s(f,,) to v. Let (e, eq,. .., €n1m) be a lift
of the reduced path (f, fo,..., futm). Since T is pruned, we may find € # €,,,
such that s(e’) = t(e, ). Since v = t(f,4m) has degree one, we have 7(e’) = foim,
and so we may lift the reduced path (fnm, fasm—1,-- -, fn) to a reduced path of the
form (€', €p1mat1s-- -, €niom). 1t follows that the path

/
(6, €2+ €ntm, €5 Cnpmtl, - - - 7€n+2m)

is reduced with 7(e,y2m) = fu. Then H(f,) is infinite since H(f,) is finite and
the vertex set of F is infinite. By the first case, we can further extend the lift
(e,€2, . nims €\ €nimats- -, Eniom) to areduced path whose last edge €” satisfies
m(H(e”)) C F. Then the half-tree H(e") is contained in H and 7(H(e")) is contained
in F as wanted.

Since we found the desired half-tree in both cases, the proof is finished. m

10.4 Proof of high transitivity for free products

Convention. Our convention that actions on trees are left actions while actions on sets
are right actions still holds. Since here actions on sets will be seen as group homomor-
phisms [' - &, we write composition in G, in the reverse direction: if 0,7 € &, and
x € N we write xoT for the element obtained by applying first ¢ to x and then 7 to zo.

The argument uses Baire category techniques, and we will be working directly in the
Polish space of all transitive I'-actions over an infinite set, which is an important difference
with [MS13|. Here is the main statement.

Theorem 10.25. Let I' = T'y x 'y be a free product with |T'1] > 3 and |T's| > 2. Then
the space of highly transitive actions of I' on N is dense Gy in the space Homy,(I', S) of
transitive I'-actions on N.

The following lemma justifies the importance of topological freeness while encompass-
ing two key claims from [FLMMS22|, as we will see later. It also shows that topological
freeness implies high faithfulness of the action on the tree in a strong sense, which is not
hard to see with the usual definition of topological freeness as well.

Lemma 10.26. Let I' ~ T be an action on a pruned tree which is topologically free on
the boundary. Let vi,...,7v, € [' be pairwise distinct. Then given any half-tree H, there
is another half-tree H' C H such that the half trees viH', ...,y H' are pairwise disjoint.

Proof. We prove the result by induction on n > 1. For n = 1, there is nothing to prove.
Assuming the result holds for some n > 1, we take v1,...,7,41 € [ pairwise distinct
and fix a half-tree H C 7. By our inductive hypothesis, there is some half-tree Hy C H
such that the half-trees v1Hy, ..., Ho are pairwise disjoint. Applying the definition
of topological freeness to the non-trivial elements 7; *7,4; successively for i € {1,...,n}
we find ‘H; C H;_; such that v, Y1 M is disjoint from H,;. It follows that by letting
H' = H, C Hoy, we have that each ,H' is disjoint from ~,, .1 H’'. Since H' C H, all whose
translates by 74, ...,7, are disjoint, the induction is proven and the lemma follows. []
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Proof of Theorem [10.25. We first spell out the open sets which are used to show that
the space of highly transitive actions is dense Gs. For all n > 1, denote by N™ the set
of n-tuples consisting of pairwise distinct integers. Given (zy,...2n, y1,...,yn) € NG,
consider the following open set

Uy znsyrwn = € Hom(I', &) : Iy e I'sit. Vi € {1,...,n},y; = za(7) }-
Then if we denote
HT = {a € Hom(T', &) : « is highly transitive},

we claim that

HT = ﬂ ﬂ z/{xl ..... T =YL yeees Yn * (II4)

nz1 ($1 77777 Tn,Y1se-y yn)EN(Q")

Indeed, the right-to-left inclusion is clear, and conversely if o belongs to right-hand term
and if (z1,...,2,) € N® and (yi,...,yn) € N we can pick (zy,...,2,) € N™ distinct
from all the z;’s and y;’s. Since & € Uy, 4p—s2......, We find 71 € I such that z; = z;a(n)
for all : € {1,...,n}, and since @ € Uy, .., —y1....y, We find 7o € T' such that y; = z;a(72)
for all i € {1,...,n}. We thus have y; = z;a(y172) for all i € {1,...,n}, thus proving
Equation .

By the Baire category theorem, it now suffices to prove that each of the open sets in
Equation is dense. Fix (z1,...%n, Tpi1,- .., 22,) € N®? let us show that the open
set Uy, ... on—sani1,..won 15 dense.

We thus fix a transitive action a and a neighborhood U of a. By Corollary we
may as well take o with finitely generated stabilizers. Since I" is generated by I'y UT'y, we
can then find a finite set /' C N such that ¢/ contains the closed set

C={feHom(I',6): Vz € F,Vy e I'; UTy,20(v) = za(v)}.

We will now construct 8 € CNUy, .. 2n—azni,...w0n, thus showing the desired density.

Let T be the Bass-Serre tree of I' = I'y xI'5. Let us fix a basepoint xg € N, the map 7% :
v +— za(y) is a [-equivariant surjection from the I'-action on itself by right translation
to the action a.. It thus induces a graph homomorphism between the corresponding Bass-
Serre graphs 7% : BS(I' n ') — BS(N A T). Let A = Stab%(z). Then 7% descends
to an isomorphism of actions between A\I' ~ I" and N A T'. But the Bass-Serre graph
of A\I' ~ T naturally identifies to A\7T, so 7 yields an isomorphism 7% : A\7T =,
BS(N A I'). Finally, if we denote by 7 : T — A\7 the quotient map, the following
diagram commutes, where the vertical arrows are graph isomorphisms.

T ——— A\T

lid lﬁzo (IL5)

BS(I ~T) = BS(NAT)

We now apply Proposition : we have a finite connected set K C F(A\7T) whose
complement induces a forest F with infinitely many vertices, and such that for all v €
V(F) and all w € V(T) such that m(w) = v, the map 7 induces a bijection star(w) —
star(v). We can thus find a larger finite connected subgraph B in A\7 which contains all
the edges of the form (7%) ' (z,4) for € F U {z1,...,Z,}, all the edges in A\ E(S),
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and such that 7 is star-bijective at the pullback of every vertex v € V(A\T) \ V(B).
This implies that the I'y right action on Agl'y is free for every vertex Agl'y € V(B), and
similarly that the I'y right action on Agl'y is free for every vertex Agl'y & V(B).

For i € {1,...,2n}, fix some 7; € T such that

96004(%) = T;.

Using Lemma, 2n times, we find a half-tree H in 7 such that for all i € {1,...,2n},
7(7H) is a half-tree in A\7 contained in F.

Let us then fix a spanning subtree S C A\7T containing F and a lift j : S — T.
Replacing each 7; by another coset representative in A\I', we may further assume that
~iH is contained in j(S). Since the z;’s are pairwise distinct, the 7;’s are pairwise distinct.
By Lemma[10.26]and since the -action on 7 is topologically free (see Lemmal[10.21)), there
is a half-tree H' C H such that the v,H' for ¢ € {1,...,2n} are pairwise disjoint. Since
they are all contained in j(S), we also have that the half-trees 7(y,H') for i € {1,...,2n}
are pairwise disjoint in A\7. By taking a smaller half-tree, we can even assume #H' is at
even distance from the vertex I';.

We now fix a geodesic reduced path p = (ey, ..., e9) in T with starting vertex I'; such
that H' = H(ex). Consider the connected subgraph Gy of BS(N A T') defined as the
union of 77 (B) with the paths 77°(v;p), where i € {1,...,2n} (to see that it is connected,
note that the first vertex of the path 77°(v,;p) is the a(I'y)-orbit of xoa(y;) = x;, which
belongs to 7% (B)). We are now going to build the desired action £.

Let X; denote the union of the vertices of Gy which are «(I'y)-orbits, and X5 denote
the reunion of the vertices of Gy which are a(I'y)-orbits. We start by defining partially
as follows:

Vy e, Ve e Xy, z6(y)

za(y)
Vy €Ty, Vo € Xy, z6(y) ==

a(y).

Let eg, = (gok, —) be the last edge of the path p, which points towards the half-tree H'.
Then z;a(gox) = T°(Vigar), 80 T;a(gax) is an edge whose target z;a(gor'2) has degree one
in Gy, in other words x;a(gox) is the only element of x;a(gorl's) N Xy, Fix ko € Ty \ {1},
then x;a(garke) € X since I'y is freely acting on the I'y-orbit of z;a(gax).

Let us also fix some non trivial k; € I';. We now extend fir, a bit further so as to
have 8 € Uy, . wn—wni1,men: for i € {1,...,n}, we require

xia(gorka) B (K1) = Tppi(gopka)- (I1.6)

This can be done for instance by adding n copies of I'y onto which 3(I'y) acts on the
right, identifying in the i’th copy the element 1, to x;a(gork2) and the element k; to
Tn+i0(gorka) S0 as to have the desired identity (IL6). Note that the restriction of 3 to
I'; is now defined on a larger set Xl D Xj, and since N\ Xj is infinite we may as well
assume X; C N and N\ ()Nf 1 U X>) is infinite. We then extend arbitrarily 5 to a transitive
[-action on N, e.g. by first filling N with infinitely many new free I'; orbits, and then
adding infinitely many new free I'y orbits, making sure that the I's-orbits connect the I'y
orbits together and partition N as WGHE].

A much more precise version of this argument is made in [FLMMS22] where the free globalization of
a pre-action of I' is constructed.
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It is clear that 8 € C. Let us check that 8 € Uy, 2. 201,20, Our main claim is
that

1’104(9%/12) = 33z‘5(92k/<&2)-

To see this, we first need to spell out precisely what the path p = (eq,...,eq) con-
necting the vertex I'; to the half tree H’ looks like. Since p is a path starting by I';, we
have e; = (g1, +) for some g; € I'y, and then e; = (g;, €;) for some g; € I', where ¢; = + if
j is odd and €; = — if j is even, for j € {2,...,2k}. Since the starting vertex is actually
I'y, we have g; € I'y. Furthermore, for j € {1,...,2k — 1} we can write g;41 = gjh; where
for j even we have h; € I'y, while for ¢ odd we have h; € I';. Since the path is reduced,
no h; can be equal to 1. We thus have go), = g1hy ... hg,_1 with g; € 'y, and then for ¢
odd h; € T'y \ {1}, for i even h; € I'; \ {1}.

Let us now take i € {1,...,2n}. By construction the path 7¥°(~,;p) is contained in
Go. We show by induction on j € {1,...,2k} that z;a(g;) = x;5(g;). For j = 1, this
follows from the fact that x; € X;. Assuming the result holds for some j < 2k, we write
gj+1 = gjh; and note that (x;a(g;),€;) is equal to 77°(v,e;) € E(Go). If j is odd, €; = +
so the target of (z;a(g;),€;) is z;a(gj)a(T'), in particular z;a(g;) € X7 and hence

zia(g;)a(hy) = zia(gy)B(hy) = x:8(g;) B(hy),

s0 x;(gj4+1) = z;a(gj41) as wanted. The case j is even is similar and left to the reader.
This finishes the proof of the induction, in particular x;a(gex) = z;58(gox), and since
z;a(gar) € Xo we finally conclude

$i04(92k/€2) = %‘5(9%@)

as wanted.
Now take i € {1,...,n}, we have by the previous equality and the definition of

2 B(gorkokn) = x;0(gork2)B(kK1)
= SCnHOé(gzkfiz)

= $n+i5(gzk/€2)-

So the element v = gopkokiky ! gz_k1 satisfies

ziB(7) = Tnyi
for all i € {1,...,n}, thus finishing the proof. ]

Remark 10.27. Let us now briefly point out the adaptations one needs to make for the
case of amalgamated products. Let ¥ be a common subgroup of two countable groups I'y
and 'y, consider the amalgamated product I' = I'y x5, I's. First, the definition of the edges
of the Bass-Serre graph of a I'-action changes as follows: the set of vertices remains the set
of I'y and I'y orbits, but we put one edge between such orbits for every »-orbit contained
in both. In this way, the Bass-Serre graph of a free transitive I'-action still coincides with
the Bass-Serre tree of I'. But the main difference is that the genericity result holds in
a smaller setup: we need to restrict to actions where X acts freely so as to be able to
make the modifications needed for high transitivity (Equation (I1.6))): we cannot connect
a I'1-orbit where ¥ acts freely to a I'y-orbit where it does not. In [FLMMS22| Sec. 5 and
6], we actually work with transitive actions where both I'; and T'y act freely with infinitely
many orbits, but this may not be necessary. It would be interesting to understand for
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which amalgamated products Theorem holds. In an unpublished result with Carderi
and Gaboriau, we show that the generic transitive action of a surface group of genus > 2
is highly transitive, using full groups. This approach will be presented for free groups
instead of surface groups in the next chapter.

10.5 Consequences on the space of subgroups of free products

We now derive consequences of the previous results for the space of transitive actions of
free products, or equivalently for their space of infinite index subgroups. We will use the
following recent result of Azuelos and Gaboriau in a restricted form which is sufficient for

our purposesﬂ

Theorem 10.28 (JAG23, Thm. 5.11|). Let I' be a countable group endowed with a faithful
minimal action of general type on a tree T . Suppose that there are two edges eq,eq € E(T)
such that Stabr(ei) N Stabrp(eq) 4s finite. Consider the space Subj\7is of all subgroups
A < T such that the edge set of A\T is infinite. Then the action of T' by conjugacy on
Sub|\ 710 s topologically transitive.

Corollary 10.29. Let I' =Ty %'y be a free product with |I'1| = 3 and |I's| > 2. Then the
action of I' by conjugacy on its space of infinite index subgroups Sub)(I') has a dense
orbit: I' admits a totipotent action.

Proof. Consider the I'-action on its Bass-Serre tree as described in Example[10.19] Since I'
is acting freely on edges, the previous theorem applies: the space Suby.\ 7 of all subgroups
A < T such that the edge set of A\T is infinite has no isolated points and the action by
conjugacy on it is topologically transitive. However, since the I'-action on edges is free
and consists of one orbit up to flipping edges, we have that

Sub‘.\ﬂoo = Sub[oo](F).
The result follows. 0

Theorem 10.30. Let I' =Ty xI'y be a free product with |I'y| = 3 and |Us| = 2. Then the
set of all infinite index subgroups A of ' such that the action A\I' ~ T is both totipotent
and highly transitive is dense Gy in the space Subpg(I') of infinite index subgroups of T

Proof. The fact that totipotent subgroups form a G set which is dense as soon as it is not
empty was already noticed right after Proposition So the previous corollary yields
that the space of totipotent subgroups is dense G5 in Subp(I"). Theorem can then
be combined with Theorem to obtain that the conjugacy invariant space of infinite
index subgroups A < T' such that A\I' v~ T is highly transitive forms a dense Gy set
in Subp(I'). Being the intersection of two dense G sets in the Polish space Sub(T),
the desired set of infinite index subgroups A of I' such that the action A\I' ~ I is
both totipotent and highly transitive is dense Gj in Subp(I') by the Baire category
theorem. O

We end this section by mentioning a consequence on amenable actions of free products.
First recall that a (non necessarily transitive) action I' ~ X is amenable if for every

8Their results are stronger in two directions: they allow for a finite kernel and actually describe when
the action is highly topologically transitive (see Remark for more on this last notion).
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e >0and S €T, one can find an (5, ¢)-invariant finite set, namely F' € X such that for
ally e F,
|FAAF|
|F|

A subgroup A < I' is coamenable if the transitive action I' ~ I'/A is amenable. By
definition a group I' is amenable if its action by left translation on itself is amenable, which
can easily be shown to be equivalent to the fact that every free I'-action is amenable.

As first noticed by van Douwen for free groups [van90], some non amenable groups
admit nevertheless faithful amenable actiond’} Following Glasner and Monod, we denote
by A the class of countable groups admitting a faithful amenable action |[GMO7].

Glasner and Monod have obtained a characterization of free products belonging to the
class A, i.e. admitting a faithful amenable action |[GMO07].

Since any action which weakly contains an amenable action has to be amenabld], we
conclude from the previous theorem that if a free product admits an amenable transitive
action on an infinite set, then the space of infinite index subgroups A such that A\I' A T'
is totipotent, highly transitive and amenable is comeager.

We also note that since totipotent actions are automatically (highly) faithful, a free
product T'y x Ty with || > 3 and |T's| > 2 is in A if and only if it admits an amenable
transitive action on an infinite set. A version of this argument was very recently used by

Azuelos and Gaboriau, allowing them to obtain many new examples of countable groups
in A, see [AG23] Sec. §|.

Example 10.31. As per Example [9.3§ (or as a very special case of Corollary [10.29),
the free group on two generators Fy = (a,b) admits a totipotent action. Moreover, any
surjective group homomorphism Fy — 7Z (e.g. the one obtained by sending a to 1 and
b to 0) yields an action of Fy on Z by translation which is amenable since Z is. So any
totipotent Fy action is amenable, and since such actions are moreover highly faithful, we
conclude that Fy belongs to the class A. The same argument shows that for every n > 2,
the free group F, is in A.

"Van Douwen’s action is actually much more than faithful: every nontrivial group element fixes only
finitely many points.

8More generally, one can show that if an action o weakly contains a family of actions I' ~ X; such
that the disjoint union of these actions I' ~ | |, X; is amenable, then « is amenable.
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Part 111

Non-free actions in the measurable
context

11 Consequences of density in full groups

We now begin our study of countable dense subgroups of full groups (see Section (7| for the
definition of the latter). The results we present here were obtained jointly with Carderi
and Gaboriau in an unpublished work, and generalize earlier results of Eisenmann-Glasner
[EG16] and the author [LM18a]. They will be applied in the next section to free groups.
For simplicity we will stick to the type II; case, and we may as well assume that our type
I1; equivalence relation R on the standard probability space (X, ) is p.m.p. (probability
measure preserving), meaning that the probability measure p is preserved by the elements
of the full group of R, or equivalently that R comes from an action of a countable group
which preserves the measure pu.

This allows us to make use of the following well-known construction: given A C X
and T € Aut(X, u), the Poincaré recurrence theorem implies that for almost all x € A
there is n > 1 such that 7"(z) € A. Defining for z € X

(z) = min{n > 1: T"(z) € A} ifzecA
TrA\E) = 0 otherwise,

the transformation induced by 7 on A, denoted by T}, is given by Ty (z) = T™4®) ().
It is a measure-preserving transformation, and if 7' € [R] then Ty € [R] as well.

Our first result shows that density in the full group is inherited by point stabilizers,
as opposed to what happens for the infinite symmetric group (although point stabilizers
of a countable dense subgroup of S, are themselves highly transitive). This can be seen
as a manifestation of the fact that the measure u does not see singletons.

Note that we make a slight abuse of notation in the statement: when we write I' < [R],
we are actually fixing some Borel I'-action on X which induces the inclusion of I" in the
full group of [R] (the whole full group [R] does not act on X since its elements are only
defined up to measure zero).

Theorem 11.1. Let R be a p.m.p. equivalence relation, let I' < [R] be a countable
dense subgroup. Then there is a full measure Borel subset Xo C X such that for all
T1y .oy T € Xy, the subgroup Stabr(xq) N --- N Stabrp(z,) is still dense in [R].

The proof of this theorem relies on the following key lemma.

73
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Lemma 11.2. Let R be a p.m.p. equivalence relation, suppose I' < [R] is a countable
dense subgroup and let T € [R]. Fizr A C X Borel, then there is a full measure Borel
subset X4 C X such that whenever xy,...,xy € ANXy4, there isy € I' such that vr; = x;
forallie{l,...,k} and

du(v,T) < 3u(A).

Proof. Observe that the induced transformation T'x\ 4 satisfies Tx\a(z) = T'(x) as soon
as T(z) ¢ A and = ¢ A. Since u(T~(A)) = u(A), it follows that d, (T, Tx\a) < 2u(A).
By density, for every n € N we can pick 7, € I' such that dy(v,,Tx\a) < 27". By
definition of the uniform distance and the Borel-Cantelli lemma, we have a full measure
Borel subset X4 C X such that for all x € X4, there is N € N such that v, (z) = Tx\a(x)
for all n > N. So if we now pick z1,...,x € AN X4, for large enough n € N we have
Ynl(xi) = Tx\a(x;) = x;, and if we furthermore took n so large that 27" < p(A), we have
by the triangle inequality

so we can take v := v, and the proof is finished. [

Proof of Theorem[I1.1. Let A be a countable algebra of Borel subsets of X such that for
every n € N there is a partition of X into n elements of A of measure %

The above lemma grants us for every A € A a full measure Borel subset X4 C X such
that for every T' € [R], every z1,...,x; € AN Xy, there is v € T" such that va; = x; for
all i € {1,...,k} and

du(7,T) < 3u(A).

If we let Xo = ()44 X4, we thus have that for every A € A, every T € [R], every
x1,..., 2 € AN Xy, there is v € T such that ya; = x; for alli € {1,...,k} and

du(7,T) < 3u(A).

Let us now show the desired density: let x1,..., 2. € Xy and € > 0. Let n > 1 such
that % < €, then by our assumption on A we have a partition (Ay,..., 4,) € A" of X
into sets of measure % Taking the union of those A; which contain some z;, we obtain a
set A € A of measure at most % containing all the z;’s. By construction there is v € T’
such that yx; = x; for all i € {1,...,k} and

du(7,T) < 3u(A) <e,

which concludes the proof that the subgroup Stabr(xz;) N --- N Stabr(x,) is dense in the
full group [R]. O

Now that we know that density is inherited by finite intersections of stabilizer sub-
groups, we move to consequences of density for the action of the group on a full measure
subset of the set X, and then on the ergodic properties of the action of the group on

(X, ).

11.1 Density, permutationally full actions and the fullness degree

This section is devoted to a new property for actions on sets which we call permutational
fullness, and which as we will see puts under the same umbrella high transitivity on every
orbit and total non freeness. Given any set X, let us denote by Sym(X) its group of
bijections, so that by definition &,, = Sym(N).
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Definition 11.3. A I'-action on a set X is called permutationally full if given a finite
subset F' € X and o € Sym(F') such that for all z € F', o(z) is in the p-orbit of z, there
is v € I such that for every z € F,

p()e = o(a).

Note that a transitive action over an infinite set is highly transitive if and only if
it is permutationally full. Just as high transitivity can be restated as density in the
permutation group S (see Remark [0.16), permutational fullness can be restated as
density in the the permutational full group.

Definition 11.4. The permutational full group of a ['-action p on a set X is the group
of permutations o € Sym(X) such that o(x) € p(I')x for all z € X. We denote it by [p].

Not that [p] is a closed subgroup of Sym(X), equipped with the topology of pointwise
convergence where we view X as a discrete set.

Proposition 11.5. Let p be a I'-action on a set X with |X| > 3. The following are
equivalent:

(i) The action p is permutationally full;
(11) The restriction of p to any finite union of orbits is permutationally full.

(111) Given finitely many distinct p-orbits Oq, ..., Oy and finite subsets Fy € Oy, ..., Fy
Oy, for every permutations o1 € Sym(Fy),...,0r € Sym(F}), there is v € T' such
that for every i € {1,...,k} and every x € F;, we have p(y)x = o;(z).

(iv) The closure of p(I') in Sym(X) is equal to the permutational full group of p.

Proof. The equivalence between and is a direct consequence of the definition of
permutational fullness. Also, is a reformulation of ({il) by cutting F' according to the
partition of X into p-orbits, so the two conditions and ([ij) are also equivalent.

Since every permutation ¢ as in the definition of permutational fullness extends to an
element of [p] by letting it act trivially outside of F' we have that implies . The
converse follows from the fact that if we are given some 7 € [p] and F' € X, the restriction
pir can be extended to a permutation o of a larger finite set F” O F such that for all
x € F', o(x) is in the p-orbit of . O

Straightforward examples of a permutationally full action are provided by highly tran-
sitive actions. The point of the above definition is that it provides a stronger notion
because if an action is permutationally full, its restriction to any infinite orbit is highly
transitive. Another nice consequence of permutational fullness is total non freeness.

Definition 11.6 (Vershik, [Verl2, Def.-Th. 1, sect. 2.3]). Let I be a countable group.
A T-action on a set X is called totally non free when the stabilizer map = — Stabr(x)
is injective.

Proposition 11.7. Every permutationally full action all whose orbits have cardinality at
least 3 1is totally non free.

Proof. Suppose I' ~ X is permutationally full. Let x # y. Since all orbits have cardinality
at least 3, we find z in the same p-orbit as y, distinct from both x and y. Consider the
permutation o € Sym({z,y, z}) defined by o(x) = x, o(y) = z and o(z) = y. Then any
v € I' such that p(v) extends o witnesses that Stabr(x) # Stabr(y). O
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Remark 11.8. In particular, when all the orbits have cardinality at least 3, a permuta-
tionally full action has all its restrictions two distinct orbits non isomorphic (otherwise
they would have some common stabilizer). The above argument shows that even when
there are orbits of cardinality 2, the I'-actions restricted to two distinct orbits of cardi-
nality 2 cannot be isomorphic.

In view of the fact that every permutationally full action with infinite orbits is highly
transitive onto every orbit, the following result generalizes the result of Eisenmann-Glasner
that dense subgroups act highly transitively on orbits [EG16, Prop. 1.19]. On the other
hand, Proposition yields that it also generalizes the fact that after removing a null
set, dense subgroups of full groups act totally non freely on the underlying space, as was
first proved by the author in [LMI8al, Prop. 1.10].

Theorem 11.9. Let I' be a dense subgroup of [R|, where R is a p.m.p. equivalence
relation. Then there is a conull R-invariant Borel subset Xo C X such that the restriction
of the I'-action to Xy is permutationally full and its orbits are equal to the R-classes.

Proof. We start by fixing a countable I'-invariant subalgebra A of the Borel subsets of X
which separates points. Let G be a countable group generating the equivalence relation
R (for instance, one could take G =TI, but we use a different name for clarity since G is
only used to “name” finite subsets of orbits).

For every n-tuple of points (z1, - - - , z,) with pairwise distinct orbits and every n-tuple
of finite subsets F| € Gz, ..., F, € Gx,, there exists an n-tuple (Ki,--- , K,) of finite
subsets of GG such that the maps

vi: Ky — F

are bijections. For i € {1,...,n}, let o; € Sym(F};). Let o} = p; 'o;0; € Sym(K;). We
are after an element v of I' such that

forall i € {1,--- ,n} and k € K.

We claim there is an n-tuple (Ay,---,A,) of elements of the algebra A such that
r; € A; and the sets (kAi>ie{1,...,n},keKi are pairwise disjoint. Indeed, since the points
(kxi)ieq1,...n} kek, are pairwise distinct we can find a disjoint family (A;)icq1,...n}ker, Of
elements of the separating algebra A such that kx; € A; ;. Then A; := ﬂkeKZ_ fA g I8
as wanted.

Consider now any n-tuple (K;, 0}, A;)i1.... » of finite subsets K; € G, o] € Sym(K;)
and A; € A such that the sets (kAi)ie{l,‘_m},keKi are pairwise disjoint. We introduce the
element 7' = Tk, o' 4,),_,..., € [R] defined as follows:

T(z) = { ol(k)k™ 'z ifx e k.AZ» for some i € {1,...,n} and k € K;

x otherwise.
It satisfies T'(k(z;)) = oi(k)x; for every x; € A;, k € F;. By density of I in the full group
[R], there is a sequence (7, )m of elements of I' such that d,(vm,,T) — 0, and we may
as well assume d, (Y, T) < 27™. By the Borel-Cantelli lemma, for almost all z € X,
we have 7,,(z) = T'(x) for all but finitely many m € N. This provides us a conull set
Z(K; 0! A)izr.... , Testricted to which, if we pick finitely many elements x; € A;, for m large
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enough, we do have v,,kx; = 0;(kx;) as wanted. Taking the intersection of the countably
many conull sets Zy, o7 a,),_, .., and further intersecting with its G-translates so as to
make it R-invariant, we arrive at the desired set Xj. O

Question 6. Does the converse hold: if I' ~ (X, ) is a p.m.p. action which is permuta-
tionally full as an action on the set X, must I' be dense in the full group of Rr?

An easy example of a permutationally full action of a countable group on a set with
infinitely many orbits is given by taking a highly transitive action of a group I' on a set
X and then making @I act on X x N. But note that the action is not faithful when
restricted to one of its orbits.

Example 11.10. A nice example of a permutationally full action which is faithful on
every orbit is provided by topological dynamics: given a minimal action of a countable
group on the Cantor space by homeomorphisms, by using arguments similar to those of
Theorem it can be shown that the action of its alternating topological full group on
the Cantor space is permutationally full, and it is faithful on every orbit by minimality.
It is however not highly faithful since there are (many!) nontrivial group elements with
disjoint supports.

Since we are only considering countable infinite groups, every action which is faithful
on every orbit has only infinite orbits.

Definition 11.11. Let I'" be a countable infinite group. Let PJF denote the class of all
permutationally full actions (p, X) of I" on arbitrary sets X which are faithful onto every
orbit. The fullness degree is the maximal cardinality of the set of orbits p(I')\ X where

(p, X) € PF.

Remark 11.12. By Proposition (11.7)), if (p, X) € PF then the stabilizer map embeds
X in Sub(T"), which has cardinality at most 2%. It follows that the fullness degree of a
countable group is well-defined and at most 2%,

Theorem has the following remarkable consequence.

Corollary 11.13. Suppose I' is a dense subgroup of the full group of an ergodic p.m.p.
equivalence relation on (X, ), then the fullness degree of ' is equal to 2%°.

Proof. Note that by ergodicity and faithfulness of the I'-action on (X, x1), the I'-action on
almost every orbit is faithful: for each v € T'\ {1}, the support of v has positive measure,
and hence must intersect almost every orbit. So we may as well assume the I'-action is
faithful on each I'-orbit, and then the result follows from the previous theorem. O

Remark 11.14. Any partially finitary group (e.g. the group of finitely supported per-
mutations) has only one highly transitive action up to conjugacy, namely the action on N
which makes it partially finitary (see Theorem [9.17)). So the fullness degree of partially
finitary groups is 1 in view of Remark [I1.8] In particular such groups cannot be dense
subgroups of full groups by the above corollary.

Observe that a group is highly transitive if and only if its fullness degree is at least
1, so non highly transitive groups have fullness degree 0. The above remark provides an
example of a of groups with fullness degree 1, a dense countable subgroups of full groups
have fullness degree 2%°. The following question is particularly appealing to us.

Question 7. Is there a countable group whose fullness degree does not belong to {0, 1,2%}?
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11.2 Ergodic theoretic consequences of density

In this section we list the ergodic theoretic features of actions yielding dense subgroups
in full groups of ergodic p.m.p. equivalence relations. They all rely on the fact that
full groups of ergodic p.m.p. equivalence relations are dense in Aut(X, ) for the weak
topology.

The key fact that we use is the irreducibility of the Koopman unitary representation
of k: Aut(X, ) — U(L3(X, p)), where

L3(X, 1) = {f er(xps [ /- o} _ (Cly)*

and k(T) f(x) = f(T~'z). Let us give an easy proof of the irreducibility, which is due to
Glasner-Furstenberg-Weiss [Gla03, Thm. 5.14] and Bekka-de la Harpe (unpublished).

Theorem 11.15. The Koopman representation r : Aut(X,pu) — U(LE(X, ) is irre-
ducible.

Proof. Let f € L3(X,u) be a non zero function, and let K be the the Hilbert space
spanned by Aut(X, u)- f @ Clx. We have to show that I = L?(X, 1). Because [, f =0,
we have p({z € X : f(x) > 0}) > 0, and we let a = pu({x € X : f(z) > 0}). By density
of step functions in H, it suffices to show that K contains all the characteristic functions
of Borel subsets of X. Because Aut(X, u) acts transitively on sets of equal measure, and
because the sum of the characteristic functions of two disjoint sets is the characteristic
function of their union, it suffices to show that for every e € (0, «), there exists A C X
such that (A) = € and K contains the characteristic function of A.

To this end, we fix € € (0,«) and A C {z € X : f(z) > 0} of measure e¢. Let
T € Aut(X, u) whose ergodic components are A and X'\ A. We then apply von Neumann’s
mean ergodic theorem to 7" and f, which yields that the function

= . f fX\A f
f=="25xa+ Xx\4
p(A) T T = (A
arises as a limit of Cesaro averages of f, and thus belongs to K. By subtracting % 1y
to it and renormalizing, we find that x4 belongs to K, which ends the proof (note that
| XA f < 0, which guarantees that f takes two distinct values). O]

Since the Koopman representation is continuous (when endowing Aut(X, x) with the
weak topology and U(L2(X, ;1)) with the strong topology), we get the following corollaryfl}

Corollary 11.16. Let p : T' — Aut(X,pu) be a p.m.p. action with dense image in
Aut(X, ). Then the Koopman representation of p on L3(X,p) is irreducible, and as
a consequence p has no nontrivial factor.

Proof. 1f the Koopman representation of p were reducible, let K C L3(X, 1) be a proper
r(I")-invariant nontrivial subspace, then by density and continuity K is also k(Aut(X, u))
invariant, thus contradicting the above theorem.

Now observe that if 7 : (X, ) — (Y, v) is a factor map of p onto some other p.m.p.
action p/, then L3(Y,v) embeds into L3(X, 1) via f — f o as an invariant subspace. So
either (Y, v) is a point or 7 induces an isomorphism L3(Y,v) — L3(X, ), which means
that 7 is an isomorphism of actions. ]

'We are grateful to Todor Tsankov for pointing out the absence of nontrivial factors, and its relation-
ship with weak mixing (see Remark [11.18]).
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Say that a p.m.p. action I' ~ (X, ) is weakly mixing if for all ¢ > 0, whenever
(Ay,...,A,) and (By,..., B,) are finite partitions of X, there is v € I" such that for all
i,j€{1,...,n},

[1(Ai N vBy) — p(A)u(By)| < e
Proposition 11.17. Let p : I' — Aut(X,u) be a p.m.p. action with dense image in
Aut(X, ). Then p is weakly mizing.

Proof. Let (A4,...,A,) and (By,..., B,) be partitions of X, let ¢ > 0. For each i €
{1,...,n}, we find a partition (Cj;)j_, of A; such that for every j € {1,...,n}, we have
w(Cij) = u(A)u(Bj). For j € {1,...,n}, we then define C; = ||, C;;. Observe that
1(C;) = p(B;) and for every i € {1,...,n} we have u(A; N C;) = p(A;)p(B;).

Let us now fix T' € Aut(X, p) such that T(B;) = C; for every j € {1,...,n}. Observe
that for every i,7 € {1,...,n}, such a T satisfies

(A NT(By)) = p(A:)p(B;).

So any v € I sufficiently close to T" in the weak topology will satisfy
|1(Ai O p(7) Bj) — u(Ai) p(Bj)| < €

as wanted. O

Remark 11.18. For details on the definitions and facts which follow, see [KL16), Sec. 2.2].
A p.m.p. action is compact when its image in Aut(X, ) has compact closure. Every
p.m.p. action has a maximal compact factor, and weakly mixing actions are exactly those
whose maximal compact factor is trivial. In view of the absence of nontrivial factors
for p.m.p. actions with dense image, the above proposition can also be obtained as a
consequence of the fact that Aut(X, u) is not compact.

The following proposition will enable us to apply the above results to dense subgroups
of full groups.

Proposition 11.19 ([Kecl(, Prop. 3.1|). Let R be an ergodic p.m.p. equivalence relation,
then its full group [R] is dense in Aut(X, u) for the weak topology.

Proof. By definition of the weak topology, a basic neighborhood O of T' € Aut(X, ) is
given by some € > 0 and (Ay,...,A,) partition of X as the set

O={UcAut(X,u):Vie{l,....n},u(U(A;) AT(A)) < €}.

By Lemma [7.16] for every i« € {1,...,n} there is some ¢; € [[R]] with domain A; and
range T(A;). The p.m.p. transformation U = | |\, ¢; then belongs to [R] and to our
fixed neighborhood O of T since it actually takes exactly each A; to T'(4;). O

Putting these results together, we arrive at the following conclusion.

Theorem 11.20. Let R be an ergodic p.m.p. equivalence relation on (X, u), let T' < [R]
be dense. Then the T'-action on (X, u) is weakly mizing and has no nontrivial factor.
Moreover, there is a full measure Borel subset Xo C X such that for any x4, ...,x, € Xy,
the action of the subgroup

ﬂ Stabr(x;)
i=1

on (X, u) is weakly mizing and has no nontrivial factor. In particular, the I' action on
(X, ) is metrically k-transitive for all k > 1 in the sense of Vershik [VeriZ, Def. §8/.
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Proof. Since the uniform topology refines the weak topology and the full group [R] is
dense in Aut(X, 1) by the previous proposition, I" is dense in Aut(X, it). So by Proposition
[11.17 the I'-action is weakly mixing, and by Corollary it has no nontrivial factor.
Finally, Theorem yields a full measure set Xy C X such that the finite intersections
of stabilizers of elements of X, are dense as well, and hence satisfy the same conclusion
as I itself. [

Remark 11.21. Let us remark that weak mixing seems to be the strongest mixing prop-
erty that dense subgroups of full groups have. For instance, they are not mildly mixingﬂ:
any injective sequence (7,) approximating the identityf] satisfies lim,, o (7, AA A) =0
for all A C X, thus contradicting mild mixing.

11.3 Density and invariant random subgroups

We now exhibit the strong connection between the measure-preserving action associated
to a dense subgroup of a full group and invariant random subgroups.

Recall that an invariant random subgroup (or IRS) of a countable group I is a
probability measure on Sub(I") which is preserved by the conjugacy action.

Given any p.m.p. action p of I' on (X, i), the stabilizer map Stab : X — Sub(I) is
equivariant if we endow X with the action p and Sub(I') with the conjugacy action. It
follows that the probability measure Stab, p is an invariant random subgroup, which we
call the IRS associated to the p.m.p. action p. Observe that any two isomorphic p.m.p.
actions must have the same IRS.

Remark 11.22. Recalling from Section that subgroups are the same thing as isomor-
phism classes rooted transitive actions, we could equivalently define an invariant random
rooted transitive action as a Borel probability measure on the space of isomorphism classes
of rooted transitive actions which is invariant under the natural rerooting action of I' on
this space: v - [, x9] = [a, a(7y)zo]. Given a I'-action p on a set X, the stabilizer map
becomes the map which takes x € X to the (isomorphism class of the) restriction of p to
the orbit of z, rooted at . The invariant random rooted transitive action associated to
a p.m.p. [-action p on (X, p) is thus the pushforward of ;1 by the map = — [p},1)s, Z].

The prototypical example of an IRS is that of the Dirac measure dy on a normal
subgroup N «T', and IRS are often presented as generalizations of normal subgroup. Also
note that the Bernoulli shift I'/N ~ [0, 1]"/", viewed as a p.m.p. I'-action, has associated
IRS 5. A random version of this construction, due to Abért, Glasner and Virag, yields
that every IRS actually comes from a p.m.p. action [AGV16, Prop. 12].

The analogy between normal subgroups and IRS’s is mostly motivated by the fact
that rigidity results on normal subgroups actually tend to generalize to IRS’s (see [SZ94|
for the first result in this direction, although the terminology IRS had not been coined
at the time). However, our results here provide IRS’s which are far from being normal in
many ways.

A good source of interesting (and far from normal) IRS’s is provided by totally non
free p.m.p. actions. In this context, total non freeness means that the stabilizer map
becomes injective when restricted to a full measure set, which is actually Vershik’s original

2By definition a p.m.p. action is mildly mixing if liminf,_, . u(A A~A) > 0 for all Borel A C X such
that p(A) > 0, see e.g. [Sch&4].

3Such a sequence exists because there are no isolated points in Aut(X, u), which is actually a con-
tractible space (see [Kecl0, Thm. 2.8]).
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definition from [Verl2]. In particular, any totally non free p.m.p. action on (X, p) is
isomorphic to the action by conjugacy on Sub(I') endowed with the corresponding IRS
Stab, f.

As already noted by Vershik, any two totally non free p.m.p. actions are isomorphic
iff they have the same IRY] Moreover, the IRS Stab, y of any totally non free action is
self-normalizing: for Stab, y almost every A < I', we have that the normalizer of A
is equal to A (indeed the stabilizer subgroup is self-normalizing iff the restriction of the
stabilizer map to the corresponding orbit is injective).

We can now restate the properties of dense subgroups of full groups in terms of the
corresponding IRS’s.

Theorem 11.23. Let R be a p.m.p. ergodic equivalence relation on (X, u), let p: I' — [R]
be a faithful p.m.p. action with dense image in [R]. Denote by v the corresponding IRS.
Then there is a v-full measure subset So C Sub(I') such that for all n > 0, for all
Ay, ..., A\, € Sy, the intersection (;_, A\; (taken to be equal to T' when n = 0) satisfies the
following two properties

e it acts in a weakly mizing manner on (Sub(L'),v), and this action is permutationally
full up to a null set.

o for v-almost all A < T, the action
(A~ T/A
i=1

18 highly transitive and faithful.

Proof. By Theorem[I1.9] there is a full measure p(I')-invariant subset X C X restricted to
which p is permutationally full with orbits equal to the R-classes. Being permutationally
full, the action is in particular totally non free by Proposition [I1.7] It follows that p is
isomorphic to the conjugacy action of its IRS v via the stabilizer map.

We then apply Theorem and find a full measure subset Xy C X such that for
all xq,...,2, € X, the subgroup (\;_, Stabf(x;) is still dense in [R]. Letting Sy =
Stabf(Xj), we obtain the desired full measure subset of Sub(T").

Indeed, for all Ay, ..., A, € Sp, the subgroup (;_; A; is dense in [R], so by Theorem
its action is weakly mixing, and by Theorem it is permutationally full after
restricting it to a suitable full measure set, and its orbits are equal to the R-classes. In
particular, for almost all x, the p-action of (;_; A; on [z|g = p(I')z is highly transitive,
and faithful by ergodicity and faithfulness of p. Pushing this forward via the stabilizer
map, we obtain the desired statement. O

Remark 11.24. Let v be the IRS of a p-action as in the above theorem. The second item
implies in particular that given any A4, ..., A, in the full measure set Sy, their intersection
(i, A; is infinite. Taking A4, ..., A, in the same conjugacy class, we deduce that v-almost
every A < T'is n-step s-normal in the sense of Bader, Furman and Sauer [BES14].

4In particular, the conjugacy relation on the space of totally non-free p.m.p. actions is smooth in the
sense of invariant descriptive set theory.
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12 Cost and totipotent dense actions of free groups

We start by giving Levitt’s original definition of cost, which is very useful in practice.
First recall that given a p.m.p. equivalence relation R on (X, i), its pseudo full group as
defined in Definition is denoted by [[R]]. A graphing of R is a countable subset
® C [[R]], and its cost is

Cost(P) = Z,u(dom Q) = Zﬂ(mg ©),

ped ped

the last equality being a consequence of the fact that R preserves pu. A graphing & is
generating if up to a null set, R is the smallest equivalence relation whose pseudo full
group contains ®.

Definition 12.1 (Levitt |[Lev95]). Given a p.m.p. equivalence relation R, its cost is the
infimum of the costs of its generating graphings.

Two remarks are in order. First, every p.m.p. equivalence relation comes from a
p.m.p. action of a countable group T, say p, and then the graphing p(I") witnesses that
the infimum in the above definition is above a nonempty set. Second, when R comes
from an action p of a finitely generated group I', then the cost of R is bounded above
by the minimal number of generators of I', since any finite generating set of I' becomes
generating for R via the action map p.

A founding result of Gaboriau is that p.m.p. equivalence actions coming from free ac-
tions of F,, have cost n [Gab00]. Our work is motivated by the following easier consequence
of the theory of cost.

Theorem 12.2 (Gaboriau). Let R be an ergodic p.m.p. equivalence relation, let n > 2.
Then Cost(R) < n if and only if there is a non-free action of the free group F,, inducing
the equivalence relation R.

The main result of our PhD thesis can be seen as a strengthening of the above theorem:
under the same assumptions, Cost(R) < n iff there is an action p of the free group F,, such
that p(F,) is dense in [R] [LM14bl, LM14a]. In [LMIi8a], we obtained a much stronger
conclusion by achieving as well the following two properties:

1. amenability of the action on almost every orbit.
2. high faithfulness of the action on almost every orbit.

In particular we could make the action p faithful, thus getting the following reinforcement
of the above theorem:

Theorem 12.3 (|[LM18al). Let R be an ergodic p.m.p. equivalence relation, let n > 2.
Then Cost(R) < n if and only if there is a dense free group on n generators in [R] whose
action on almost every orbit is amenable and highly faithful.

Noting that dense subgroups act totally non-freely (which as we saw in the last section
is actually a consequence of permutational fullness), this has the following nice conse-
quence, reinforcing a result of Bowen which is the statement below without the moreover
part (see [Bowl5l, Cor. 5.4]).
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Corollary 12.4. Let R be an ergodic p.m.p. equivalence relation, let n > 2. Then
Cost(R) < n if and only if there is an IRS v of F,, such that R is isomorphic to the equiv-
alence relation relation generated by the faithful conjugacy action of F,, on (Sub(F,),v).
Moreover, such an IRS can actually be taken to be supported on co-amenable unconfined
subgroups of IF,,.

We have seen that for finitely generated free groups of rank n > 2, high faithfulness and
amenability (or in the space of subgroups, unconfinedness and co-amenability) are implied
by totipotency. So the following result, obtained with Carderi and Gaboriau, implies the
previous ones, yielding dense subgroups of full groups whose action onto almost every
orbit can imitate any transitive F,-action over an infinite set.

Theorem 12.5 (Carderi, Gaboriau and the author [CGLM23|). Let R be an ergodic
p.m.p. equivalence relation, let n > 2. Then Cost(R) < n if and only if there is a dense
free group on n generators in [R] whose action on almost every orbit is totipotent.

Here totipotency can be restated as the fact that the support of the associated IRS is as
large as possible. In contrast, the construction the author had for Theorem produced
IRS’s whose support was contained in the space of rooted actions where the first generator
acts freely. We sketch very briefly the proof of Theorem below, referring the reader
to [CGLM23] for details:

e A key new idea compared to our previous approach is to first take Y C X of
sufficiently large measure so that the restriction of R is still of cost less than n.

e We then construct an F,-action py with dense image in the full group of [Ry], in
a way which is sufficiently flexible so that we can perturb the last n — 1 generators
and retain density.

e Towards getting totipotency, as in Example [0.3§ we enumerate all the possible balls
of Schreier graphs of transitive F,-actions over infinite sets up to isomorphism as

(Bk)kEN-

e We partition X \ Y into countably many sets Cy, and find partial isomorphisms
©1,...,on such that on each C}, the graph generated by 1,...,¢, is almost surely
finite and isomorphic to Bj.

e Writing F,, = (ay, ..., a,), we finally patch together the ¢;’s with a perturbed version
of the py(a;) so as to obtain an action p of F,, on X with the desired properties.
The patching has to be done so that the orbits of p are equal to the R-classes, but
this is the only constraint towards proving density thanks to the flexibility of py
and a general lemma allowing to upgrade density "in the full group of the subset
Y" to density in the whole full group, see [CGLM23| Cor. 3.4].

Remark 12.6. Since density in the full group implies weak mixing of the corresponding
IRS v (Theorem [11.23)), and weak mixing implies topological transitivity of the diagonal
action on (suppv)* for every k, we conclude from the above theorem that the F,-action
on its space of infinite index subgroups is topologically k-transitive for every k, i.e. highly
topologically transitive in the terminology of Azuelos and Gaboriau [AG23| (this conclu-
sion also follows directly from their work). Also note that for & = 1, since the subgroups
we get are both almost surely totipotent and co-highly transitive (by the second item of
Theorem , we also get another proof that the generic transitive F,-action over an
infinite set is highly transitive, a special case of Theorem



84 PART III. NON-FREE ACTIONS IN THE MEASURABLE CONTEXT

The fact that the IRS’s supports are as large as possible in the above theorem was
advertised a bit differently in our paper. We noted that any dense subgroup I' of the
full group of an ergodic p.m.p. equivalence relation has an atomless IRS associated to
its action. This IRS thus has to be supported on the perfect kernel of Sub(T"), namely
the largest closed subset of Sub(I") without isolated points for the induced topology. We
thus called totipotent an ergodic IRS with support equal the perfect kernel of Sub(T),
noting that by ergodicity, having support equal to the perfect kernel is equivalent to
having almost every conjugacy class dense in the perfect kernel (using the well-known
Proposition 2.3 from [CGLM23]).

We propose here to change terminology and rather call subgroups A < I'" whose orbit
is dense in the perfect kernel of Sub(I") pluripotentE].

One could then call a not necessarily ergodic IRS pluripotent when the corresponding
random subgroup is almost surely pluripotent. Since the complement of the perfect kernel
is countable, any subgroup outside the perfect kernel but in the support of some IRS
must have finite conjugacy class, in particular its conjugacy class cannot be dense. So
pluripotency is the strongest notion one can hope for. Nevertheless, when the perfect
kernel contains the space of infinite index subgroups (which is the case for IF,,), the random
subgroup is automatically almost surely totipotent, and thus we can still call the IRS
totipotent. The following natural question was suggested by Andreas Thom. I don’t
know the answer even when I' has a countable space of subgroups, and hence trivial
perfect kernel.

Question 8. Is there a finitely generated group I" whose space of subgroups has a perfect
kernel properly contained in Subj.(I'), but which admits a totipotent subgroup?

Remark 12.7. It follows from our work with Carderi, Gaboriau and Stalder that the
perfect kernel can be a proper nonempty subset of the space of infinite index subgroups
for some Baumslag-Solitar groups, but the phenotype partition prevents the existence of
pluripotent (in particular, totipotent) subgroups, see [CGLMS23|.

On the other hand, fundamental groups of closed hyperbolic 3-manifold also have their
perfect kernel properly contained in their space of infinite infinite subgroups, and they
do admit pluripotent subgroups by the work of Azuelos and Gaboriau [AG23, Thm. 6.2].
However, as explained in their paper, the infinite index subgroups which are outside the
perfect kernel are wvirtual fibers, so their normalizers have finite index. In other words,
their conjugacy class is finite, in particular they cannot be totipotent. I am very grateful
to Pénélope Azuelos for pointing this out to me.

Finally, given a measure-preserving ergodic equivalence relation R of cost < n, the
space Homyge, (IF,,, [R]) of all group homomorphisms p : F,, — [R] such that p(F,,) generates
R is a Polish space which is a natural ergodic analogue of the space of transitive F,-actions
over an infinite set. The first part of the following question was also asked in [CGLM23|.

Question 9. Let R be an ergodic p.m.p. equivalence relation, let I be a finitely generated
non-abelian free group. Is the set of p € Homge, (I', [R]) such that p(I") is dense in [R] a
dense G5 set? What about totipotency of p on almost every orbit?

5According to Wikipedia, pluripotency is the second strongest notion of potency for cells, right after
totipotency. The reader who comes up with weaker notions for subgroups will be glad to learn that there
are also (in decreasing order of potency) multipotency, oligopotency, and finally unipotency, which would
have provided a good name for a normal subgroup if the notion of unipotent group did not already exist!
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