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Abstract

We pursue the study of L' full groups of graphings and of the closures
of their derived groups, which we call derived L' full groups. Our main re-
sult shows that aperiodic probability measure-preserving actions of finitely
generated groups have finite Rokhlin entropy if and only if their derived L!
full group has finite topological rank. We further show that a graphing is
amenable if and only if its L! full group is, and explain why various examples
of (derived) L' full groups fit very well into Rosendal’s geometric framework
for Polish groups. As an application, we obtain that every abstract group
isomorphism between L' full groups of amenable ergodic graphings must be
a quasi-isometry for their respective L' metrics. We finally show that L! full
groups of rank one transformations have topological rank 2.

1 Introduction

In his pioneering work [Dye59], Dye defined full subgroups of the group Aut(X, u)
of all measure-preserving transformations of a standard probability space (X, i) as
those subgroups G which are stable under cutting and pasting their elements along
a countable measurable partition: for every measurable partition (A, )nen of X and
every sequence (T,,)en of elements of G such that (7,(A,))nen is also a partition of
X, the measure preserving transformation 7' defined by T'(z) = T,,(z) for all z € A,
also belongs to G. Then, given a measure-preserving action of a countable group I'
on a standard probability space (X, u) (i.e. a homomorphism « : I' = Aut(X, u)),
the smallest full subgroup of Aut(X,u) containing «(I") is called the full group
[a(T")] of the action «.

The full group of the action a can be concretely understood as the group of
all measure-preserving transformations 7" such that 7'(x) belongs to the I'-orbit of
x for all z € X. Moreover, if two actions are conjugate, then their full groups
are isomorphic. It was then realized that the full group was exactly capturing the
partition of the space into orbits induced by the action, leading to the notion of
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orbit equivalence which is by now a fairly large subject on its own (see for instance
the survey [Gabll]).

The present paper is about a family of smaller subgroups which one can associ-
ated to any measure-preserving action of any finitely generated group. These were
defined in [LMI§| and are called L? full groups, although they are not full as sub-
groups of Aut(X, ), but only finitely full, which means that they are stable under
cutting and pasting their elements along a finite measurable partition.

Their definition uses the extra geometric structure provided by the Schreier graph
of the action. To be more precise, given a measure preserving action a : I' —
Aut(X, p) of a finitely generated group I' and a finite symmetric generating set S
for T, let us first denote by dg the path metric associated to the Schreier graph of
the action with respect to the set S. For p € [1,4+00[, we then define the L? full
group of (a,.S) be the group of all T' € [«a(I")] such that the map

x— dg(x,T(z))

is in L?(X, u). Changing the generating set S does not change the L full group, so
the L full group of the action « itself is well-defined, and we denote it by [a(I')],.
If two actions are conjugate, then their L? full groups are isomorphic. Moreover,
the natural L? metric on L? full groups is complete, separable, right-invariant and
endows the LP full groups with a group topology which does not depend on the
choice of the finite generating set. It is thus natural to ask the following.

Question. How are properties of the action reflected in the LP full group as a
topological group ?

One of the natural invariants of topological groups is the topological rank,
namely the smallest number of elements needed to generated a dense subgroup, so
it is natural to ask how the action influences the topological rank of the associated
L? full group.

In [LMI8] we showed that the topological rank of the L' full group of an ergodic
Z-action was finite if and only if the action had finite entropy. The main goal of
the present paper is to extend this result to general measure-preserving actions of
finitely generated groups. In order to do so, the right notion of entropy is Rokhlin
entropy, which was recently introduced by Seward [Sewl1§|. It is the infimum of
the entropies of generating partitions and, for Z-actions, it coincides with the usual
definition of entropy of a measure-preserving transformation by a result of Rokhlin
[Rok67]. A crucial result of Seward is that the finiteness of the Rokhlin entropy
characterizes measure-preserving subshifts, generalizing Krieger’s theorem to the
widest imaginable setup (see Section [2.4] for more on this).

Our proof that ergodic Z-actions of finite entropy have a topologically finitely
generated L! full group used crucially the derived L' full group , defined as
the closure of the subgroup generated by commutators in the L! full group of the
action[] Indeed, the latter is far easier to understand, in particular it is topologically
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generated by naturally defined involutions arising from the generating set of I' (see
Theorem below). The main result from [LM18] is then a direct consequence of
the following two statements:

(1) The derived L' full group is topologically finitely generated as soon as the action
has finite entropy.

(2) The topological abelianization of the L' full group of an ergodic Z-action is
isomorphic to Z, in particular it always has finite topological rank.

In the present paper, we generalize the first item from the above list as follows
(see Section {| for the proof).

Theorem A. Let I' be a finitely generated group, let o : I' — Aut(X,pu) be a
measure-preserving aperiodic I'-action on (X, u). The following are equivalent.

(i) The action has finite Rokhlin entropy.
(ii) The derived L' full group of the action has finite topological rank.

Apart from Seward’s characterization of subshifts, another key ingredient in the
proof is Nekrashevych’s work on alternating topological full groups [Nek17], which
provides dense finitely generated subgroups in the derived L! full groups. The reader
is refered to Section for the definition of alternating topological full group and
Section [3| for the proof of their density in L! full groups.

In the above result, it is natural to ask whether one can remove the “derived” ad-
jective in item , as in the Z-case. However, we have no idea what the topological
abelianization of the L! full group of a general measure-preserving ergodic action
of a finitely generated group looks like, and in particular we do not know when it
happens to be topologically finitely generated. We don’t have any example or non
example, even for Z2-actions.

Let us now consider another invariant of topological groups: amenability. In
[LM18] we showed that if the L* full group of a free action of a finitely generated
group ' was amenable, then I' itself was amenable, and left the question of the con-
verse open. Here we show that the converse holds so as to obtain the following result
(see section [5| for definitions and a more general statement in terms of graphings).

Theorem B. Let I' be a finitely generated group acting freely on a standard proba-
bility space (X, p). Then the following are equivalent:

(i) T is amenable;
(ii) The LY full group of the action is amenable;
(iii) The derived L' full group of the action is amenable;
(iv) The derived L' full group of the action is extremely amenable;

(v) The derived L full group of the action is whirly amenable.



Note that the whole L! full group of any free ergodic Z-action factors onto Z
[LM18, Corollary 4.20] and hence cannot be extremely amenable. So we cannot have
a stronger notion of amenability for the whole L' full group in the above equivalences.

We also note that L! full groups provide a rich playground for Rosendal’s exten-
sion of geometric group theory to Polish groups: the L! metric can often canonically
be obtained (up to quasi-isometry) purely from the topological group structure. We
refer the reader to Section [6] for precise statements, and single out the following
application, proved in Section [6.4]

Theorem C. Let I' and A be two finitely generated amenable groups acting in a
measure-preserving and ergodic manner on (X, u). Then every abstract group iso-
morphism between their L' full groups must be a quasi-isometry for their respective
L' metrics.

The conclusion of the theorem is somehow optimal: if we replace quasi-isometry
by bilipschitz equivalence, the theorem fails (see Example . We don’t know
how to generalize Theorem [C] to the nonamenable setup, but we conjecture that the
following stronger statement holds.

Conjecture. Let ® be a graphing. Then the L' metric on the L! full group of ® is
maximal.

Moreover, the following natural problem arises.
Problem. Classify (derived) L! full groups up to quasi-isometry.

A simpler instance of the above problem is to decide whether the derived L! full
groups of the 2-odometer and of the 3-odometer are quasi-isometric, which has a
natural reformulation in terms of quasi-isometry of the dyadic and tryadic symmet-
ric groups for an L!-like metric (see the paragraph following Question for details).

Finally, we make progress on the computation of the exact topological rank of
L' full groups of measure-preserving ergodic transformations. As reminded before,
we had shown in [LMI§] that the topological rank of L' full groups of a measure-
preserving ergodic transformations is finite if and only if the transformation has finite
entropy. Using Marks’ work [Marl6|, we moreover had obtained that the topological
rank of the L! full group of irrational rotations is equal to two.

Here, we extend this result to the class of rank one transformations, which we
will properly define in section [7] Let us for now mention that every compact trans-
formation is rank one (in particular every irrational rotation is rank one), and that
every rank one transformation has entropy zero.

Theorem D. Let T be a rank-one measure-preserving transformation. Then the
topological rank of its L' full group is equal to 2.

It would be very interesting to have an example of a measure-preserving ergodic
transformation such that the topological rank of its L! full group is finite, but greater
than 2.



The paper ends with further remarks and questions related to these results. We
introduce the notion of LP-full orbit equivalence and ask whether it is equivalent to
L? orbit equivalence, we mention a natural extension of Theorem [A]to symmetric L?
full groups. We finally make a few more remarks on the topological abelianization
of L! full groups.
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2 Preliminaries

In what follows I' and A will always denote countable infinite groups.

2.1 Standard probability spaces

Recall that a measurable space is standard if its o-algebra comes from the Borel
o-algebra induced by the topology of some Polish space. Measurable maps between
standard Borel spaces are simply called Borel maps. One of the highlights of stan-
dard Borel spaces is the fact that the range of any injective Borel map is Borel
so that Borel bijections automatically have a Borel inverse [Kec95, Theorem 15.1].
Another important fact is that in any standard Borel space we have a countable
family of Borel subsets (C),) which separates points: for every distinct z,y € X
there is n € N such that x € C,, ¢y € C,,.

Given a countable group I', a [-action on X is called Borel if the bijections
induced by the elements of I' are Borel maps. Two Borel actions ' ~ X and ' ~ Y
are conjugate if there is a Borel ['-equivariant bijection between X and Y.

The support of a Borel bijection T : X — X is the Borel set supp T := {x €
X : T(xz) # x}. Here are two useful lemmas on Borel bijections of standard Borel
spaces which only rely on the existence of a countable family of Borel subsets which
separates points.

Lemma 2.1 (see e.g. [LMI8 Proposition 2.7]). Let T be a Borel bijection of a
standard Borel space X. Then there is a partition of suppT in three Borel subsets
Ay, Ag, Az such that for all i € {1,2,3} the set T(A;) disjoint from A;.

By applying the above lemma n times we have.

Lemma 2.2. Let X be a standard Borel space, let (T;)1, be a finite family of Borel
bijections of X. Then there is a finite Borel partition (Aj);n:1 of i, supp T; such
that for each i € {1,...,n} and each j € {1,...,m} we have that T;(A;) is disjoint
from A;. O

Recall that given a measurable map f : X — Y between measurable spaces, if u
is a probability measure on X then one can define the pushforward measure f,u
on Y by fuu(A) = p(f~1(A)) for all every A C Y.

We will work most of the time in a standard probability space (X, i), which
means that X is still a standard Borel space but now equipped with a nonatomic
Borel probability measure p. Given two standard probability spaces (X, u) and
(Y,v), there is a Borel bijection S : X — Y such that S.u = v [Kec95, Theorem
17.41], so we may as well work in a fixed standard probability space (X, p).

2.2 The measure algebra and its automorphisms

Let (X, ) be a standard probability space, we denote by MAlg(X, i) the quotient
of the algebra B(X) of Borel subsets of X by the ideal of measure zero sets; in
other words in the measure algebra we identify two Borel sets A and B as soon as
(A A B) = 0. Unless specified otherwise, we will always be working in the measure



algebra when considering Borel sets, so for instance when we write A C B we mean
u(A\ B) =0.

A measure-preserving transformation of (X, u) is a Borel bijection T': X —
X such that Tou = p. We denote by Aut(X,pu) be the group of all measure-
preserving transformations, two such transformations being identified if they coin-
cide on a full measure subset of X. We say that a measure-preserving transformation
is periodic if all its orbits are finite.

Every element of Aut(X,u) defines a measure-preserving automorphism of the
measure algebra, and conversely every automorphism of the measure algebra comes
from a measure-preserving transformation which is unique up to measure zero [Kec95|
Theorem 15.11]. In particular, since every measure-preserving Borel bijection be-
tween full measure Borel subsets of (X, i) defines an automorphism of its measure
algebra, it also defines a measure-preserving transformation. This will be used im-
plicitly in many proofs.

Given T € Aut(X, p) and A C X of positive measure, we define the T-return
time to A as the function ny 4 : X — N\ {0} given by: for all x € A, nar(z) is
the smallest n € N such that 7"(z) € A. The Poincaré recurrence theorem ensures
us that the return time is well defined up to measure zero, also called the return
time to A. We can then define the measure-preserving transformation 74 induced
by T on A by:

Trar(x) ifreA

x else.

Tu(z) = {

The measure algebra MAlg(X, ;) can be equipped with a complete metric d,
defined by d,(A, B) = u(A A B). The following lemma which was used implicitly
in [LM18§].

Lemma 2.3. Let (X,pu) be a standard probability space, let D be a set of Borel
subsets of X such that the image of D in MAlg(X, ) is dense. Then there is a full
measure Borel subset X' C X such that D separates the points of X'.

Proof. Let (Cy)nen separate the points of X, by changing our enumeration we may
as well assume each C,, appears infinitely often. Now for each n € N we pick D,, € D
such that u(C, A D,) < 27". By the Borel-Cantelli lemma, there is a full measure
Borel subset X’ C X such that for all x € X', there is N € N such that for all
n>N,x¢&C, /A D,. By construction the set X’ is as wanted. m

2.3 Ergodic theory

An action of a countable group I" on a standard probability space (X, i) is measure-
preserving if it is a Borel action and for every v € I we have v,u = u. Every such
action yields a homomorphism I" — Aut(X, ) which only depends on the action up
to measure zero and conversely, every such homomorphism comes from a measure-
preserving action which is unique up to measure zero (see [Gla03, Theorem 2.15]).
Two measure-preserving actions of [' are conjugate if they are conjugate as
Borel actions up to restricting to full measure I'-invariant Borel subsets. Viewing
actions as homomorphisms «, 5 : I' — Aut(X, p), this is equivalent to the existence
of T € Aut(X, u) such that for all ¥ € T we have 8(y) = Ta(y)T~!. The L' full
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groups that we are interested in only depend on the action up to measure zero, so
we can and will forget about what happens on measure zero sets most of the time.
By doing so we will implicitly use the following : if we have a Borel set A of full
measure, then it contains the full measure I'-invariant set ﬂwer vA.

Two basic invariants of conjugacy of measure preserving actions are aperiod-
icity (the I-orbit of almost every x € X is infinite) and the stronger notion of
ergodicity (every I'-invariant Borel subset has measure 0 or 1). We will only be
interested in aperiodic actions, and sometimes we will restrict to ergodic ones. An-
other important invariant is freeness, which means that for almost all x € X and
all v € I' we have vx # x. Note that aperiodicity follows from freeness since all the
groups we consider are infinite.

Example 2.4. Let I be a countable set and let v be a probability measure on [
which is not a Dirac measure, then the measure preserving action I' ~ (1%, %)
given by (v- ), = x,-1, is free and ergodic. Such an action is called a Bernoulli
shift.

2.4 Subshifts and Rokhlin entropy

Let X be a standard Borel space, let I' ~ X be a Borel action. An observable on
X is a Borel map ¢ : X — I where [ is a countable set. To every such observable
we can associate a Borel partition of X indexed by I defined as (¢~ '{i})ics, and
conversely if P is a countable partition of X then the map ¢ : X — P which sends
every x € X to the unique P € P such that x € P is an observable. An observable
¢ is called (dynamically) generating if for all z,y € X with x # y thereis v € T
such that p(yz) # ¢(vy).

A Borel action I' ~ X on a standard Borel space is called a subshift if it
admits a generating observable with finite range. A measure-preserving [-action
on a standard probability space is called a measure-preserving subshift if there
is a full measure Borel I'-invariant set Y such that the restriction of the action
to Y is a subshift. Note that Bernoulli shifts over finite spaces are examples of
measure-preserving subshifts.

Finally, an action by homeomorphisms on a compact Hausdorff space is called
a topological subshift if it has a continuous generating observable (such an ob-
sersable must then take values in a finite set by compactness and continuity).

We have the following well-known characterization of subshifts up to conjugacy
(in the respective Borel and topological categories).

Proposition 2.5. The following hold.

1. A Borel action I' ~ X is a subshift if and only if it is conjugate to a restriction
of ' ~ IV to an invariant Borel subset where I is a finite set.

2. A T'-action by homeomorphisms on a compact zero-dimensional topological
space K is a topological subshift if and only if it is conjugate (via a home-
omorphism) to the restriction of I' ~ IV to an invariant closed subset, where
I is a finite set.



Proof. For (1), let ¢ : X — [ be a generating observable where [ is finite, and
consider the I-equivariant map ®; : X — I' given by z — (p;(y'@)),er. Since
@ is generating and Borel, ®; is an injective Borel map. Its range is thus a Borel
[-invariant subset of I'.

For (2), consider the same map and observe that it now has to be a homeomor-
phism onto its image. [

If we are now given a measure-preserving I'-action on (X, ), we say that an
observable p is generating if we can find a Borel I'-invariant subset X’ C X of full
measure such that the restriction of ¢ to X’ is generating for I' ~ X’. The following
analogue of Proposition is immediate.

Proposition 2.6. A measure-preserving I'-action on (X, ) is a measure-preserving
subshift if and only if it admits a generating observable whose range is finite. O

Let (X, ) be standard probability space. The entropy of an observable ¢ :
X — [ is the non-negative real number H(p) defined by the equation

H(p) == p(e ' ({i}) np (o7 ({i})) .

i€l

where we make the convention that 01n(0) = 0. Here are two fundamental properties
of entropy:

e Subadditivity: for any two observables ¢ and 1 we have

H(p x4) < H(p) + H(Y)
where (p,1) is the observable x — (¢(x),1(x)).

e Concavity: if we fix k € N, the observables taking value in {1,...,k} which
maximize entropy are exactly those which give the same probability to every
i €{1,....,k} (and their entropy is thus In k)

Definition 2.7 (Seward). The Rokhlin entropy of a measure-preserving aperiodic
[-action is the infimum of the entropies of its generating observables.

Every aperiodic Borel action admits a generating observable by [JKL02, Theorem
5.4], so the above quantity is an element of [0, +00]. The following remarkable result
of Seward is a far-reaching generalization of Krieger’s generator theorem which will
allow us to work with arbitrary countable groups rather than Z.

Theorem 2.8 (Seward [Sewl5]). Let I' be a countable group, let ' ~ (X, 1) be a
measure-preserving action. The action is a measure-preserving subshift if and only
if it has finite Rokhlin entropy.

Seward also has a quantitative version of the above result, yielding a generating
observable whose range is as small as possible (see [Sewl18], where he also defines
Rokhlin entropy).



2.5 Full groups

If (X, ) is a standard probability space, and A, B are Borel subsets of X, a partial
isomorphism of (X, i) of domain A and range B is a Borel bijection f: A — B
which is measure-preserving for the measures induced by  on A and B respectively.
We denote by dom f = A its domain, and by rng f = B its range. Given two partial
isomorphisms ¢; : A — B and ¢, : C' — D, we define their composition ¢, 0 ¢ as
the map ¢; '(BNC) — ¢o( BNCO) given by wy0p1(x) = p102(x). We also define the
inverse ¢! of a partial isomorphism ¢ : A — B as the unique map ¢! : B — A
such that ¢! o ¢ = idy4.

By definition a graphing is a countable set of partial isomorphisms. Every
graphing ® generates a measure-preserving equivalence relation R, defined
to be the smallest equivalence relation containing (z, p(x)) for every ¢ € & and
x € dom ¢. Given a graphing ®, a ®-word is a composition of finitely many
elements of ® or their inverses. Observe that (z,y) € Re iff and only if there exists
a ®-word w such that y = w(z). Moreover we have a natural path metric de on the
Re-classes: for (z,y) € Re we let dg(z,y) be the minimum length of a ®-word w
such that y = w(z).

A graphing is called aperiodic when the Rg-class of p-almost every x € X is
infinite. Given a Borel set A, we say that A is Re-invariant if whenever z € A
and (z,y) € Re, we have y € A. Equivalently, this means that for all x € A and
all ¢ € @, we have p(z) € A and ¢~ '(z) € A. A graphing @ is ergodic if every
Re-invariant Borel set has measure 0 or 1. Every ergodic graphing is automatically
aperiodic.

The full group of a measure-preserving equivalence relation R is the group [R]
of automorphisms of (X, y) which induce a permutation on R-class, that is

R] ={¢ € Aut(X,u) : Vo € X, p(x) Rz}
It is a separable group when equipped with the complete metric d,, defined by
dy(T,U) = p({z € X : T(z) # U(x)}.

The metric d, is called the uniform metric and the topology it induces is called the
uniform topology. One also defines the pseudo full group of R, denoted by [[R]],
which consists of all partial isomorphisms ¢ such that ¢(z) Rz for all x € dom ¢.

2.6 L! full groups

Definition 2.9 ([LM18]). Let ® be a graphing on a standard probability space
(X, ). Tts L' full group [®]; is the group of all T' € [Rg] such that

/qu>(x,T(x))d,u(x) < +o00.

The L' full group of ® is a Polish group for the topology induced by the right-
invariant complete metric d} defined by

d4(T,U) = / 0 (T(z), U (2))du(x).

X
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When I' is a finitely generated group acting on a standard probability space (X, u) by
measure-preserving transformations, we can also define the associated L! full group
as follows: let S be a finite generating set of the group I', then S is a graphing whose
associated equivalence relation is the equivalence relation Rr whose equivalence
classes are the I™-orbits. Observe that up to bilipschitz equivalence, the associated
metric dg on the I'-orbits does not depend on S, so that two finite generating sets
of T yield the same L! full group with the same topology. This is by definition the
L! full group of the I-action, which we will often simply denote by [[]; without
referring explicitly to the action.

Here is another way to think of the L! full group of a I'-action, similar to what was
done in [CLMI6, Section 3.2]. Consider the Polish space L'(X, i, T") of integrable
maps X — I, i.e. maps f: X — T such that [ dg(1, f(x))du(z) < 400. To each
element f of L'(X, u, ') we associate a map Ty : X — X defined by Ty(z) = f(x)-x.
The subspace

—

[T = {f e LYX, 11, T) : Ty € [Rr]}
is closed, and we define on it a law * which is _compatible with the group law on
[Rr] by letting f * g(x) = f(T,(z))g(z). Then ([I'];, %) is a Polish group, and [I']; is

topologically isomorphic to its quotient by the closed normal subgroup {f € [I']; :
Ty =idx} via the map f — T}.

If we are given T' € [I'];, a lift of T to [I']; is called a cocycle associated to 7.
When the I" action is free, f +— T} is injective and so each T' € [[']; has a unique

associated cocycle c¢r : X — T' given by the equation
T(x) = cp(z) - z.

An important feature of cocycles associated to elements of L! full groups is that
they have finite entropy.

Proposition 2.10 (Austin, see [Ausl6, Lemma 2.1]). Let " be a finitely generated
group. Then every element of L (X, u, T') has finite entropy.

2.7 Derived L' full groups

Contrarily to many Polish groups that have been studied, L' full groups are not
topologically simple in general, and can actually happen to have a non trivial topo-
logical abelianization. The closure of their derived group (i.e. the group generated
by commutators) is thus distinct from them a priori. Let us give it a shorter name.

Definition 2.11. The derived L! full group of a graphing ® is the closure of the
derived group of the L full group of ®. It is denoted by [®]].

Here are two fundamental properties of the derived L! full group. The second
one suggests to rather call it the symmetric L' full group (see Section .

Theorem 2.12 ([LMI8, Lemma 3.11 and Theorem 3.13]). Let ® be an aperiodic
graphing. Then the following hold:

(a) every periodic element of the L' full group of ® actually belongs to the derived
LY full group of ®;
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(b) the derived L full group of ® is topologically generated by the involutions of the
LY full group of ®.

Given an aperiodic graphing ® and an Rg-invariant Borel set A, consider the
subgroup [® 4]} consisting of all the elements of [®]] supported in A. It is a closed
normal subgroup of [®]}, and the following result says that these are the only ones.

Theorem 2.13 ([LMI8, Theorem 3.24]). Let ® be an aperiodic graphing. Then

every closed normal subgroup of [®|] is of the form [ 4]}, where A is Re-invariant.
As a corollary, one can show that a graphing is ergodic if and only if its derived
L! full group is topologically simple [LM18|, Corollary 3.25].
We recall a few other things from [LMI8|]. First, by [LM18, Lemma 3.11] every
periodic element of [®]; actually belongs to [®];. Given p € ® and A C X we define
an involution I, 4 given by:

o(z ifxe A\ p(A)
I

)
palr) =19 ¢l (z) ifze 910(14) \ A

Theorem 2.14 (|[LMI18, Theorem 3.15]). Let ® be an aperiodic graphing. Then its
derived L' full group [®]; is topologically generated by {I, 1 :p € , A C X}.

Observe that since I, 4 depends continuously on A € MAlg(X, i) and MAlg(X, it)
is connected, we can deduce that [®]] is connected (cf. Corollary 3.14 in [LMI18]).
We still don’t know whether it is simply connected. Another important question
is to understand what is the topological abelianization of L' full groups, i.e. what
is [®];/[®];. The only known case is that of ergodic Z-actions, for which we then
always have [Z],/[Z])} = Z [LM18]. See the last section of the paper for more on
this.

Finally, using the above statement along with its full group version [KT10, Sec-
tion 4], we note that we have the following.

Corollary 2.15. Let ® be an aperiodic graphing. Then the derived L full group of
® is dense in the full group [Re| for the uniform topology.

2.8 Conditional measures

Given a measure preserving action I' ~ (X, u) of a finitely generated group I, it will
be important for us to know for which Borel sets A and B we can find an element
of T of the L! full group of the action such that T(A) is close to B. Because the L'
full group is dense in the full group [Rr], it suffices to understand the [Rr]-orbits in
the measure algebra. It is a well-known fact that when the action is ergodic, there
is T € [Rr| such that T(A) = B if and only if u(A) = u(B). In the non ergodic
case, one needs to refine the measure p to a conditional measure with respect to the
o-algebra of I'-invariant sets.

12



Definition 2.16. Let R be a measure-preserving equivalence relation. Denote by
My the o-algebra of R-invariant Borel subsets. The conditional measure of
A € MAlg(X, p) is the Mz-measurable function pgr defined by

pr(A) = mr(x4),

where 7 is orthogonal projection onto the closed subspace of L*(X, i) consisting
of the Mgz-measurable functions.

Note that pg is well-defined up to measure zero. We now have the following.

Proposition 2.17 (Dye, see [LM18] Lemma 2.11]). Let R be a measure-preserving
equivalence relation and A, B € MAlg(X, ). Then ugr(A) = ur(B) if and only if
there is an involution T € [R] such that T(A) = B.

Aperiodicity has an important reformulation in terms of conditional measures,
which is also due to Dye who calls it Maharam’s lemma. For a proof in our setup,
see [LM16l, Proposition 2.2].

Proposition 2.18 (Maharam’s lemma). A measure-preserving equivalence relation
R is aperiodic if and only if for any A € MAlg(X, ), and for any Mz-measurable
function f such that 0 < f < pur(A), there exists B C A such that the R-conditional
measure of B equals f.

2.9 Alternating topogical full groups

Alternating topological full groups were defined by Nekrashevych and have been
the source of outstanding new examples of finitely generated groups [Nek18]. They
provide the right setup for generalizing Matui’s results on finite generatedness of
derived groups of topological full groups of homeomorphisms of the Cantor space
[Mat06]. Topological full groups were first studied and defined by Giordano, Putnam
and Skau [GPS99]. Here we give a restricted definition of (alternating) topological
full groups which will be sufficient for our purposes.

Let 2" be the Cantor space and let v be a Borel probability measure on it. Recall
from |[LMI8] that a continuous graphing on the measured Cantor space (2%, )
is a graphing ® such that for all ¢ € ®, the sets dom ¢, rng¢ are clopen and
¢ : dom ¢ — rng ¢ is a homeomorphism.

Definition 2.19. Let ® be a continuous graphing on (2%, 7). The topological full
group of ®, denoted by [®]., is the group of all homeomorphisms 7" of 2% such that
for all z € 2" there is a neighborhood U of x and a ®-word w such that for all y € U,
T(x) = w(z).

Say that an element T' of the topological full group of ® is a basic 3-cycle if
there are a three clopen subsets Uy, Uy, Uz which partition the support of T" and two
d-words wy, wy such that wy(Uy) = Us and wy(Us) = Us and for all x € X we have

wi () ifx el

B wo () if x € Uy

T(z) = witwy ' (z)  if € Us
T otherwise.
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The alternating topological full group of a continuous graphing ® is the group
A[®] generated by basic 3-cycles. One can check that the alternating topological
full group is a normal subgroup contained in the derived group of the topological
full group.

Let us observe that when I' is a countable group acting by homeomorphisms on
the Cantor space, then if S is any generating set for I', the elements of S define
a continuous graphing whose topological full group is the topological full group of
the groupoid of germs of the I'-action in the sense of [Nekl7, Example 2.2] (see
also [Nekl17, Definition 2.6] and the two paragraphs which follow it). Moreover,
the alternating topological full group of the continuous graphing S is equal to the
alternating topological full group of the groupoid of germs of the I'-action.

Remark. Since we do not require the action to be free or essentially free in the
topological sense, the etale groupoid of germs of the action is not Hausdorff in
general, in particular its unit space may not be closed, although it is compact. As a
consequence, Lemma 2.2 from [Mat13] does not apply and elements of the topological
full group may very well have a non clopen supportE], as opposed to elements of the
alternating topological full group.

We have the following straightforward consequence of [Nek17, Theorem 1.2] and
[Nek17, Proposition 5.7] which will be crucial in our proof of Theorem

Theorem 2.20 (Nekrashevych). Let I' be a finitely generated group, suppose I’
acts on the Cantor space by homeomorphism and that every I'-orbit has cardinality
at least 5. Then the action is a topological subshift if and only if its alternating
topological full group s finitely generated.

3 Density of the alternating topological full group

In this section, we show that the alternating topological full group of a continuous
graphing is always dense in its derived L' full group.

A measure-preserving transformation is called a 3-cycle when it has order 3,
or equivalently when all its nontrivial orbits have cardinality 3. Given a 3-cycle T,
there is A C X such that suppT = AUT(A)UT?(A), and the identity (1 2 3)=
(1 2)(1 3)(1 2)(1 3) yields that T is a commutator, so the 3-cycles of the L*
full group actually belong to the derived L! full group.

We need to ensure that there are many 3-cycles. This is a consequence of the
following two lemmas, which are straightforward generalizations of [LMI8, Lemma
3.6] and [LMI18, Lemma 2.12] respectively.

Lemma 3.1. Let ® be a graphing. Then for every periodic U € [Rq|, there exists an
increasing sequence of U-invariant sets A, C suppU such that suppU = J, oy An
and for alln € N, Uy, € [®];.

2In the topological setup, the support of a homeomorphism T : X — X is rather defined as
the closure as the set of z € X such that T'(x) # x.
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Proof. Let U € [Rg] be periodic and for all n € N, let A, = {z € suppU :
de(z,U*(z)) < n for all k > 0}. By definition each A, is U-invariant, and since U
is periodic, (J,cy An = suppU, so pu(suppU \ A,) — 0. By the definition of A,,
each Uy, belongs to [®];. O

Lemma 3.2. Let ® be an aperiodic graphing. Then for every A C X, there is a
3-cycle U € [Re| whose support is equal to A.

Proof. By Maharam’s Lemma (Proposition [2.18]), one can write A = A; U Ay U
As where g, (A1) = pre(As) = pre(As) = pure(A)/3. By a result of Dye (see
Proposition [2.17)), there are Ty, Ty € [Ro] such that T1(A;) = A and Th(As) = As).
We then define T' € [Rg] by

T@) =93 77 (2) ifx c Ay

T otherwise.

The transformation 7" is the desired 3-cycle. [
As an immediate consequence of the two previous lemmas, we have:

Proposition 3.3. Let ® be an aperiodic graphing. Then for every A C X, there
is a sequence of 3-cycles U, € [®]; such that (supp U,,) is an increasing sequence of
subsets of A and u(A\ suppU,) — 0. O

Proposition 3.4. Let ® be a graphing. Then [®]] is topologically generated by
3-cycles.

Proof. Let X, be the periodic part of the graphing, i.e. the set of x whose Rg-class
is finite, and let X, = X \ X,,. Then if one lets ®, (resp. ®,) be the restriction
of ® to X, (resp. X,), the derived L' full group of ® splits naturally as a direct
product [®,]] x [®,]}. So it suffices to establish the theorem in the aperiodic and in
the periodic case.

Let us start by supposing ® is aperiodic. The group generated by 3-cycles is
normal in [®]] so its closure N is a closed normal subgroup of [®]}. By [LMI§| we
conclude that N is equal to the group of 7' € [®]] whose support is contained in the
reunion of the supports of the 3-cycles. Using the previous proposition, we see that
the reunion of such supports is equal to X, so N = [®]}, which end the proof of the
theorem in the aperiodic case.

Now suppose ® is periodic. For every n € N let X,, be the set of x € X whose
Re-class has de-diameter less than n. Then X = UneN X, the X,,’s are ®-invariant
and non-decreasing so if we let G,, = {T" € [®]; : suppT C X,,} then the reunion
of the G,’s is dense in [®];. It thus suffices to show that commutator of elements
of G, is a product of 3-cycles belonging to G,,, which comes from the fact that by
boundedness of the orbits, each G,, is a full group and every periodic element of a
full group which is a commutator is a product of 3-cycles. O]

Proposition 3.5. Let ® be a continuous graphing on (2V,v). Then its alternating
topological full group is dense in its derived L' full group.
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Proof. By the previous proposition, it suffices to show that every 3-cycle in [®]; can
be approximated by an element of the alternating topological full group. So let T be
a 3-cycle in the L' full group of ®. Let A C X such that suppT = AUT(A)UT?(A).

Since the set of ®-words is countable, we have a partition (A,) of A and ®-words
W1, Wa,n, such that for all x € X we have

wyn(x) ifxe A, for somen € N

wan(zr) ifx € T(A,) for some n € N

wiwy gy (x) if 2 € T*(A,) for some n € N
T otherwise.

T(z) =

In particular, for every n € N the set A, UT(A,)UT?(A,) is T-invariant, and if we
let T, := T'4,ur(a,)uT?(4,), then by the dominated convergence theorem we conclude
T = limy, 100 [[1og Tin- So it suffices to prove that each T}, is a limit of elements of
the alternating topological full group.

Let n € N, then there is a sequence of clopen sets (U;);en such that u(A, AU;) —
0[i — +oo]. If welet V; = U; \ (T(U;) UT?(U;)), then by continuity we also have
w(A, AV;) — 0. We now define 7},; by

wn(z)  fxeV

B Wa () if v € T(V;)
T () witwy L(x) it x € TX(V,)
T otherwise.

Then T,,; is clearly a basic 3-cycle, and hence belongs to the alternating topological
full group of ®. Moreover by the dominated convergence theorem we have 7, ; —
T, [n — +oo], which finishes the proof. O

4 Topological rank of derived L! full groups

In this section, we prove that the derived L' full group of a measure-preserving
[-action has finite topological rank if and only if it is a subshift (Theorem . We
want to use Nekrashevych’s result on finite generatedness of alternating topological
full groups, and the next section prepares the ground for this.

4.1 From measure-preserving subshifts to topological sub-
shifts

In this preparatory section we will show that every aperiodic measure-preserving
subshift is conjugate to a topological subshift on the Cantor space where each orbit
has cardinality at least 5. For this, we will freely use the characterization of subshifts
provided by Proposition [2.5

Given a group I' and a generating set S for I', we equip I' with the graph metric
induced by its Cayley graph with respect to S. The closed ball of radius n around
the identity for this metric is denoted by Bg(e,n).

16



Lemma 4.1. Let I" be a finitely generated group, suppose S C I' is a finite generating
set and let T' ~ X be a subshift with every orbit of cardinality at least 5. Then we
can find a finite generating Borel partition P such that for every P € P there are
Yy -y Y4 € Bg(e,4) such that P,y P, ...,y4P are disjoint.

Proof. Let us first show that for every x € X there are v, ..., 74 € Bs(e,4) such that
T, N, ..., yax are all distinct. Observe that if for some n € N we have |Bg(e,n)z| =
|Bs(e,n + 1)z| then Bg(e,n)z is a finite set which is invariant under each generator
of I, hence I'-invariant. In particular we must have |Bg(e,4)z| > 5 so for every
xr € X there are vy, ...,74 € Bs(e,4) such that x, vz, ..., 4@ are all distinct.

Now apply lemma to the family (YA™'), xeBg(e,q) to get a partition P such
that for every P € P there are vq,...,74 € Bg(e,4) such that P,y P,...,74P are
disjoint. The desired partition is obtained by taking the join of P with a finite
generating partition. O

Proposition 4.2. Let T' be a finitely generated group acting on (X, ) by an ape-
riodic measure-preserving subshift. Then the action is conjugate to a topological
subshift on the Cantor space where every orbit has cardinality at least 5.

Proof. Let P be as in the previous lemma and consider §2 = vye Bs(ea) VP- Observe
that for p-almost every x € X, there are vy, ..., 74 € Bs(e,4) such that z, v z,..., 4%
all belong to distinct elements of €. Let g : X — Q) be the associated observable.

Now consider the -equivariant map @ : X — QF given by z — (po(7'2))yer.
Observe that the set of sequences (w-),er such that for all v € I" there are v1, ..., 74 €
Bs(e, 4) such that w,, Wty ooy Wy o1 ATE all distinct is a closed I'-invariant set con-
taining the essential range of ®¢, so the I'-action on the essential range of g is a
topological subshift all whose orbits have cardinality at least 5.

Moreover the measure ;1 has no atoms because the I'-orbits are almost all in-
finite. So the essential range of ® contains no isolated points and thus must be
homeomorphic to the Cantor space by a theorem of Brouwer (see [Kec95, Theorem
7.4]). We conclude that the T'-action on the essential range of ®g is a topological
subshift on the Cantor space which has the desired properties. ]

4.2 Proof of Theorem [A]

Let us recall the statement that we are aiming at.

Theorem 4.3. Let T be a finitely generated group and consider a measure-preserving
aperiodic I'-action on a standard probability space (X, ). Then the following are
equivalent:

(i) the T'-action has finite Rokhlin entropy and
(ii) the derived L full group of the I'-action has finite topological rank.

Proof. Let us start by the direct implication ()= (i). Suppose the measure-preserving
[-action has finite Rokhlin entropy. By Seward’s theorem (Theorem [2.8)), we may
assume that the action is a measurable subshift, and by Proposition [4.2] we can
further assume that it is a topological subshift all whose orbits have cardinality at
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least 5. Nekrashevych’s result (Theorem yields that the associated alternating
topological full group is finitely generated. So the alternating topological full group
is the desired dense finitely generated subgroup of the derived L' full group of the
action by Proposition [3.5]

We now prove the reverse implication :>. Suppose that for some n € N we
have T1,..., T,, € [I']} which generate a dense subgroup of [I']{. By definition for each
i € {1,...,n} the transformation 7; admits an associated cocycle ¢; € LY(X, u,T).
By Lemma [2.10] each cocycle ¢; has finite entropy. Finally, let ¢ be the observable
associated to a partition (A, As) of X into two disjoint sets such that for all z € X
iR (A1) (x) = pre(A2)(x) = 3, as provided by Maharam’s lemma (cf. Proposition
2.18)).

The observable ¢; X - -+ X ¢, X ¢ has finite entropy by subadditivity, let us show
that it is generating so that holds. Let A be the o-algebra generated by the
[-translates of the partition associated to the observable ¢; x --- X ¢, X ¢, we need
to show that A separates the points of a full measure Borel subset of X.

Claim. Every element of the group generated by T, ...,T,, admits a cocycle which is
A-measurable.

Proof of claim. 1t suffices to show that if B is a I'-invariant o-algebra of Borel sets
and T, U € [Rr] admit a cocycle which is B-measurable, then so does TU. So let ¢r
and cy be cocycles for T and U which are B-measurable. Then the map ¢: X — T’
defined by

c(x) = er(U(x))eu(z)

is a cocycle for TU, and c(z) = ~ if and only if there are 7,7, € I' such that
MY2 =7, cu(T) = Y2, cr(12x) = 71. So ¢ is clearly B-measurable as wanted.  [ejaim

Claim. The o-algebra A is invariant under every element of the group generated by
Ty, ... T,.

Proof of claim. By the above claim, every element of the group generated by 71, ..., T},
admits a cocycle which is A-measurable. But such elements must preserve A be-
cause if A € A and U is an element of the full group of Rr admitting a cocyle
which is A-measurable, we find a partition (A, ) er of A such that each A, belongs
to A and for each 2 € A, U(z) = yz. So U(A) = Ll,er 7(A4,) and since Ais a

[-invariant o-algebra which contains each A, we conclude that U(A) € A. Oelaim

Let A be the closure of the image of A in MAlg(X, ,u) which is then also
invariant under every element of the group generated by T, ..., 7,,. By Lemma [2.3]
in order to show that A separates the points of a full measure subset of X, we only
need to show that A = MAlg(X, u). We first prove that A satisfies the following
property with respect to the Rp-conditional measure pg.:

VA e AVB € MAlg(X, ), prp(A) = pr.(B) = B € A. (1)

3 Actually A is automatically closed because A is a o-algebra, but we won’t need that.
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Indeed let A € A, and suppose B € MAlg(X, uu) satisfies ug.(A) = ug.(B). By
Proposition we may find an involution U € [Rr] such that U(A) = B. Using
Lemma [3.1, we then find a sequence (Uy)gen of elements of the group generated
by Ti,...,T,, such that pu(Ug(A) A B) — 0. Since A is closed and invariant under
elements of the group generated by 711, ..., 7T, we conclude that B € A.

Now observe recall that by the definition of our observable ¢, the algebra A con-
tains a set B whose Rr-conditional measure is constant equal to 1/2. By Maharam’s
lemma, whenever A € MAlg(X, u) satisfies ur,.(A)(z) < 1/2 for all z € X, we can
write A as the intersection of two elements of MAlg(X, 1) whose Rp-conditional mea-
sure is constant equal to 1/2. So by , A contains all sets whose Rr-conditional
measure is everywhere at most 1/2. Using Maharam’s lemma once more, we see
that every element of MAlg(X, p) can be written as the union of two elements of
MAlg(X, i) whose Rr-conditional measure is everywhere at most 1/2, so we con-
clude A = MAlg(X, 1) as wanted.

O

5 Amenability and L' full groups

Recall that a Polish group G is extremely amenable when every continuous G-
action on a compact Polish space has a fixed point, while G is amenable if every
continuous G-action on a compact Polish space admits an invariant Borel probability
measure. Following [Pes09] we say that a Polish group G is whirly amenable if it
is amenable and, given any continuous G-action on a compact Polish space K, the
support of every invariant Borel probability measure is contained in the set of fixed
points.

One has the following implications: whirly amenabiliy implies extreme amenabil-
ity which implies amenability. The first examples of whirly amenable groups were
found by Y. Glasner, B. Tsirelson and B. Weiss, who showed that Lévy groups are
whirly amenable [GTWO05]. Note that if G is a Polish group which contains a dense
increasing union of whirly amenable groups, then G is whirly amenable.

Let ® be an amenable graphing, our aim is to show that its derived L' full group
is whirly amenable. Recall that a measure-preserving equivalence relation is called
finite if all its classes are finite. The two following lemmas are essentially contained
in [?], but we include a full proof for the reader’s convenience.

Lemma 5.1. Let ® be an aperiodic graphing, suppose Re 1s written as an increasing

union of equivalence relations Ry. Then |J,cy[Rn] N [P]] is dense in [P]].

Proof. By Theorem we only need to be able to approximate involutions from
(@]} by elements from (J,.y[Rn] N [®]}. Let U € [®]] be an involution, then the
U-invariant sets A, = {z € X : 2R, U(x)} satisfy | J,,cy An = X since J, Rn = Ro.
By the dominated convergence theorem, we then have Uy, — U. Moreover Uy, is
an involution so Uy, € [®]] and by construction Uga, € [R,] so Ua, € [R,] N [D)]
and the lemma is proved. O

Lemma 5.2. Let ® be an aperiodic graphing, let R be a finite subequivalence relation
of Re whose equivalence classes have a uniformly bounded ®-diameter. Then [R] is
a closed subgroup of [®]].

19



Proof. The fact that there is a uniform bound M on the diameter of the R-classes
ensures us that [R] is a subgroup of [®];. Moreover, the inclusion map is M-lipschitz
(for the uniform distance on [R] and d} on [®];) and its inverse is clearly 1-lipschitz,
so [R] is closed in [®];. Finally, [R] only consists of periodic elements, and since
these belong to [®]} (see [LMI18, Lemma 3.10]), we conclude that [R] is a closed
subgroup of [®]]. O

Theorem 5.3. Let ® be an amenable aperiodic graphing. Then [®]] is whirly
amenable and [®]; is amenable.

Proof. Since [®]; is an extension of [®]; by an abelian (hence amenable) group, the
second statement follows from the first, so we only need to prove that [®]} is whirly
amenable.

By the Connes-Feldmann-Weiss theorem [CEWS8]], we may write R¢ as an in-
creasing union of finite equivalence relations R,,. Let us now change these so that
their classes have uniformly bounded diameter.

We first find an increasing sequence of integers (¢(n)),en such that for all n € N,

u({z € X : diama([zlr,) > o(n)}) < 2—1”

Then by the Borel-Cantelli lemma, for almost all z € X there are only finitely many
n € N such that diame([z]r,) > ¢(n). So if we define new equivalence relations
S, by (z,y) € S, if (z,y) € R, and Vm > n, diame([z]r,,) < ¢(n), we still have
UneN S, = R and the §,-classes have a uniformly bounded diameter as wanted.

By Lemma [5.1} U, cn[Sn] N [®]} is dense in [®];. Then Lemma yields that
[S.] N [®]] = [S,] and that the induced topology on [S,] is the uniform topology.
Now recall that full groups of finite equivalence relations are whirly amenable for
the uniform topology (they are products of groups of the form L°(Y, v, &,) where
(Y, v) is non-atomic, and those are Levy groups by work of Y. Glasner, generalised
by T. Giordano and V. Pestov [GP07, Corollary 2.10]). We conclude that each [S,,]
is whirly amenable so that [®]] also is. O

In [LM18| Theorem 5.1] it was shown that non amenable graphings have non
amenable L! full groups and non amenable derived L' full groups. So Theorem
is established, and more generally for an aperiodic graphing ® the following are
equivalent:

1) the graphing ® is amenable;

2) the L! full group [®]; is amenable;

(1)

(2)

(3) the derived L' full group [®]} is amenable.

(4) the derived L! full group [®]] is extremely amenable.
(5)

5) the derived L full group [®]] is whirly amenable.
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The above argument can be refined so as to show that derived L! full groups of
amenable graphings are actually Lévy groups, and that one can find Levy families
made of finite subgroups. The details are however tedious and the increasing chain
of finite subgroups is not explicit so we won’t provide a proof here. However, in the
case of the odometer, one could hope for a concrete Lévy family as follows.

Definition 5.4. Let &, be the symmetric group over {1,...,n}. Define the L!
metric on it by

dulo.7) == 3 loli) ~ 700

Question 5.5. Is the family (&, dp1)pen Lévy ?

In case of a positive answer, the sequence (San,dp1),en would then provide a
natural witness to the fact that derived L! full groups of odometers are Lévy groups.
Note that it is a result of Maurey that (S,,, dham)nen i Lévy, where dpgm is the
Hamming metric (see e.g. [Pes06]), and since dpan < dii, a positive answer to the
above question clearly implies his result.

6 Large scale geometry and L' full groups

6.1 Large scale geometry of Polish groups

In this preliminary section, we recall how Rosendal’s framework allow one to study
Polish groups as geometric objects. First, a map f : X — Y between two metric
spaces (X,dx) and (Y,dy) is called a quasi-isometric embedding if there is a
constant C' > 0 such that for all x1, 29 € X,

O+ Zx(er, ) < dy (), f(2)) < O+ Cly (f(a1), £(2))
It is coarsely surjective if there is C' > 0 such that every element of Y is at
distance at most C' from f(X). Finally f is a quasi-isometry if it is a coarsely
surjective quasi-isometric embedding. We say that two metric spaces (X,dy) and
(Y, dy) are quasi-isometric if there is a quasi-isometry between them. It is not hard
to check that quasi-isometry an equivalence relation between metric spaces. The
equivalence class of a metric space is called its quasi-isometry type.

Two metrics d and d’ on the same set X are called quasi-isometric if the
identity map is a quasi isometry between (X, d) and (X, d’). Note that the coarse
surjectivity condition is then automatic so this just means that there is C' > 0 such
that for all xq, 25 € X,

1
—-C + Ed(xh Iz) < d’(xl, Ig) < C + Cd(Il, .%'2).

A continuous right-invariant metric d on a Polish group G is called maximal if
for every continuous right-invariant metric d’ on G, there is C' > 0 such that for all
91,92 € G, d'(g1,92) < C + Cd(g1,g9). Tt follows from the definition that any two
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maximal right-invariant metrics on a Polish group are quasi-isometric, so if a Polish
group admits such a metric, then it has a well-defined quasi-isometry type.

We finally give two conditions on a right-invariant metric which together are
equivalent to the maximality of the metric by [Ros18, Proposition 2.52].

Definition 6.1. A metric d on a set X is called large-scale geodesic if there is
K > 0 such that for any x,y € X, there are x,...,z, € X with xtg =2z and z, =y
such that d(z;, z;11) < K and

n—1

Zd(%»fﬂiﬂ) < Kd(w,y).

i=0
Definition 6.2. A right-invariant metric d on a topological group G is called
coarsely proper if for every neighborhood of the identity V' and every N € N
there are a finite subset ' C GG and n € N such that

By(e, N) C (FV)".

6.2 Derived L! full groups of amenable graphings

In this section, we show that derived L! full groups of amenable graphings fit rather
well into C. Rosendal’s framework, enabling their study as geometric objects.

To be more precise, we show that the L! metric on derived L! full groups of
amenable graphings is maximal among left-invariant continuous metrics up to quasi-
isometry, which implies that derived L' full groups of amenable graphings have a
well defined quasi-isometry type which is moreover induced by the L! metric.

Proposition 6.3. Let ® be an amenable graphing. Then every element of [®]] is a

limit of periodic elements.

Proof. Using the Connes-Feldmann-Weiss theorem |[CEWS&I], we write Re as an
increasing union of finite equivalence relations R,,. Then every element of [R,] is
periodic and by Lemma [5.1] the union (J,.y[R,] N [®]; is dense in [®]] so we are
done. ]

The next lemma is key to our results on the geometry of L full groups.

Lemma 6.4. Let ® be a graphing. Let T € [®]; be periodic. Then for every N € N,

there are periodic elements Vi, ...,V € [®]y such that T = Vi ---Vy and for every
ie{l,..,N},
1
dy(Vi,idx) = Nd}p(T, idy).
Proof. Let M = dg(T,idx). Let (A¢)iepo,m) be a continuous increasing path from ()
to supp T, and consider B, = [J,o(TU )" (A;). Since TU ™! is periodic, the map
t — By is still a continuous increasing path from () to supp7 now consisting of

T-invariant sets.
Define a continuous increasing map 1 : [0, M] — [0, M] by

b(t) = /B da (2, T(x).

22



We have ¥(0) = 0 and ¢(M) = M, so by the intermediate value theorem we find
ty=0<1t <..<tnq <ty = M such that for all i € {0,..., N}, ¥(t;) = %
We then let A; = By, \ By,_, for each i € {1,..., N}. By construction each A; is
T-invariant and supp? = | |, A;. So if we define V; = Ty,, we get T = [[I_, V;.
Finally for each ¢ € {1,...,n} the equality A; = B;, \ By,_, yields

dy (idx, V;) :/ %

By,

da(e. @) = [ do(a,T(@) = w(t) = ¥ltir) =

B,y

as wanted. O

Remark. Observe that the above proof also yields the existence of a geodesic seg-
ment between any periodic element and the identity map.

Proposition 6.5. Let ® be an amenable graphing, let K > 0 and let N € N. Then
we have the following inclusions in the derived L' full group of ®:

By (1, K/N)Y € By (1, K) € By (1, K/N)M* .

Proof. The first inclusion is a straightforward consequence of the triangle inequality
and right invariance. For the second one, let T' € By (1, K), then since periodic
elements are dense we can find U € Bdclb(l, K/N) such that TU™! is periodic and
TU ' € Bd}P(idX,K).

By the previous proposition, the are Vi,...,Vy € Bd}p(idx,K/N) such that

TU' =V, ---V,. We conclude that T = TU~'U = (H,QV:1 vk) UsoT € By (1, K/N)N+!
as wanted. O

Corollary 6.6. Let ® be an amenable graphing, then the L' metric on the derived
L full group of ® is mazimal.

Proof. By the previous proposition, the L' metric is both large-scale geodesic and
coarsely proper. So [RosI8, Proposition 2.52] yields that the L' metric is maximal.
O

We finally show that although derived L! full groups of amenable graphings do
have a geometry, the latter is fundamentally infinite-dimensional.

Proposition 6.7. Suppose I" is an amenable group containing an element of infinite
order, and let ' ~ (X, ) be a free measure-preserving action. Then for everyn € N,
the derived L' full group of the I' action contains a quasi-isometric copy of R".

Proof. 1t suffices to produce a quasi-isometric copy of Z" since the latter is quasi-
isometric to R™. Let T be the aperiodic measure-preserving transformation which
corresponds to the element of I' of infinite order. Using Rokhlin’s lemma for 7', we
find A C X which intersect almost every T-orbit and such that all sets A, T(A), ..., T*"~1(A)
are disjoint. For each i € {0,....,n — 1} let T; = TT%(A)TT}IM(A). Observe that since
T2 A)T_l = Tr2it1(4), each T; is a commutator and thus belongs to the derived
L' full group. It is now straightforward to check that the marked group generated
by 11, ..., T, is quasi-isometric to Z". O
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We end this section with a basic open question on the geometry of derived L!
full groups.

Question 6.8. Are the derived L' full groups of the 2-odometer and of the 3-
odometer quasi-isometric ?

Note that by [?], the derived L' full groups of the 2-odometer and of the 3-
odometer are not isomorphic as abstract groups. Also, the countable group of dyadic
permutations Goe (resp. G3x ) is dense in the derived L! full group of the 2-odometer
(resp. 3-odometer), and the induced metric is the inductive limit of the metrics from
Definition [5.4] so this is really a question about quasi-isometry for the non finitely
generated countable groups Gy~ and G3- equipped with these natural metrics.

6.3 L' full groups of ergodic Z-actions

For measure-preserving Z-actions, we have a much better understanding of elements
of the L' full group. This will allow us to show that the L' metric on the whole L!
full group is maximal, and hence defines its quasi isometry type. Since a measure-
preserving Z-action is nothing but a single measure-preserving transformation, we
rather speak of L' full groups of measure-preserving transformations. Let us start
by reminding Belinskaya’s decomposition results for elements of the L! full group
[Bel68].

Given a measure-preserving transformation 7', we denote by [T, its L' full group.
If T is aperiodic then every T-orbit is endowed with a linear ordering <7 defined
by x <r y if and only if there is n > 0 such that y = 7"(x). An element U of the
full group of T"is almost positive if for all z € X, there is N € N such that for all
n > N we have U™(x) >7 x. It is almost negative if for all z € X, thereis N € N
such that for all n > N we have U"(x) <7 z. Every element of the L! full group
has a natural decomposition with respect to such elements.

Lemma 6.9. Let T be a measure-preserving aperiodic transformation, let U € [T;.
Then there is a partition X = X_ U X,., U X, of X into U-invariant sets such that
Ux_ is almost negative, Ux, is almost positive and Ux,,, is periodic.

Proof. This is a direct consequence of [Bel68, Theorem 3.2]. [

Observe that since the sets from the above decomposition are U-invariant and
partition X, we then have U = Ux_ Uy, Ux, and

dp(idx,U) = dp(idx, Ux_) + dyp(idx, Ux,,,) + dp(idx, Ux, ).

Recall that if T is an aperiodic measure-preserving transformation, every U €&
[T]; has an associated cocycle ¢y : X — Z uniquely defined by the equation
U(x) = Tv@)(x). We can then defined the index map I : [T]; — R by I(U) =
[ cu(z)dp(z). In [LMIS|, Corollary 4.20], we prove that if 7" is ergodic, the kernel of
the index map is the derived L' full group of 7" and the index map takes values into
Z. The conjunction of Proposition 4.15 and Proposition 4.17 from [LMI8] implies
the following result.
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Lemma 6.10. Let U € [Ty be almost positive, let n = I(U). Then there is a family
(A, of subsets of X such that U =Ty, ---Ta,V, where V is periodic. O

Theorem 6.11. Let T be an ergodic measure-preserving transformation. Then the
L' metric on the L' full group of T is mazimal.

Proof. We first show that for every N € N, every element of [T]; of L normlﬂ less
than N can be written as a product of at most 11N elements, all of which are either
T, T~1, or periodic of L! norm less than 1.

Let X = X, U X UX_ be the partition of X into U-invariant sets provided by
Lemma [6.9] We start by noting that d}.(Ux, ,id,) < d}(U,id,) and thus I(Ux, ) <
N. We may thus write

Ux, =Ta, - Ta,V,

where n = I(Ux,) < N and V is periodic. By Kac’s return time theorem [Kac47,
Theorem 2’], each T}, is at distance 1 from idy, so by the triangle inequality, we
have d}.(V,idy) < 2N.

Now for each i € {1,...,n} we have Ty, = (T4, 7"")T. Moreover Ty, T is
periodic and dj.(T4,T71,idx) < 2. Since Uy, = (Ta, T )T+ (T4, 71TV and
di(V,idx) < 2N, Lemma [6.4] applied to both V and the T4, 77! yields that Ux, is
a product of at most 5N elements, all of which are either periodic and in the open
unit ball or equal to T

The same reasoning for Uy_ yields that Uy_ can be written as a product of at
most 5N elements, all of which are either periodic of norm < 1 or equal to 7!,

Finally, Lemma yields that Ux,., can be written as the product of at most N
periodic elements of norm < 1. We can thus conclude that U = Ux, Ux,., Ux_ can
be written as the product of at most 11N elements, all of which are either periodic
of norm < 1 or belong to {T,7'}.

This fact already yields that the L! metric is large-scale geodesic, and we now
need to show that dL is coarsely proper. So let N € N, let V be a neighborhood of
the identity. We find ¥ € N such that By (idx,1/k) €V and we deduce from the
above fact along with Lemma [6.4] that

By (idx, N) C ({T, T~'}V)HEN,

The metric d} is thus both large-scale geodesic and coarsely proper, so using [Ros18|
Proposition 2.52] we conclude that d. is maximal as wanted. O

6.4 Automatic quasi-isometry: proof of Theorem [C]

In this section we prove the following result, which directly yields Theorem [C]

Theorem 6.12. Let ® and ¥ be two amenable ergodic graphings on a standard
probability space (X, ). Then every abstract group isomorphism between their L
full groups must be a quasi-isometry for their respective L' metrics.

4By L' norm, we mean the L' distance to idx.
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Proof. Let p : [®]; — [V]; be an abstract group isomorphism. First observe that by
[LM18], Corollary 3.19], there is a measure-preserving transformation .S such that for
allU € [®], p(U) = SUS™!. In other words, we can assume that p is the conjugacy
by some S € Aut(X,u), and it follows that p is d,-isometric, in particular it is
continuous for the uniform topology. On [®]; the uniform topology is refined by
the L' topology, and since it separates points we get that it generates the Borel
o-algebra of [®]; induced by the L' topology. We conclude that p is a Borel group
isomorphism, and it follows from Pettis’ lemma (see e.g. [BK96, Theorem 1.2.5])
that p is a topological group isomorphism.

In particular, p induces a topological group isomorphism between [®]] and [¥]],
and since their respective L! metrics are maximal (Corollary , we conclude that
p induces a quasi-isometry for their respective L' metrics: there is C' > 0 such that
for all T}, Ty € [®]],

1
—C+ Edclp(ThTz) < dy(p(Th), p(T2)) < Cdg(Th, Ty) + C

In order to establish the same inequality for elements of the whose L' full group,
first note that by right-invariance, one may as well assume 77 = idx, and then note
that by symmetry, it suffices to find C” > 0 such that for all T € [®],

dy(idx, p(T) < C'dy (idx, T) + C".

We will show that ¢’ = 6C works.
Let T € [®];, then by a well-known lemma (see e.g. [LMIS8| Proposition 2.7]),
there is a partition (A;, As, By, Bs, B3) of supp T" such that

T(Al) = AQ, T(Bl) = B2 and T(BQ) = Bg.
We use this decomposition to define three involutions Uy, Us, Us as follows:

T(ZE) if x € Al L Bl
Ul(l’) = Tﬁl(l') if.’L’EAQUBQ

x otherwise,
T(l’ ifx e BQ
Uy(z) =< T Yz) ifz € By
x otherwise and
Us(z) =< T Yz) ifx € T(Ay) UT(Bs)

T otherwise.

By construction for each ¢ = 1,2,3 we have d}(idx,U;) < 2di(idx,T), moreover
since Uy, Uy and Us are involutions they actually belong to the derived L! full group
of ®. We can then decompose T" as

T = Uija,us, U U, UUs a0, Uidx\supp -
Because p is the conjugacy by the transformation S, we then have

p(T) = p(Ur)s(a,uBy) U p(Uz)15(8,) U p(Us) 154085y U idx\S(supp 1) -
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We thus have d (idx, p(T)) < 327, dY (idx, U;). Since for i = 1,2, 3,
dy, (idx, p(Uy)) < Odg(idx, U;) + C < 2Cdy(idx, T) + C,

we conclude that

d ldx, ldx, GCdl((I)(ldx,T)) +3C

I|Mm

as wanted. O

Note that if we knew that the L! metric on L! full groups of amenable graphings
is maximal, then the first two paragraphs of the above proof would suffice to get the
conclusion of Theorem|[6.12] As explained in the introduction, we actually conjecture
that the following is true, which would then imply that one can remove both the
amenability and the ergodicity hypothesis in Theorem [6.12] .

Conjecture. Let ® be a graphing. Then the L! metric on the L! full group of ® is
maximal.

We end this section by explaining why in Theorem the conclusion cannot
be strengthened to bilipschitzness. Recall that in a topological space, a subset is G
if it can be written as a countable intersection of open sets, and that by the Baire
category theorem, in a complete metric space every countable intersection of dense
open sets has to be dense.

Lemma 6.13. Let T be an aperiodic transformation. Then the set of all A €
MAlg(X, p) such that the return time to A is unbounded is dense G5 in MAlg(X, 11).

Proof. The set B of all A € MAlg(X, i) such that the return time to A is unbounded
is the intersection over n € N of the sets

B, :={A € MAIg(X, p) - p(T7"(A) \ U T7'(A)) > 0},

so it is Gg. Let us now fix n € N and show that B,, is dense so as to finish the proof.
Let € > 0, let N € N such that § < e. By aperiodicity we find B C X with positive
measure such that B, T'(B), ..., T""(B) are disjoint, and so in particular ;(B) < -
Now observe that for any A € MAlg(X, i), the set

(AuBUT"B)\ | |T'(B

is in B, and is nu(B) < e-close to A, which shows that B, is dense. O

Example 6.14. Let T be an aperiodic measure-preserving transformation, and con-
sider A C X with unbounded return time, as provided by the previous lemma.
Then the conjugacy by the induced transformation 74 is not bilipschitz: for each
n we may find B C A such that T'(B), ..., T"(B) are all disjoint from A, and
then if U is the involution defined by U = Tz U T[’Tl(B) L idx\(Bur(B), We have

dh(idx, TAUTY) = ndh(idx, U).
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7 Topological rank two for rank one transforma-
tions

In this section we prove that every rank one measure-preserving transformation has
an L! full group whose topological rank is equal to two. Let us recall the definition
of such transformations and first introduce some useful terminology.

Definition 7.1. Let T be a measure-preserving transformation and A C X Borel.
Let Nr(A) € N be the greatest integer such that A, T(A),..., TV"(A=1(A) are all
disjoint. We then have a Rokhlin partition Pyr = (A, T(A), ..., T’T(D=1(A)) of
Yar = U?LTO(A)_l T'(A) and we let M4 1 be the sets of finite unions of elements of
PA,T-

Note that Rokhlin’s lemma guarantees the existence of Rokhlin partitions Py r
with arbitrarily small atoms and (Y4 r) arbitrarily close to 1.

Definition 7.2. A measure-preserving transformation 7' is rank one if for every
e > 0 and every finite family (B;)%_, of Borel sets there is a Borel set A and Borel
sets Ay, ..., Ay € My r such that for all i € {1,..., k},

It is not hard to check from the definition that rank one transformations are
ergodic and form a Gy set in Aut(X, ) for the weak topology (see [LM14, Lemme
5.26] for a detailed proof). An easy example of a rank one transformation is provided
by the odometer, and so by Halmos’ conjugacy lemma (see [Kecl0, Theorem 2.4]),
rank one transformations form a dense Gy set in Aut(X, p).

The following theorem of Baxter says that rank one transformations are actually
quite close to odometers.

Theorem 7.3 ([Bax7l]). Let T be a rank one transformation. Then there is a
decreasing sequence (A,) of Borel subsets of X such that Ma, r is increasing and
its reunion is ji-dense in the Borel o-algebra.

A sequence (4,) as in the previous theorem will be called a rank one basis of
T, so in our terminology a measure-preserving is rank one if and only if it admits a
rank one basis. Observe that if (A4,,) is a rank one basis for 7" then the measure of
A,, then tends to zero and Np(A,) — +oo.

Example 7.4. Let Ty be the dyadic odometer on X = {0, 1}, and for every n € N
we let A, denote the set of sequences (z;) € {0,1}" such that g = -+ =z, = 0.
Then (A,) is a rank one basis for Ty with N, (A,) = 2™ and the additional property
that Y4, r = X for every n € N.

We will now generalize to rank one transformations the fact that dyadic trans-
formations are dense in the derived L' full group of the odometer. Let us first see
how Definition provides us natural embeddings of the symmetric group in the
derived L! full group.
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Let T be a measure-preserving transformation and A C X be Borel. We then
define the embedding

pa:6({0,..,Np(A) —1}) — [T];

by: for all 0 € &({0,..., N(A) —1}) and all x € Y r, if i € {0,..., N(A) — 1} is such
that = € T*(A), then

palo)(x) = T707(x),
and pa(o)(x) for z € Ya 1. Observe that by construction for all i € {0, ..., N(4) -1}
we have pa(0)(T%(A)) = T°W(A). We then let

Sar:=pa(6({0,....,N(A) — 1})) and Ax 7 = pa(A{0, ..., N(4) — 1})).

Observe that if A C B and Mar C Mpr then G4p < Gprand Ay < Ap . The
following generalizes to L' full groups a result from the thesis of the author [LMT4]
Lemme 5.31].

Proposition 7.5. Let (A,) be a rank one basis of a measure-preserving transfor-
mation T'. Then
U A4, 7

neN
is dense in [T1].

Proof. Let U, be the involution defined by U, = ¢a,((0 1)), then d%(U,,1) — 0.
Since G4, 7 = A4, 7 U U, A4, 7, we conclude that the density of |, a4, r will
follow from that of |,y ©4,,7 which will thus prove instead.

Since [T} is topologically generated by involutions of the form I7 4 (cf. Theorem
, we only need to approximate such involutions by elements of | J, .y ©a, 7
So let A C X, we then have a sequence (B,,) of elements of My, v with B,, — A.
Furthermore we may assume that B, is disjoint from A, LTV A»)~1 since the measure
of A, UTNA)=1 tends to zero as n tends to infinity. This implies Ip, 7 € G4, 1
and since Ig, 7 — I4 7 we get the desired conclusion. O

neN

Lemma 7.6. Let T' be a measure preserving transformation, let A C X and let n €
N such that 3 < n < Nr(A)—2. Consider the element U = pa((0 1 -+ n—1)).
Then the group generated by T" and U contains A 1.

Proof. By conjugating U by powers of T, we see that the group generated by T

and U contains all the pa((z i+1 -+ i4+n—1)) fori+n—1< N(A). The
lemma then follows from the fact that 2({0, ..., N(A) —1}) is contained in the group
generated by the (i ¢+1 -+ i4+n—1)for 0 <i< N(A)—n. We briefly recall
the proof of the latter fact for the reader’s convenience.
Denote by G the group generated by the (i i4+1 -+ i+n—1)for0<i<
N(A) — n. First note that G contains the permutation
m n—1 - 1)(0 1--- n—=1)=(0 n n-—1)

so it also contains (0 n n—1)2 = (0 n—1 n). Conjugating by a power of
(1 2 .-+ n), we obtain that G contains the element (0 1 2). Conjugating
again by appropriate cycles we get that G contains all the (i i+ 1 ¢+ 2) for
0 < i < n— 3, and since the latter generate the group 2A({0, ..., N(A) — 1}) the
result follows. O
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The usual way of disjointifying a countable family of sets (B,,) is to let Bl :=
B, \ U,,<n, Bm, but note that letting B, = B, \ U,,,, Bm also works. We will need
to apply this idea to measure-preserving transformations so as to make their support
disjoint.

For p € N, let us call a p-cycle a transformation all whose orbits have cardinality
either 1 or p. Given a countable family (U,),en where each U, is a p,-cycle, we
explain how to change them so that they have disjoint support. For each n, we let
V., be the transformation induced by U, on the biggest U,-invariant set contained
in supp Uy, \ U,,~,, Supp Un,. Note that since U, is a p,-cycle, we can easily compute
the support of V,, which is

Pn—1
supp V;, = supp U, \ ( UJu ( |J supp Um>> -
1=0

m>n

Of course this support might be empty, but observe that if the supports of the
remaining U,,’s are very small then V,, will actually be very close to U,,. The sequence
(V,,) obtained this way is called the disjointification of the sequence (U,).

We are now ready to prove the main result of this section.

Theorem 7.7. Let T be a rank one transformation. Then the topological rank of
its L full group [T, is equal to 2.

Proof. Let (pn)nen be the increasing enumeration of prime numbers. Let €, be a
sequence of positive real numbers decreasing to zero, e.g. €, = 27". Let (A,) be a
one-dimensional ranking of 7.

Using lemma [7.6) one can now build by induction an increasing sequence of
integers (k,) and positive real numbers (4,,) such that for all n, if we let

Un =4, (0 1---p, —1))
then the following conditions are satisfied.

(i) Any element V,, which is d,-close to U, satisfies that the group generated by
T and V,, contains every element of 24, . up to an €, error.

(ii) For every m < n, we have p,, Z p(supp Uy) < 0.
k=m+1

(iii) We have k, > 42" 2",

Consider the sequence (V},) defined as the disjointification of the U,’s. Thanks
to condition we have that V}, is d,-close to U,.. By condition ({i) the group (T, V,,)
contains every element of 24, . up to an €, error.

Now let V' := [, o Va- We first establish a general inequality which will yield
that V' € [T]; and moreover the closed group generated by V' contains every V;,.

Claim. For all n € N we have
Di —n2"
. _— < .
<| |pl> (E /%) <2 (2)
<n zn
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Proof of claim. We first need an explicit bound on p,. A well-known way to get
such a bound is as follows: Euclid’s argument that there are infinitely many prime
numbers actually shows that p,.1 < po---pn, + 1. From this, a straightforward
induction yields the bound

Pn < 22"

Now by condition we have k, > 4"2"+2" 5o for every n > 1 we have
Sy 2 )
[ 4%
izn ! i>n

Now [T, pi < (pn)™ < 2" so combining this with the previous inequality we see
that (2) holds. Uetaim

Now observe that for every n € N we have dkL(V,,,idx); < dh(U,,idyx) < 2]%.
The inequality for n = 0 yields » ;. 2,5 L < +o00 so that V' € [T]; as announced.
Fix n € N. For every m > n+1let P, = HKm#npi and let ¢, € {1,...,p, — 1}

such that P,,t,, =1 mod p,. Now observe that

VEntm =y TT Vi

i=m

Since t,, < pp, we have Pty <[[,.,,pi so that

d- <H Vipmtm,idx> < (H pi) Zle(%,idX).

i>m <m izk

2p; . .
But for every ¢ we have ||V;||; < kﬁ so we conclude by inequality (2)) that we have
A ([T, VPt idx) — 0 and hence

>m "1
VEmtm 5V Im — 400
So for every n € N the closed subgroup generated by V' contains V,.
Since the group (7', V},) contains every element of 24, , up to an ¢, error and
€, — 0, we conclude by Proposition that the group generated by 7" and V is

dense in [T]; which has thus topological rank at most 2. Since the L' full group [T,
is not abelian, we conclude that [T]; has topological rank 2 as wanted. O

8 Further remarks and questions

8.1 L? orbit equivalence and L? full orbit equivalence

It is an instructive exercise to show that given two measure preserving actions « :
I' = Aut(X, ), 5: A — Aut(X, p) and a measure-preserving transformation 7', the
following are equivalent:
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(i) T sends «(I')-orbits to S(A)-orbits ;
(ii) Ta(T)T!' < [B(A)] and T71B(A)T < [a(T)];
(iif) Te(I)] T = [B(I)]-

If T satisfies any of the above three conditions, one says that 7" is an orbit equiv-
alence between the actions a and 3, and that the latter are orbit equivalent.

We then have two natural LP versions of orbit equivalence, which are direct
translations of item (ii) and (iii) from the above equivalence. The first one was
defined by Austin in [Ausl6] and the second appears to be new.

Definition 8.1. Let p € [1,4+00]. Two measure-preserving actions of finitely gen-
erated groups a : I' — Aut(X,u) and f : A — Aut(X,pu) are called LP-orbit
equivalent if there is 7' € Aut(X, ) such that

Ta(T)T™ < [B(N)], and TBA)T < [a(D)],

Definition 8.2. Let p € [1,+00]. Two measure-preserving actions of finitely gen-
erated groups a : I' = Aut(X, ) and 8 : A — Aut(X, u) are called LP-fully orbit
equivalent if there is T' € Aut(X, u) such that

Tla@)], T~ = [B(A)],-

It is clear that L? full orbit equivalence implies L? orbit equivalence, and that L
orbit equivalence is equivalent to L full orbit equivalence. Moreover, for all p < ¢
we have that L7 orbit equivalence implies L? orbit equivalence, but is is unclear that
L4 full orbit equivalence implies I” full orbit equivalence. Also note that all these
notions collapse to flip-conjugacy for ergodic Z-actions by Belinskaya’s theorem.

A natural intermediate question is to ask what it means for two graphings to
share the same L' full group, hoping that the identity map has to be induce an L*>®
orbit equivalence between them. However, this is not so, as the following example
of Sébastien Gouézel shows.

Theorem 8.3 (Gouézel). Given an aperiodic T € Aut(X, u), there is T" € Aut(X, p)
such that [Ty = [T"]; but T' does not belong to the L>° full group of T.

Proof. First note that for every S € Aut(X, p) we have [STS™!); = S[T],57, so
for every S € [T]; we have [STS™!]; = [T];. So it suffices to find S € [T]; such that
T' = STS~! does not belong to the L> full group of T

Now observe that given any S € [T, the function z — dp(z,STS™!(x)) is
bounded if and only if the function x +— dr(S(z), ST (x)) is bounded. It thus suffices
to find S € [T]; such that the function z — dr(S(z), ST (z)) is unbounded. This
can be achieved by taking A C X with unbounded return time via Lemma [6.13] and
considering the induced transformation S = T)4. Indeed if x € A has return time

nra(x) = 2 then ST (z) = T'(z) and so dr(S(x), ST (z)) = nya(z) — 1. O

Gouézel’s example arises as a conjugate of T by some S € [T];, but it is natural
to ask more generally which S € Aut(X,p) satisfy [STS™!]; = [T];. Note that
such an S has to be an automorphism of the equivalence relation Ry. Two sources
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of such S are provided by the group of measure-preserving transformations which
conjugate T' to T*!, and elements of the L' full group of T'. Still, we do not have
a good understanding of the group of S € Aut(X, ) satisfying [STS™], = [T*!];,
and the following question is open.

Question 8.4. Let T be an ergodic measure-preserving transformation. Is the group
of S € Aut(X, p) satisfying [T]; = [ST'S™!]; Borel ? If so, is it Polishable ?

Note that by Fremlin’s reconstruction theorem, every abstract automorphism
of [T]; has to be the conjugacy by some S € Aut(X,u), so the above question is
actually about the automorphism group of [T];. Also note that the automorphism
group of the full group of any measure preserving equivalence relation is Polishable,
see [Kecl(, Theorem 6.1].

8.2 Symmetric L? full groups

The notions of symmetric (and alternating) topological full groups have natural
analogues in our setup. Recall from [LMI8, Section 5.3] that for any p € [1,+o00|
and any graphing ®, the L? full group of ® is defined as the group of all elements T’
of the full group of R¢ such that

/qu>(:1c,T(x))pd,u(x) < +o00.

It is a Polish group for the metric d defined by

1/p

o1y, Ty) = [ [ doltito) Twyanta)|

and we define the following closed normal subgroups.

Definition 8.5. The symmetric [” full group of a graphing ® is the closed
subgroup of [®], generated by all n-cycles for n > 2. The alternating L full
group is defined as the closed subgroup generated by all 3-cycles.

Note that if p = 1, both subgroups coincide with the derived L! full group of ®,
and I don’t know whether the same holds for p > 1. Nevertheless, if ® is aperiodic,
the same proof as Proposition shows that the alternating L? full group of &
coincides with its symmetric LP full group. One can also adapt the arguments from
[LM18] to show that in the aperiodic case, closed normal subgroups of the symmetric
LP full group correspond to invariant sets; in particular the symmetric L? full group
of ® is topologically simple iff ® is ergodic. Moreover, the proof of Theorem [A] can
easily be adapted to show the following.

Theorem 8.6. The topological rank of the symmetric LP full group of a measure-
preserving aperiodic action of a finitely generated group s finite if and only if the
action has finite Rokhlin entropy.
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In a work in progress with C. Conley and R. Tucker-Drob, we show that for
ergodic Z-actions, the symmetric LP full group coincides with the derived L? full
group, and that the topological abelianization of the whole L? full group is Z, just
as in the L! case. In particular, we can deduce that the whole L full group of an
ergodic measure-preserving transformation has finite topological rank if and only
if the transformation has finite entropy, and answer positively question 5.5 from
[LM18] in the case the graphing comes from a Z-action.

8.3 Topological rank of (derived) L! full groups

Theorem[A]is not satisfactory in two ways: first, as in the Z case, a more quantitative
statement would be desirable. In particular, establishing a lower bound on the
topological rank in terms of the Rokhlin entropy would be very nice. Second, it
would be more natural to have a similar statement for the whole L' full group, but
in order to do so one has to understand the topological abelianization of L! full
groups. We would like to ask the following question, noting that a positive answer
would imply that Theorem |A] also holds for the whole L* full group.

Question 8.7. Let I" be a finitely generated group. Is the topological abelianization
of the L! full group of any ergodic measure-preserving I'-action always topologically
finitely generated ?

At the moment, the question is open even for I' = Z2. It was answered in the
affirmative for I' = Z in [LM18], and with Conley and Tucker-Drob we have a proof
that the answer is also yes when I is the infinite diedral group (we actually show that
in this case the topological abelianization is always trivial, thus obtaining examples
of topologically simple L! full groups). Also note that the topological rank of the
topogical abelianization can be greater than the rank of the acting group: for a free
ergodic Z? action, if the two canonical generators have diffuse ergodic decomposition
then R? can be obtained as a quotient of the topological abelianization by integrating
the cocycles, but it has topological rank 3 > 2.

References

[Ausl6] Tim Austin. Behaviour of Entropy Under Bounded and Integrable Or-
bit Equivalence. Geometric and Functional Analysis, 26(6):1483-1525,
December 2016. doi:10.1007/s00039-016-0392-5.

[Bax71] J. R. Baxter. A class of ergodic transformations having simple spec-
trum. Proceedings of the American Mathematical Society, 27:275-279,
1971. doi:10.2307/2036306.

[Bel68]  R. M. Belinskaya. Partitions of Lebesgue space in trajectories defined
by ergodic automorphisms. Functional Analysis and Its Applications,
2(3):190-199, July 1968. doi:10.1007/BF01076120.

[BK96]  Howard Becker and A. S. Kechris. The Descriptive Set Theory of Polish
Group Actions. Cambridge University Press, December 1996.

34


https://doi.org/10.1007/s00039-016-0392-5
https://doi.org/10.2307/2036306
https://doi.org/10.1007/BF01076120

[CFW3]

[CLM16]

[Dye59]

[Gab11]

[Gla03]

[GPOT]

[GPS99]

[GTWO5]

[JKL02]

[Kac4T]

[Kec95]

[Kecl0]

A. Connes, J. Feldman, and B. Weiss. An amenable equivalence relation
is generated by a single transformation. FErgodic Theory and Dynamical
Systems, 1(04), December 1981. doi:10.1017/5014338570000136X.

Alessandro Carderi and Frangois Le Maitre. More Polish full groups.
Topology and its Applications, 202:80-105, April 2016. doi:10.1016/j.
topol.2015.12.065.

H. A. Dye. On Groups of Measure Preserving Transformations. I.
American Journal of Mathematics, 81(1):119-159, 1959. doi:10.2307/
2372852.

Damien Gaboriau. Orbit Equivalence and Measured Group Theory. In
Proceedings of the International Congress of Mathematicians 2010 (ICM
2010), pages 1501-1527. Published by Hindustan Book Agency (HBA),
India. WSPC Distribute for All Markets Except in India, June 2011. |doi:
10.1142/9789814324359_0108.

Eli Glasner. FErgodic Theory via Joinings, volume 101 of Mathematical
Surveys and Monographs. American Mathematical Society, Providence,
Rhode Island, February 2003. doi:10.1090/surv/101.

Thierry Giordano and Vladimir Pestov. Some extremely amenable groups
related to operator algebras and ergodic theory. Journal of the Insti-
tute of Mathematics of Jussieu, 6(2):279-315, April 2007. doi:10.1017/
S1474748006000090.

Thierry Giordano, lan F. Putnam, and Christian F. Skau. Full groups of
Cantor minimal systems. Israel Journal of Mathematics, 111(1):285-320,
December 1999. doi:10.1007/BF02810689.

E. Glasner, B. Tsirelson, and B. Weiss. The automorphism group of the
Gaussian measure cannot act pointwise. Israel Journal of Mathematics,
148(1):305-329, December 2005. doi:10.1007/BF02775441,

S. Jackson, A. S. Kechris, and A. Louveau. Countable borel equivalence
relations. Journal of Mathematical Logic, 02(01):1-80, May 2002. doi:
10.1142/50219061302000138.

M. Kac. On the notion of recurrence in discrete stochastic processes. Bul-
letin of the American Mathematical Society, 53(10):1002-1010, October
1947.

Alexander S. Kechris. Classical Descriptive Set Theory, volume 156 of
Graduate Texts in Mathematics. Springer-Verlag, New York, 1995. doi:
10.1007/978-1-4612-4190-4.

Alexander S. Kechris. Global Aspects of Ergodic Group Actions, volume
160 of Mathematical Surveys and Monographs. American Mathematical
Society, Providence, RI, 2010. doi:10.1090/surv/160.

35


https://doi.org/10.1017/S014338570000136X
https://doi.org/10.1016/j.topol.2015.12.065
https://doi.org/10.1016/j.topol.2015.12.065
https://doi.org/10.2307/2372852
https://doi.org/10.2307/2372852
https://doi.org/10.1142/9789814324359_0108
https://doi.org/10.1142/9789814324359_0108
https://doi.org/10.1090/surv/101
https://doi.org/10.1017/S1474748006000090
https://doi.org/10.1017/S1474748006000090
https://doi.org/10.1007/BF02810689
https://doi.org/10.1007/BF02775441
https://doi.org/10.1142/S0219061302000138
https://doi.org/10.1142/S0219061302000138
https://doi.org/10.1007/978-1-4612-4190-4
https://doi.org/10.1007/978-1-4612-4190-4
https://doi.org/10.1090/surv/160

[KT10]

[LM14]

[LM16]

[LM18]

[Mar16]

[Mat06]

[Mat13]

[Nek17]

[Nek18]

[Pes06]

[Pes09]

[Rok67]

[Ros18|

John Kittrell and Todor Tsankov. Topological properties of full groups.
Ergodic Theory and Dynamical Systems, 30(2):525-545, April 2010. doi:
10.1017/S0143385709000078.

Francois Le Maitre. Sur les groupes pleins préservant une mesure de
probabilité. PhD thesis, ENS Lyon, May 2014.

Francois Le Maitre. On full groups of non-ergodic probability-measure-
preserving equivalence relations. Ergodic Theory and Dynamical Systems,
36(7):2218-2245, October 2016. doi:10.1017/etds.2015.20.

Francois Le Maitre. On a measurable analogue of small topological full
groups. Advances in Mathematics, 332:235-286, July 2018. arXiv:1608.
07399, doi:10.1016/j.aim.2018.05.008.

Andrew S. Marks. Topological generators for full groups of hyperfinite
pmp equivalence relations. arXiv:1606.08080 [math/, June 2016. arXiv:
1606.08080.

Hiroki Matui. Some remarks on topological full groups of Cantor minimal
systems. International Journal of Mathematics, 17(02):231-251, February
2006. doi:10.1142/S0129167X06003448.

Hiroki Matui. Topological full groups of one-sided shifts of finite type.
Journal fir die reine und angewandte Mathematik (Crelles Journal),
2015(705):35-84, 2013. doi:10.1515/crelle-2013-0041,

V. Nekrashevych. Simple groups of dynamical origin. FErgodic Theory and
Dynamical Systems, pages 1-26, 2017. doi:10.1017/etds.2017.47.

Volodymyr Nekrashevych. Palindromic subshifts and simple periodic
groups of intermediate growth. Annals of Mathematics. Second Series,
187(3):667-719, 2018. doi:10.4007/annals.2018.187.3.2.

Vladimir Pestov. Dynamics of Infinite-Dimensional Groups, volume 40 of
University Lecture Series. American Mathematical Society, Providence,
RI, 2006. doi:10.1090/ulect/040.

Vladimir Pestov. Concentration of measure and whirly actions of Polish
groups. In Proceedings of the 1st Mathematical Society of Japan Sea-
sonal Institute "Probabilistic Approach to Geometry” (Kyoto, July-Aug.
2008), volume 57 of Advanced Studies in Pure Mathematics, pages 383
403. Mathematical Society of Japan, March 2009.

V. A. Rokhlin. Lectures on the entropy theory of measure-preserving
transformations. Russian Mathematical Surveys, 22(5):1, 1967. doi: 10.
1070/RM1967v022n05ABEH001224.

Christian Rosendal. Coarse Geometry of Topological Groups. Preliminary
Version. 2018.

36


https://doi.org/10.1017/S0143385709000078
https://doi.org/10.1017/S0143385709000078
https://doi.org/10.1017/etds.2015.20
http://arxiv.org/abs/1608.07399
http://arxiv.org/abs/1608.07399
https://doi.org/10.1016/j.aim.2018.05.008
http://arxiv.org/abs/1606.08080
http://arxiv.org/abs/1606.08080
https://doi.org/10.1142/S0129167X06003448
https://doi.org/10.1515/crelle-2013-0041
https://doi.org/10.1017/etds.2017.47
https://doi.org/10.4007/annals.2018.187.3.2
https://doi.org/10.1090/ulect/040
https://doi.org/10.1070/RM1967v022n05ABEH001224
https://doi.org/10.1070/RM1967v022n05ABEH001224

[Sew15] Brandon Seward. Ergodic actions of countable groups and finite gener-
ating partitions. Groups, Geometry, and Dynamics, 9(3):793-810, 2015.
doi:10.4171/GGD/328.

[Sew18] Brandon Seward. Krieger’s finite generator theorem for actions of count-
able groups 1. Inventiones mathematicae, September 2018. doi:10.1007/
500222-018-0826-9|

37


https://doi.org/10.4171/GGD/328
https://doi.org/10.1007/s00222-018-0826-9
https://doi.org/10.1007/s00222-018-0826-9

	Introduction
	Preliminaries
	Standard probability spaces
	The measure algebra and its automorphisms
	Ergodic theory
	Subshifts and Rokhlin entropy
	Full groups
	L1 full groups
	Derived L1 full groups
	Conditional measures
	Alternating topogical full groups

	Density of the alternating topological full group
	Topological rank of derived L1 full groups
	From measure-preserving subshifts to topological subshifts
	Proof of Theorem A

	Amenability and L1 full groups
	Large scale geometry and L1 full groups
	Large scale geometry of Polish groups
	Derived L1 full groups of amenable graphings
	L1 full groups of ergodic Z-actions
	Automatic quasi-isometry: proof of Theorem C

	Topological rank two for rank one transformations
	Further remarks and questions
	Lp orbit equivalence and Lp full orbit equivalence
	Symmetric Lp full groups
	Topological rank of (derived) L1 full groups


