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ABSTRACT. We show that many countable groups acting on trees, including free products
of infinite countable groups and surface groups, are isomorphic to dense subgroups of
isometry groups of bounded Urysohn spaces. This extends previous results of the first
and last author with Y. Stalder on dense subgroups of the automorphism group of the
random graph. In the unbounded case, we also show that every free product of infinite
countable groups arises as a dense subgroup of the isometry group of the rational Urysohn

space.
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1. INTRODUCTION

There is an extensive, and still growing, literature concerning countable groups G ad-
mitting faithful actions on N which are highly transitive, that is, such that for any partial
bijection o with finite domain there exists g € G such that g-z = o(x) for all x € dom(o).
Such groups are called highly transitive groups. It is clear that the group &) consisting
of finitely supported bijections of N is highly transitive. For a finitely generated example,
one can consider the group of permutations of Z which are translations up to a finite set,
or more generally Houghton groups.

The first explicit examples of highly transitive non-amenable groups are free groups
F, for 2 < n < +o00, as was shown in 1976 by T.P. McDonough [McD77] (see also the
work of J.D. Dixon in [Dix90]). The case of a general free product has been studied by
A AW. Glass and S.H. McCleary in [GM91] and later settled by S.V. Gunhouse [Gun92]
and independently by K.K. Hickin [Hic92]: a free product I' = T’y * I'y of two non-trivial
countable groups I';, i = 1, 2, is highly transitive if and only if " is i.c.c.l], which is equivalent
to ask that at least one the I'; has cardinal at least 3. In the last few years, many new
examples of highly transitive groups have been discovered: non elementary hyperbolic
groups with trivial finite radical (V.V. Chaynikov [Chal2]), surface groups (D. Kitroser
[Kit12]), Out(F,,) for n > 4 (S. Garian and Y. Glasner [GG13]), many groups acting on
trees (P. Fima, S. Moon and Y. Stalder [FMS15]), and finally acylindrically hyperbolic
group with trivial finite radical (M. Hull and D. Osin [HO16]).

Note that the class of highly transitive countable groups consists of all countable groups
which are isomorphic to a dense subgroup of G, the group of all permutations of N. It

makes sense to ask a similar question for other groups.

Question. Given a Polish group G, what can be said about the class of all its countable
dense subgroups?

This question is particularly interesting when G is the isometry group of a homogeneous

countable metric space, i.e. a countable metric space with the property that any partial

1A group is i.c.c. (infinite conjugacy classes) when all the conjugacy classes of nonidentity elements are
infinite.
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isometry with finite domain extend to a global isometry. Indeed, if (X, d) is a countable
homogeneous metric space, then a countable subgroup I" of Iso(X) is densﬂ if and only if
its natural action on X satisfies the following definition.

Definition 1.1. An action of a countable group I' on a homogeneous metric space (X, d)
is called homogenous if every partial isometry of X with finite domain extends to an
element of T'.

If (X,d) is a homogeneous metric space, we denote by H(X) the class of all countable
groups which admit a faithful homogeneous isometric action on X. Note that the set N
endowed with the discrete metric is a homogeneous metric space, and its isometry group is
S, 50 H(N) denotes the class of highly transitive groups. In this paper, we are studying
the class H(X) where X is one of the countable Urysohn spaces.

To define countable Urysohn spaces, one first fixes a countable set S C [0, +oo[, con-
taining 0, and considers the class of all S-metric spaces, that is, the class of all metric
spaces whose distance takes its values in S. Under a suitable assumption on S (see the
next section), there exists a generic object in this class, which is characterized as being the
unique S-metric space which contains an isometric copy of each finite S-metric space (uni-
versality), and such that any isometry between finite subsets extends to the whole space
(ultrahomogeneity). We call this space the S-Urysohn space (when S = Q, this space was
built by Urysohn in the seminal paper [Ury27]) and denote it by Ug. For instance, when
S = {0, 1}, Ug is simply a countable infinite set with the discrete metric; for S = {0, 1,2},
Ug may be identified with Erdos—Radé’s random graph R equipped with the path metric.

Little is known about the class H(R). It contains Fy (H.D. Macpherson [Mac86]), a
locally finite group (M. Bhattacharjee and H.D. Macpherson [BMO05]), many groups acting
on trees such as free products of any two infinite countable groups (P. Fima, S.Moon and
Y. Stalder [FMST6]). A result of S. Solecki (whose proof appears in a paper by C. Rosendal
[Ros11]) yields that the class H(Ug) always contains a locally finite group. Our main result
relies on the following notion, which was introduced in [FMSI5].

Definition 1.2. A subgroup ¥ of a countable group I' is highly core-free if whenever F'
is a finite subset of I, we may find v € I" such that the map

Nx F T
(0, f) = ovf

2Note that since X is countable, Iso(X) is endowed with the topology of pointwise convergence, viewing
X as a discrete space.
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is injective and its range v F is disjoint from F.

Easy examples of highly core-free subgroups are provided by the trivial group and any

finite subgroup of an i.c.c. group.

Theorem A (see Thm. . Let T be a countable group acting on a non-trivial tree T .
If each edge stabilizer is highly core-free in the two corresponding vertex stabilizers, then

I' € H(Ug) for all bounded distance set S.

Corollary B (see Cor. and Cor. . Let S be a bounded distance set and I'1, 'y, H be
countably infinite groups with a common subgroup . Let also 0 : ¥ — H be an injective

group homomorphism. The following holds.
(1) If ¥ is highly core-free in both I'y,T'y then T'y X I'y € H(Ug). In particular:
(a) For any infinite countable groups 'y, 'y one has 'y x 'y € H(Ug).
(b) If S, is a closed, orientable surface of genus g > 1, then m(S,) € H(Ug).
(2) If ¥ and 0(X) are both highly core-free in H then HNN(H, X, 0) € H(Uy).

We also study unbounded Urysohn spaces, for instance when S = Q7. In that case, we
obtain the following result (see Corollary [7.10)).

Theorem C. For any infinite countable groups I'y and I'y one has I'y « 'y € H(Ug+).

The method of proof finds its roots in a paper of Dixon [Dix90], and is an adaptation
to the context of S-Urysohn spaces of techniques of P. Fima, S. Moon and Y. Stalder
[IMS13), FMS15, [FEMS16]. Let us describe briefly the argument in the case of a free product
of infinite groups I' * A. One first proves that any countable group admits a “sufficiently
free” and “sufficiently rich” action on Ug (notions that are made clear below; this is easier
to do in the case when S is bounded, explaining why we have stronger results in that case).
Then one uses a Baire category argument: start from two sufficiently free, sufficiently rich
actions 7y, my of I', A respectively. Then, for any o € Iso(Ug), one can consider the action
7o of I' * A which coincides with 7, on I'" and with ama™' on A; we then prove that
{a: m, is faithful } and {a: 7, (I" * A) is dense} are both dense G4 in Iso(Ug), thus the
intersection O of these two sets is nonempty; and for any o € O the subgroup 7, (I' * A) is
dense in Iso(Ug) and isomorphic to I' x A.

When S is bounded, this basic strategy can be employed, with some technical modifi-
cations, to cover the case of amalgamated free products over highly core-free subgroups,
and thus surface groups, as well as the case of free products where one of the factors is
finite and the other infinite. Unfortunately, while the basic structure and underlying ideas
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are the same in all these proofs, technical aspects involving the triangle inequality differ,
forcing us to write down several times some very similar arguments.

Looking at the results discussed above, one question in particular begs to be answered:
what happens to the class H(Ug) when S varies? Do these classes all coincide, can there
be nontrivial inclusions, etc.? This question remains largely open; however, we do manage

to establish in the last section the following result.

Theorem D (see Thm. . The group &) of all finitary permutations of N does not
belong to H(Ug) unless |S| = 2, that is, unless Iso(Ug) = S.

Finally, consider the Urysohn space (U,d), which can be obtained as the metric com-
pletion of Ug+. Then Iso(U) is a Polish group for the topology of pointwise convergence
induced by the metric d, and a result of Cameron-Vershik yields that Iso(Ug+) is a dense
subgroup of Iso(U) [CV06]. Theorem |C| thus yields that every free product of infinite
countable groups can be densely embedded in Iso(U). It is however unclear whether every
countable dense subgroup of Iso(U) belongs to the class H(Ug+). The same question can
be asked in the bounded case.

The paper is organized as follows: we first introduce some basic facts about group actions
on metric spaces, and develop the machinery we need to deal with the bounded case. We
then establish the theorems mentioned above in that case. Once that work is completed,
we turn to the unbounded case. While similar in spirit, this case requires some additional
work, including the construction of some isometric actions of countable groups on countable
metric spaces with interesting combinatorial properties. Finally, we prove that &) does
not belong to H(Ug) unless |S| = 2.

Acknowledgements. The authors are deeply grateful to the referee for their detailed
reports which led to many substantial improvements of the paper.

F. Le Maitre and J. Melleray’s research was partially supported by ANR project GAMME
(ANR-14-CE25-0004) and ANR project AGRUME (ANR-17-CE40-0026).

2. PRELIMINARIES

Definition 2.1. Consider a countable set S C [0, 400 containing 0 and at least another
element. We say that S is an unbounded distance set if S is a subsemigroup of the
additive semigroup [0, 400, meaning that for all s,t € S, we have s+t € S.

We say that S is a bounded distance set if S has a maximum M = max(S) > 0 with

Vs,t € S min(s+t, M) € S.
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Given a bounded or unbounded distance set S, we say that a metric space (X, d) is an

S-metric space if the metric d takes values in S.

Example 2.2. Every graph can be viewed as a {0, 1, 2}-metric space by letting d(z,y) = 1
when there is an edge between = and y, d(z,y) = 0 if x = y and d(z,y) = 2 if z # y and
there is no edge between x and y. Conversely every {0, 1,2}-metric space can be seen as a
graph equipped with the above metric.

A map between two metric spaces (X, dx) and (Y, dy) is an isometry if it is surjective
and for all x1,z9 € X we have dy (f(x1), f(x2)) = dx(x1,22). We denote by Iso(X,dx) or
simply Iso(X) the group of isometries X — X.

A partial isometry between X and Y is a map ¢: domyp C X — rnge C Y which is
an isometry for the restrictions of dx and dy to the sets dom ¢ and rng ¢ respectively.

A partial isometry is finite if its domain is. We denote by P;(X) the set of finite partial
isometries between X and X.

Throughout the paper, we will use the following notation : by A € X we mean A C X
and A is finite.

For any bounded or unbounded distance set S, the S-Urysohn space Ug is the unique, up
to isometry, countable S-valued metric space which has the extension property: given
a finite S-metric space (X, d), if (Y,d) is another finite S-valued metric space containing
(X,d), any isometric embedding p : X — Ug extends to an isometric embedding p: Y —
Us.

The back-and-forth argument allows one to prove that if (X,dx) and (Y,dy) are two
countable S-metric spaces satisfying the extension property, then any finite partial isometry
p:domyp € X — rngp € Y extends to an isometry X — Y. Applying this to the empty
map, one gets that the S-Urysohn space is indeed unique up to isometry.

Before tackling the case S = QN[0, 400, we will be focusing on bounded metric spaces,

since our constructions work best in that case. Thus we make the following

Convention. Until section [} we assume that S C [0,1] and 0,1 € S. We thus have a
bounded distance set S satisfying

(2.1) Vs,t € S min(s+t,1) €S.

Remark 2.3. We make the convention that our bounded S-metric spaces have diameter
at most 1 for the sake of simplicity. This does not affect the strength of our results because
we are interested in isometry groups, which remain the same when multiplying the metric
by a constant.
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Remark 2.4. The {0, 1}-Urysohn space is the set N equipped with the discrete metric.
The {0, %, 1}-Urysohn space is the Random graph R equipped with the metric discussed
in Example . The Q N[0, 1]-Urysohn space is called the rational Urysohn sphere.
2.1. Finitely supported extensions and amalgamation. We now recall the construc-
tion of amalgamations of metric spaces and recast the notion of finitely supported extension
in this context. The material in this section is standard.

Let (Y,d) be an S-metric space, suppose X is a subset of Y and let y € Y. A subset

F C X is called a support for y over X if for all x € X, we have

d(x, y) = min (1,%1 (d(x, f) +d(. y>>> |

Observe that every subset containing F' is then also a support of y.

We say that a point y € Y is finitely supported over X if it has a finite support. Note
that every element x of X is finitely supported with support {z}.

We say that a metric space (Y,d) is a finitely supported extension of a subset X if
all its points are finitely supported over X.

Definition 2.5. Suppose (X1, d;) and (X5, dy) are two S-metric spaces, that A = X7 N X,
and djja = doja. Then we define the metric amalgam of (X,d;) and (X5, d) over A as
the set X7 U X5 equipped with the metric d which restricts to d; on X; and dy and X, and
such that for all z; € X; and all , € X5 we have

d(x1,x9) = min(1, igg(dl(xl, a) + da(a, z3))).

We denote the metric amalgam by (X7, d;) x4 (Xa,d3). Note that we allow amalgamation
over the empty set, in which case d(x1,29) = 1 for all z; € X; and all x5 € X;. The fact
that we have a well-behaved way of amalgamating S-metric spaces over the emptyset is a

notable difference between the bounded case and the unbounded case.

Remark 2.6. If X C (Y,d), a point y € Y is finitely supported over X with support
F € X if and only if X U {y} is the metric amalgam of F'U {y} and X over F.

It is not clear a priori when the metric amalgam of two S-metric spaces is an S-metric

space. However, it is the case when X; and X, are finitely supported over A.

Proposition 2.7. Let (X1,d;) and (Xs,ds) be two S-metric spaces which are finitely sup-
ported extensions of a common metric subspace A = X1 N Xy. Then the metric amalgam
(X1,d1) x4 (X2,ds) is an S-metric space.

Moreover if Fy is a support of vy € X1 and Fy is a support of xo € Xa, and inf,ec 4 di(x1,a)+

dy(a, xe) < 1, then this infimum is a minimum which is attained both on Fy and Fy.
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Proof. Pick x; € Xy, xo € Xy. If d(x1,x2) = 1 then this distance belongs to S, so we only
have to deal with the case when

d(l’l, $2) = 111£ d1($1, a) + dQ(CL, I‘Q) <1
ac
By symmetry, we only need to check that if F} € A is a support of 7, then inf,c 4 d(z1,a)+

dy(a, ) is attained on Fj.
By definition, for each a € A we have d(z,a) = mingep d(z1, f) + d(f,a). So for each
a € A there is f € F; such that

dy(r1,a) + dy(a, x0) = di(zy, f) + di(f,a) + da(a, x2)

But d; and djy coincide on A so di(f,a) + da(a,x2) = da(f,a) + da(a,z2) > do(f, x2). We
conclude dy(z1,a) + da(a, x2) > di(z1, f) + da( f, x2), so our infimum is indeed a minimum
attained on Fj. O

We will also make use of the following fact.

Lemma 2.8. Suppose (Y,d) is an S-metric space, X CY and yy, y2 € Y are finitely
supported over X , with supports Fy, Fy, and X U{yy,y2} is the metric amalgam of X U{y;}
and X U{ys} over X. Suppose moreover that d(f1, f2) =1 for all fi € Fy and all f5 € Fs.
Then d(yy,y2) = 1.

Proof. This follows from Proposition : assume d(y1,y2) < 1. Then there exists f; €
Fy such that d(y1,y2) = d(v1, f1) + d(f1,y2), and by definition of a support there exists
fo € Fy such that d(f1,y2) = d(f1, fo) + d(fa,y2). Hence d(f1, f2) < 1, contradicting our
assumption. ]

The construction of metric amalgams makes sense with an arbitrary number of factors:
when (X, d;);er is a family of S-metric spaces which are finitely supported over A and for
all © # j we have A = X; N X, and d;;a4 = d;;4 then we can form the metric amalgam of
(Xi,d;)ier over A as the set | J,.; X; equipped with the metric d which coincides with d;
when restricted to X;, and such that for all < # j and all z; € X; and z; € X; we have

Observe that when restricted to X; U X, the metric is the one of the metric amalgam of
X, and X over A. Proposition has then the following immediate corollary.

Corollary 2.9. Let (X;,d;)icr be a family of S-metric spaces such that for all i # j we
have A = X;NX; and d;;j4 = djja. Suppose that each X; is finitely supported over A. Then

the metric amalgam of (X;,d;);er over A is an S-metric space. O
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2.2. §-Urysohn spaces and one-point extensions. Let us now see how to build Usg,
i.e. how to build a countable S-metric space with the extension property using a slight
variation of Katétov’s ideas [Kat86].

Given an S-metric space (X,d) and another S-metric space (Y,d) containing X, we
say that Y is a one-point extension of X if |Y \ X| = 1. A straightforward induction
yields that Ug is characterized by the following version of the extension property: for every
one-point extension (Y, d) of every finite S-metric space (X, d), any isometric embedding
p: X — Ug extends to an isometric embedding p: Y — Usg.

One-point extensions are completely determined by the distance to the added point.

Such distance functions can be characterized as the functions f: X — S satisfying
(2.2) |f(x1) — fxo)| < d(xy,20) < f(x1) + f(x2) for all xy, 29 € X.

The functions f : X — S satisfying the above condition are thus also called one-point
extensions of X, and we will often switch between the two point of views.

Definition 2.10. Whenever (X, d) is an S-metric space, we denote by Fg(X) the space
of all finitely supported one-point extensions of X. By definition these are the functions
f: X — S satisfying (2.2)) such that there is F' € X satisfying for all z € X,

Fe) = min (L mip(F0) + dly, ) ).
Such a subset I is called a support for f. Supports are not unique: any finite set containing
a support of f is a support of f.

Note that if F' € X, any one-point extension f of (F,d) extends to a finitely supported
one-point extension f of X defined by
Fie) = min (L () + dly.)).

yeF

This extension is called the Katétov extension of f, and may be viewed as the metric
amalgam of FFU{f} and X over F.

A key idea of the Katétov construction of the S-Urysohn space is that X embeds isomet-
rically into Es(X) as the space of trivial one-point extensions, i.e. extensions of the form
& = d(z,-). Moreover we have | f — || = f(x), so Eg(X) contains as a metric subspace
every finitely supported one-point extension of X, and hence every one-point extension of
every finite subset of X. Also note that Fg(X) is countable if X was countable.

However the metric induced by ||-|| , on Eg(X) is not the right one for us because we
want the one point extensions to be as far from each other as possible. The reason for
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this will become apparent when we construct for every countable group an action on the
S-Urysohn space which is as free as possible.
So for f,g € Es(X) we define a new metric still denoted by d, by setting

.0y 4 min (10 (@) 4] it f
if f=g.
Observe that d is the metric obtained by amalgamating all the finitely supported one-
point extensions of (X, d) over X, which as a set is still Es(X). In particular, d is indeed a
metric and takes values in S by Corollary . By construction (X, d) is a metric subspace
of (Es(X),d).

One way of constructing the S-Urysohn space is now to start with an arbitrary countable
metric space (X, d), let Xo = X and then define by induction X,,;; = Es(X,). The metric
space | J,, ey Xn then satisfies the one-point extension property by construction, and hence
it is isometric to the S-Urysohn space Ug. Moreover the construction is equivariant in the
sense that if I' acts on X by isometries, then the action naturally extends to Eg(X) so that
in the end we get a I'-action by isometries on Ug. In order to make the action as free as
possible, we will however need to modify further this construction. Let us start by making
clear what we mean by as free as possible.

2.3. Freeness notions for actions on metric spaces. Let I" be a countable group. If
(X, d) is a metric space, we write I' ~ (X, d) if I" acts on X by isometries. A I'-action by
isometries on X is thus a group homomorphism I' — Iso(X, d).

We will need the following three notions for an action I' ~ (X, d) where X is an S-metric

space.

Definition 2.11. An action I' ~ (X, d) is mixing if for every z,y € X and for all but
finitely many v € I' we have d(yz,y) = 1.

Observe that if I' ~ (X, d) is mixing, then for any finite subset F' C X, for all but
finitely many v € I we have d(vx,y) = 1 for all z,y € F'. Also note that the action of any
finite group is mixing. Finally, if I' ~ (X, d) is mixing then the restriction of the action to

every subgroup A < T is mixing.

Definition 2.12. An action I' ~ (X, d) is strongly free if, for all v € I'\ {1} and all
x € X, one has d(yz,z) = 1.

Note that any strongly free action is obviously free.
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Definition 2.13. Let X < I' be a subgroup. We say that X is highy core-free for the
action I' ~ (X, d) if for all F' € X, there exists g € I" such that d(gx,u) = 1 = d(ogz, gy)
forall z,y € F,u € ¥F and 0 € ¥\ {1}.

Remark 2.14. The fact that d(ogx,gy) =1 for all z,y € F,o € ¥\ {1} implies that the
Y-action on YgF is conjugate to the Y-action on 3 x F given by o(o’,x) = (00’, z) where
we put on ¥ X F the metric d given by

5 d(zx, ifo=0o

(o), (') = { 1Y

1 else.

Note that if 3 is highly core-free for an action I' ~ (X, d) then any subgroup of ¥ is
highly core-free for I' ~ (X, d).

Our terminology extends that from [FMS15]: it is easy to check that, if d is the discrete
metric then 3 is highly core-free for I' ~ (X, d) in the sense above if and only if 3 is strongly
highly core-free for the action I' ~ X on the set X in the sense of [FMS15l Definition 1.7].
If moreover the action I' ~ X is free, then the previous conditions are equivalent to X
being highly-core-free in I' (see [FMSI5, Definition 1.1 and Lemma 1.6]). As mentioned in
the introduction, easy examples of highly core-free subgroups are the trivial subgroup of
an infinite group and any finite subgroup of an i.c.c. group. A less immediate example is
the fact that in the free group over 2 generators Fy = (a, b), the cyclic subgroup generated
by the commutator [a,b] is highly core-free. This fact will allow us to show that surface
groups arise as dense subgroups in the isometry group of any bounded S-Urysohn space,
following the same strategy as in [FMS15, Ex. 5.1]. We refer to [FMS15, Ex. 1.11] for
proofs and for more examples of highly core-free subgroups.

Let us now see how these notions behave with respect to Eg(X) (see Definition [2.10).
Note that we have an injective group homomorphism Iso(X,d) — Iso(Eg(X),d) defined
by ¢ = (f — ©(f)), where o(f)(z) = f(¢~'(z)). In particular, from any action T' ~ X
we get an action I' ~ Eg(X) defined by (vf)(z) = f(y'x) for y € T and f € Eg(X).

Proposition 2.15. Let I' ~ (X, d) be an action by isometries. The following holds.
(1) If T' ~ (X, d) is faithful then T ~ Eg(X) is faithful.
(2) If I' ~ (X,d) is mizing then I' ~ Eg(X) is mizing.
(3) If ¥ < T is highly core-free for I' ~ (X,d) then it is also highly core-free for
I~ Eg(X).

Proof. is obvious since we have a I'-equivariant inclusion X C Eg(X).
[@2). Let f,g € Es(X), let F be a common finite support for f and g. Since I' ~ X is
mixing, for all but finitely many v € I we have d(yz,y) = 1 for all z,y € F. Note vF is a
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support for vf. It now follows from Lemma that d(vf,g) = 1 for all but finitely many
vel.

[@B). Let F C Es(X) be a finite subset. For each f € F let Y; € X be a support for f
and define Y = UysepYy C X. If v € I is such that d(yz,u) = 1 and d(ovyz,vyy) = 1 for all
z,y €Y, u € XY and o0 € ¥\ {1} then it follows from Lemma [2.8| that d(yf,h) = 1 and
d(oyf,vg) =1forall flge F, he ¥F and 0 € ¥\ {1}. O

Observe that we did not mention strong freeness, which indeed does not carry over to
Es(X). For instance, if X is finite and we let f € Eg(X) be defined by f(z) = 1 for all
x € X, then f is actually fixed by the I'-action. One can tweak the above construction of
Us to get rid of this obstruction, as we will see in section

2.4. Homogeneous actions on countable metric spaces. When all the finite partial
isometries of a metric space (X, d) extend to isometries, we say that X is homogeneous.
By a back-and-forth argument, Ug is a homogeneous metric space.

The isometry group of the S-Urysohn space Ug is endowed with the topology of pointwise
convergence for the discrete topology on Ug. It then becomes a Polish group, and our main
motivation is to understand which countable groups arise as dense subgroups of Iso(Ug).
Recall from the introduction that this is the same as asking which countable groups admit
a faithful action by isometries on Ug such that every finite partial isometry of Ug extends
to an element of I'. Such actions are called homogeneous actions, and we denote by
H(Ug) the class of countable groups which admit a faithful homogeneous action on Ug.

One can use the methods of K. Tent and M. Ziegler [TZ13a] (see also [TZ13h] for
considerations on the unbounded case) to show that the isometry group of any countable
S-Uryshohn space is topologically simple (every non-trivial normal subgroup is dense). This

yields via the following proposition some restrictions on the class H(Uyg).

Proposition 2.16. Let G be a nonabelian infinite topologically simple topological group,
and suppose ' is a dense subgroup. Then every nontrivial normal subgroup of I' is dense
i G and every finite index subgroup of I' is dense in G. Moreover, I' is i.c.c. and non-

solvable.

Proof. The first statement follows from the fact that for any normal subgroup N < I its
closure N is, by density of I', normal in G. So either N = {1} or N is dense in G. Moreover,
any finite index subgroup ¥ < I has a finite index subgroup N < ¥ which is normal in I'
and non-trivial since it has to be infinite. It follows that any finite index subgroup of I' is
again dense in G.
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To prove the second statement, first observe that the center Z(I') of a dense subgroup
I' < G must be trivial. Indeed, Z(I") is a normal subgroup of I' which is abelian, but G is
not, so the center of any dense subgroup of G must be trivial.

Now suppose that v € T has a finite conjugacy class and denote by C(v) := {v €
[': vy = «'~} its centraliser. By definition C(v) has finite index in I" so by the first
statement it is dense and thus has trivial center, from which we deduce that v is trivial
since v belongs to the center of C'(). We conclude I is i.c.c.

Finally, for a group A, let us denote by D(A) the subgroup of A generated by all commu-
tators. Recall that D(A) is normal in A. Now define I'y := I" and, forn > 0, I',,.; := D(T,).
We show by induction that for all n > 0 the subgroup I',, is dense in G, which implies that
I' is not solvable. The case n = 0 is true by assumption. Suppose I',, is dense in G, then
[',41 is either trivial or dense in G since it is normal in I',,. However, I',;; is not trivial

since I',,, being dense in GG, can not be abelian. U

Corollary 2.17. If I € H(Ug) for some distance set S then I' is i.c.c. and non solvable.
Furthermore, every finite index subgroup of I' belongs to H(Ug). O

When S = {0, 1}, recall that H(Ug) is the class of highly transitive groups. Hull and
Osin have furthermore shown the following dichotomy: a highly transitive group either
contain a copy of the infinite alternating group, or it is mized identity free, which has
stronger implications than those of the previous corollary (see [HO16, sec. 5]).

Remark 2.18. We do not know whether in Proposition [2.16] for say a Polish group G, one
can remove the hypothesis that G is nonabelian. Indeed, there may exist a topologically
simple infinite Polish abelian group, in other words there may exist an infinite abelian Polish
group with no nontrivial proper closed subgroup (see the end of section 2 in [Hoo76|, where
it is also proved that there is an infinite Polish abelian group all whose locally compact
subgroups are trivial).

3. STRONGLY FREE ACTIONS ON THE S-URYSOHN SPACE

3.1. Equivariant extension of partial isometries.

Definition 3.1. A T'-action by isometries on an S-metric space X has the extension
property if every finitely supported one-point extension over a finite union of I'-orbits is

realized in X.

Let us make a few remarks about this definition. First, it is clear that the following

assertions are equivalent.
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e X has the extension property.
e The trivial action on X of the trivial group has the extension property.
e The action of any finite group on X has the extension property.

Also, if I' ~ X has the extension property, then for every A < I', the A-action on X also
has the extension property. Indeed if f is a finitely supported one-point extension over AF
where F' € X, then the Katétov extension of f to I'F is also finitely supported (with same
support), and hence realized in X. In particular, if there exists a group I' acting on X
such that the action I' ~ X has the extension property then X has the extension property
(since the action of the trivial subgroup of I" has the extension property).

Finally, note that any action with the extension property has infinitely many orbits at
distance 1 from each other because the one point extension f(x) = 1 is finitely supported.

Definition 3.2. Let X be a group and for k = 1,2, let m.: ¥ ~ (X, di). A (71, m2)-partial
isometry is an isometry between 71 (X)F; and mo(X) Fy where F; @ X; and Fy € X5 which
is (my, me)-equivariant. A (7, mo)-isometry is a (7, T )-equivariant bijective isometry from
X1 to XQ.

Lemma 3.3. Suppose I' ~ (X, d) is a mizing action and F is a finite subset of X. Then
for every x € X, the function d(z,-) is a finitely supported one-point extension of I'F.

Proof. Since the action is mixing, there are only finitely many points y € I'F’ such that
d(xz,y) < 1. These points form a support for d(z,-). O

The next proposition is the key building block of most of our constructions.

Proposition 3.4. For k = 1,2, let mi: X ~ Ug be actions of a countable group ¥ which
are strongly free, mizing and have the extension property.

Then, every (my,mo)-partial isometry ¢ extends to a (mwy, ms)-isometry of Ug.

Proof. A straightforward back-and-forth argument yields that we only need to show that
for every (m,ms)-partial isometry ¢ and every z € Ug \ dom ¢, there is a (7, m2)-partial
isometry ¢ whose domain contains x and which extends . Let f be the one-point extension
of rng ¢ defined by f(y) = d(¢p~(y), z) for all y € rng .

Because 7 is mixing, Lemma yields f is finitely supported. By the extension prop-
erty, there is z € Ug such that for all y € rng ¢ we have d(p~(y), z) = d(y, 2).

Observe that the extension of ¢ obtained by sending x to z is by construction a partial
isometry. By freeness, we may extend ¢ further to a (m, me)-equivariant partial isometry
@: domp Um(X)xr — rng ¢ U ma(X)z by letting @(m(0)x) = ma(0)z.
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Let us check that ¢ is indeed a partial isometry. First, by strong freeness its restriction
to m (X)z is isometric. Since ¢ was also isometric, we only need to check that if z; € dom ¢
and o € m (X)x then d(p(z1), §(x2)) = d(z1, x2).

Let o € ¥ be such that 3 = m(¢)x. Then

d(x1,29) = d(m1 (0 )y, 1)
(p(mi(o™)21), 2)
(ma(c ™) p(21), 2)
((21), mo(0
((z1), P22

d
d
d
d

So ¢ is indeed a (my, m)-partial isometry. O

3.2. Extensions with parameters. Let (Y,dy) be a S-metric space, suppose X C Y
and A is a set. Then we can consider the space Y x A equipped with the pseudometric
oY min(lvinfxeX (dY(y7$) +dY<:B7y/))) if o’ 7& a,

(), () = { s a7
Then the metric space obtained by identifying elements at distance 0 is denoted by Y x x A,
and the induced metric still by d. Observe that for z,2’ € X and a,d’ € A,

d((x.a), (',d) = inf (dy(w,2") +dy(a",2')) = dy(z,2')
”E
so Y x x A is the metric amalgam of |A| copies of Y over X and thus Y x x A is a S-metric
space as soon as Y is a finitely supported extension of X.
We have the following inequality: for all (y,a) and (y/,a’) in Y x x A,

(3.1) d((y,a), (y',a")) = dy(y,y)

because by the triangle inequality for all x we have dy (y, x) + dy(z,y") > dy(y, V).

We also have for each a € A an isometry i,: Y — Y xx A which takes y to (y,a). In
particular Y embeds in Y X x A isometrically.

For all a # &’ and all © € X we have i,(x) = iy (x) and we thus let i: X — Y xx A be

the common map.

Remark 3.5. Every isometry g of Y which preserves X naturally extends to Y xx A by

letting ¢g(y,a) = (gy,a). The construction we need is different, however.

Proposition 3.6. Suppose that we have a group I' acting on'Y by isometries which preserve
the set X, and suppose moreover that I' acts on A. Then the diagonal action on'Y x A
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defined by v(y,a) = (vy,ya) induces an isometric action on (Y X x A, d) which extends the

T'-action on X.

Proof. Let us check that every v € I' defines an isometry for the pseudometric d. Let

a,a’ € Aand y,y € Y. If a = d/, then d(y(y, a),7(v', d")) = dy (vy,vy') = d((y,a), (V,d)).
If a # o’ then va # va’' and thus

i) 25 = i (1, 0 o) + ) )

= min (1, (ig)f( dy (vy, vz) + dy (v, ’73/)))

because X = vX. Now using the fact that v is an isometry, we conclude

d(v(y,a),7(y';a')) = min (1, (xig)f( dy (y, z) + dy (z, y’)))
= d((y,a), (¢, a")).

Finally observe that the embedding i: X — Y x x A is ['-equivariant and thus conjugates
the I'-action on X to the I'-action on i(X). d

We call the above action the diagonal action of I' on Y x x A.

Proposition 3.7. Let ' be a group acting by isometries on (Y,dy), let X C Y be I'-
invariant subset and let A be a set also acted upon by I'. The following hold.

(1) If the T-action on X is faithful, then the T'-action on'Y X x A is faithful.

(2) If the I'-action on'Y is mizing then the I'-action on'Y X x A is mizing.

(3) If ¥ < A < T and X is highly core-free for the A-action on'Y then X is also highly
core-free for the A-action on'Y xx A.

(4) If the T'-action on X 1is strongly free and the I'-action on A is free, then the I'-action
onY xXx A is strongly free.

Proof. (1) It is obvious since the isometry i: X — Y x x A is [-equivariant.

(2) Suppose the I'-action on Y is mixing. Let (y1,a1), (y2,a2) € Y X x A. By assumption
for all but finitely many v € I' we have dy (vy;,y2) = 1, so by inequality for all but
finitely v € I we have d(v(y1, a1), (y2,a2)) = 1.

(3) Let A < T, let ¥ < A. Suppose X is highly core-free for the A-action on Y. Let
FEY xx Aand write F'= Fy x {a;}U...UF, x {a,}. Let F = Ui, Fi, then there is
A € A such that dy (A\y,u) =1 =dy(cAy, \y/) for all y,y € F, u € ¥F and all 0 € ¥\ {1}.
As before by inequation ([3.1)) we are done.
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(4) Suppose the T'-action on X is strongly free and the I'-action on A is free. Let
(y,a) €Y xx Aand let y € '\ {1}. Then va # a so

d((ya),1(y,a)) = inf (dy(y,z) +dy(z.7y))

= inf (dy(y,2) +dy(y,7"'7))

> ;él)f( dy (z, v 'z).
By strong freeness for all x € X we have dy (z,y 'z) = 1. So we have d((y,a),v(y,a)) =1
and the I'-action on Y x x A is thus strongly free.

Suppose now I' is a countable group acting on a S-metric space (X, d) by isometries.
Then the [-action extends to Es(X), and we define the S-metric space F§(X) = Eg(X)X x
['. Then the I'-action by left translation on itself provides us a T-action on E§(X) which
extends the I'-action on X. We have the following facts.

Proposition 3.8. The following hold.
(1) If the T-action on X is faithful so is the T-action on E5(X).
(2) If the T-action on X is mizing then so is the ['-action on EL(X).
(3) If ¥ < A <T and ¥ is highly core-free for the A-action on X then 3 is also highly
core-free for the A-action on EL(X).
(4) If the T-action on X is strongly free then the T-action on E§(X) is strongly free.

Proof. This is a straightforward application of the previous proposition along with Propo-
sition [2.15l U

3.3. Induced actions on the S-Urysohn space. Let (X,d) be an S-metric space on

which T" acts by isometries. Define the sequence of S-metric spaces X; = X and, for

n >0, XL, = E5(XY). Consider the inductive limit X', = lim X} along with its natural
—

T-action.

Proposition 3.9. With the notations above, the following holds.
(1) XL ~Us.
(2) If the T-action on X is mizing then so is the I'-action on XL .
(3) If ¥ < A < T is highly core-free for the A-action on X then it is also highly core-free
for the A-action on X[ .
(4) If the T-action on X is strongly free then so is the T'-action on XL .
(5) The T'-action on XL has the extension property.
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Proof. Assertions (12)) to follow from Propositions and the fact that these conditions
hold on X if and only if they hold on X} for each n € N.

Let us prove . Let F be a finite subset of X! and let f be a finitely supported
one-point extension of I'F. Pick N large enough that F' C X}. Since X} is I-invariant
we also have I'F C X% Let f be the Katétov extension of f to X L, observe that 1 is still
finitely supported with the same support as f and thus f € Eg(XL). For all z € X§ we
have d(z, f) = f(z) where d is the metric on Eg(XY), in particular d(z, f) = f(z) for all
r € TF. Since Eg(X}) embeds isometrically in X via a ['-equivariant map which fixes
X%, the proof of (5) is complete. It now follows from (5) that X1 itself has the extension
property. Hence, X ~ Us. U

Corollary 3.10. Every finite group admits a unique strongly free action on Ug up to

conjugacy.

Proof. Let I' be a finite group, consider the left-action of I" on itself as an action by
isometries where we put on I' the discrete metric. This action is clearly strongly free. By
Proposition we can extend this action to a strongly free action of I" on (Ug,d). Now
observe that any I'-action on Ug is automatically mixing and has the extension property.
Applying Proposition to the empty map, we see that our strongly free action is unique
up to conjugacy. [l

Corollary 3.11. Any infinite countable group I' admits a unique (up to conjugacy) strongly
free mixing action with the extension property on Us. This action has the property that,
for any subgroups ¥ < A < T' such that X < A is a highly core-free subgroup, ¥ is highly
core-free for A ~ Ug.

Proof. Uniqueness follows from Proposition applied to the empty map. To prove exis-
tence of such an action, and that it has the property mentioned above, start from I' acting
on X =TI by left translation where we equip X with the discrete metric d(z,y) = 1 for
x # y and d(z,z) = 0. It is clear that I' ~ X is strongly free and mixing. Consider
' ~ X!, then by the previous proposition this action is a strongly free mixing action on
the S-Urysohn space with the extension property. Now fix subgroups ¥ < A < T and
suppose that ¥ < A is a highly core-free subgroup. It is clear that X is highly core-free for
A ~ X since d is the discrete metric and A ~ X is free. It follows from item (3) of the
above proposition that X is highly core-free for A ~ XL . O
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4. ACTIONS OF AMALGAMATED FREE PRODUCTS ON BOUNDED URYSOHN SPACES

Let I'y, 'y be two countable groups with a common subgroup ¥ and define I' = I'y g [s.
Suppose that we have a faithful action I' ~ Ug and view I' as a subgroup of Iso(Ug).

Let Z :={a € Iso(Ug): Vo € ¥ aoc = oa}. Note that Z is a closed subgroup of Iso(Ug),
hence a Polish group. Moreover, for all a € Z, there exists a unique group homomorphism
To: I' = Iso(Ug) such that

ma(9) = { Lgflga i ig ?;’

When ¥ is trivial, we have Z = Iso(Ug). In this section we prove the following result.

Theorem 4.1. If I' ~ Ug is free with the extension property, ¥ ~ Ug is strongly free,
mazing and X 1s highly core-free for I'y,I'y ™~ Ug then the set:

O ={a € Z: m, is homogeneous and faithful}

1s dense G in Z.

Corollary 4.2. Assume I'1,I's are two countable groups with a common subgroup >, highly
core-free in both I'y,I's. Then I'y ;FQ belongs to H(Ug). In particular, the following results
hold.

e For any infinite countable groups 'y, T’y we have T'y % T’y € H(Ug).

e For any i.c.c. groups I'y, Ty with a common finite subgroup ¥ we have I'y x I'y €
H(Us).

o [fX, is a closed, orientable surface of genus g > 1, then m(X,) € H(Ug).

Proof. The first two results are a direct consequence of Theorem Corollary and
the examples of highly core-free subgroups given in [FMS15, Lem. 1.10]. Moreover, since
in the free group over two generators Fo = (a,b), the cyclic group generated by [a,b] is
highly core-free [EMSI5, Ex. 1.11], we also get that 7 (X2) belongs to H(Ug). By covering
theory, the latter admits every m(%,) for g > 2 as a finite index subgroup, so by Corollary
all such groups belong to H(Ug). O

To prove the theorem, we establish two lemmas; the theorem follows by applying the

Baire category theorem.

Lemma 4.3. Assume ¥ ~ Ug is strongly free, mizing, has the extension property and
Y is highly core-free for I',I's ~ Ug. Then the set U = {a € Z: 7, is homogeneous} is
dense Gs in Z.
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Proof. For every finite partial isometry ¢, consider the following open set
Uy, :={a € Z: 3g € I" such that 74(9)dom(x) = ¢}

Then U = (), .p U, so by the Baire category theorem it suffices to show that U, is
p€EPs(Ug) ~ ¢ ®

dense for every finite partial isometry . Let ¢ € Py(Ug), a € Z and F' € Ug. We need

to prove that there are § € Z and g € I" such that ), = ar and 75(g)

Since ¥ is highly core-free for I'y ~ Ug, there is g; € I'; such that

[dom(y) — ¥

Vu € SF Vr,2' € domp Vo € B\ {1} d(giz,u) =1 =d(ocgix, 12').
Define F' = F'U g; dom(yp). There exists hy € I'y such that
Vu € XF' Vy,y € rg(p) Vo € X\ {1} d(hy,u) =1=d(chiy, hy).
Since ¥ is highly core-free for I'y ~ Ug, there is g5 € I's such that
Vu,v € aF' Yw € SaF' Vo € X\ {1}  d(ogau, gov) = 1 = d(gou, w).

Define A = X F' U Xh;rng(¢) and B = a(XF") U gea (g1 dom(y)).
Note that ¥ A = A and, since a € Z, ¥ B = B. Since the X-action is free, we can define

a Y-equivariant map fy: A — B by setting

o Vuc XF" fo(u) = a(u).

o Vzr € dom(p) Vo € ¥ By(ahip(x)) = ogaa(giz).
By the careful choices of the elements ¢, g2, h; the map [y is a X-equivariant partial
isometry. Since the X action is strongly free and mixing with the extension property, we
may apply Proposition to get an extension 8 € Z of ;. Note that 8;r = a;p. Letting
g = hi'g2g1 € T we have, for all 2 € dom(yp),

m3(9)r = hy' B goBgrix = hi' B gacr(gr) = hy thap(x) = p(x)

as wanted. O

Lemma 4.4. IfI' ~ Ug s free with the extension property, > ~ Ug s strongly free and
mizing then the set V = {«a € Z: m, is faithful} is a dense Gg in Z.

Proof. We can write V' as a countable intersection of open sets V' = Nger\f13Vy, where
Vy, ={a € Z: m,(g) # id}, so by the Baire category theorem it suffices to show that V
is dense for all g € I' \ {1}. Since the action I' ~ Ug is faithful we have V, = Z for all
g € ('t UT) \ {1} and it suffices to show that Vj is dense for all g reduced of length > 2.

Let g = gi, --- iy, where n > 2 and ¢;, € I';, \ ¥. Fix o € Z and F € Ug and define
F'= FUa(F) € Ug. Since I' ~ Ug has the extension property, there exists x € Ug such
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that d(z,u) =1 for all u € I'F’. Define:

A= YF U (U 2¢;...95x) U Xz and

B = aXF) U (UL, Zg,---g57) U Xz
Note that XA = A and, since a € Z, ¥B = B. Define the bijection v: A — B by
Yorsr = qpzr and o4 nr = id. Note that by definition of z, any element of A\ (XF)
(resp. B\ a(XF)) is at distance 1 of any element of X F (resp. o(XF)). It follows that g
is an isometry and, since a € Z, we have yy0 = o7 for all o € 3.

Our assumptions on the action of ¥ enable us to apply Proposition [3.4] and find an

extension v € Z of 79. Then v = a;p and 7, (gi, ... 6i,)r = gi, ... 9, & F# x, since
g = Gi, --- 9 7 1 and the I'-action is free. Hence v € V. O

When one of the factors is finite, say I's, then, as explained in [FMS15], I's has no highly

core-free subgroups. However, we have a similar result in that case.

Theorem 4.5. Suppose that I's is finite and [y : ] > 2. If I' ~ Ug is strongly free with
the extension property and X is highly core-free for I'y ~ Ug then the set
O :={«a € Z: m, is homogeneous and faithful}

1s a dense Ggs in Z.

As before, the following corollary follows from Theorem [£.5], Corollary [3.11] as well as
the examples of highly core-free subgroups given in [FMS15].

Corollary 4.6. For every infinite countable group I'y, every finite group I's with common
subgroup ¥ < T'1,T'y such that ¥ is highly core-free in I'y and [I's : ¥] > 2, we have
I % I'y € Hu,. In particular, the following facts hold.

o IfI'y is countably infinite and I'y is a finite non-trivial then I'y ¥ I'y € Hy,.

o IfI'y isi.c.c., 'y is finite and [['y : X| > 2 then F1;F2 € Hus.

In order to prove Theorem [£.5] we prove the analogue of Lemma[4.3] The theorem then
follows as before from the combination of Lemmas .7 and [£.4]

Lemma 4.7. Assume I’ ~ Ug is strongly free with the extension property, X is highly core-
free forT'y ~ Ug, Ty is finite and [I'y : ¥] > 2. Then the setU := {a € Z: 1, is homogeneous}
is dense G in Z.

Proof. We again have to prove that, given ¢ € P¢(Ug), a € Z and F € Ug, we can find
v € Z and g € T" such that yjp = ajp and 74(9) dom(e) = ¥-

Since Y is highly core-free for I'y ~ Ug and I'y is finite, we may find ¢, h; € 'y such
that
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o Vu € I'yF Vo € dom(y) d(grz,u) = 1.
e VoeX \ {1} Vz,y € dom(p) d(ogiz,q1y) = 1.
o Vu € I, F UT9g dom(p) Yy € rng(e) d(hiy,u) =1
o Vo € ¥\ {1} Va,y € dom(p) d(ohip(x), hip(y)) =1
Using the fact that I'y is finite, acts strongly freely and Ug has the extension property,
it is straightforward to build inductively a finite set A and an isometry ¢: dom(p) — A
such that
e Vh ey \ {1} Va,d’ € A d(ha,d') =1
o Vac AVu e Tya(F) d(u,a) =1
Take g2 € I'y \ X. Then the sets a(XF), XA, and gy A are pairwise disjoint. Define
B =¥F UXg dom(p) UXh;mg(p) and C' = a(XF) UXA U XgA.

Note that ¥B = B, ¥C = C and the bijection vy: B — C defined by vo(u) = a(u)
for u € XF, v(ogiz) = op(x) and vyo(chip(x)) = ogetp(x), for all o € ¥ and for all
x € dom(yp) is, by construction, an isometry such that y9o = o7 for all o € X. Since X is
finite, ¥ ~ Ug is mixing so we may apply Proposition to get an extension vy € Z of .
Note that v = a;p. Moreover, with g = hy'g,g1 € T and = € dom(p) we have

7(9)(x) = hi 'y Lgeygir = bty gath(x) = bty yhp(a) = ().

5. AcTIONS OF HNN EXTENSIONS ON BOUNDED URYSOHN SPACES

Let ¥ < H be a finite subgroup of a countable group H and 6: > — H be an injective
group homomorphism. Define I' = HNN(H, X, 0) the HNN-extension and let ¢ € " be
the “stable letter” i.e. I' is the universal group generated by H and t with the relations
tot™t = 0(o) for all o € . For € € {—1,1}, we write

)Y if e=1,
e '—{ (D) it e——1.

Suppose that we have a faithful action I' ~ Ug and view I' < Iso(Ug). Define the closed
(hence Polish space) subset Z = {a € Iso(Ug): 8(c) = aca™ for all o € ¥} C Iso(Usg)
and note that it is non-empty (since t € Z). By the universal property of I, for each o € Z
there exists a unique group homomorphism 7, : I' = Iso(Ug) such that

Tog = idg and 7, (1) = a.

In this section we prove the following result.
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Theorem 5.1. Assume that I' ~ Ug is free with the extension property, ¥ ~ Ug is
strongly free, mizing and X, is highly core-free for H ~ Ug for all e € {—1,1}. Then the
set

O = {a € Iso(Ug): m, is faithful and homogeneous}

18 a dense Gs in Z.

Corollary 5.2. For any subgroup X of a countable group H and any injective group ho-
momorphism 0 : X — H such that X, < H is highly core-free for all ¢ € {—1,1}, we have
HNN(H,X,0) € Hy,.

As is by now customary, we separate the proof in two lemmas.

Lemma 5.3. Assume that for e € {—1,1} the action . ~ Ug is strongly free, mizing
with the extension property and Y. is highly core-free for H ~ Ug. Then the set U = {a €
Z: my 18 homogeneous} is a dense Gs in Z.

Proof. We apply the Baire category theorem as before: given ¢ € P;(Ug), « € Z and F €
Ug, we show that there exists v € Z and g € I' such that v, = a;p and 7,(9)dom(s) = ©-
Since 3 and #(X) are highly core-free for H ~ Ug, we produce hq, hy € H such that

o Vu € XF Vz, o' € dom(p) Vo € ¥\ {1} d(hz,u)=1=d(chiz, ha').
o Vu € (X F UXhydom(p)) Vy € rng(p) d(haoy,u) = 1.
* Vy,y' € mg(p) Vo € B\ {1} d(0(0)hay, hay') = 1.
Define Y = Xhy dom(p) U Xa~t (harng(p)) U XF and observe that
a(Y) = 0(X)a(hy dom(p)) U O(X)(herng(p)) U (6(X)a(F))
Note that XY =Y and 0(X)a(Y) = a(Y). Define the bijection v5: Y — «a(Y') by setting
/YO[ZF = a[EF and
Vo € dom(p) Vo €Y yo(chiz) = 0(0)hap(z) and yo(ca  (hep(x))) = 0(0)a(hi 7).
By the careful choices of elements hy, he, the map 7 is an isometry such that yyo = ()70

for all o € ¥. By Proposition there exists an extension 7 € Z of 7. Note that
Yir = app moreover, with g = hy'th; € T we have, for all x € dom(y), 7, (9)r =

hy 'yhz = hy ' yo(hiz) = hy T hap(z) = (). U

Lemma 5.4. Assume I' ~ Ug is free, has the extension property and . ™~ Ug is strongly
free and mizing for all e € {—1;1}. Then the set V = {a € Z: m, is faithful} is a dense
Gs in Z.
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Proof. Once again we prove that V, = {a € Z: m,(g) # id} is dense for all g € T"\ {1},
and we only need to prove it for g ¢ H. Write g = h,t* ...t hg a reduced expression for
g, where n > 1, hy € H and ¢, € {—1,1}. Fixa € Z and F € Ug. For l € {1,...,n} we
defined subsets H; C I':

- Zho if €1 = 1 o zhl_ltel*1 .. .telho if € = 1
= { Stlhy if ¢ = -1 b lori=2H= { St Uyttt i g = —1

Observe that ¥H; = H, for all [. Let I’ := FU«a(F) € Ug and, for [ € {1,...,n},
H|:=tH, C T'. Using the extension property, we find x € Ug such that d(z,u) = 1 for all
u € I'F’ and define

Y =XFU (U Hzx) and Y':=60(X)a(F)U (U Hx).

We may then define an isometry 7o: Y — Y’ by setting 7o;xr = aizr and, for all | €
{1,....n}, Yo = Ui

We have by construction XY =Y, §(X)Y’ =Y’ and yy0 = 0(0)y for all 0 € 3. Thus
there exists, by Proposition an extension 7 € Z. Then v satisfies y,p = a;r and
T (g)x = hyy™ ...y hor = hpt™ ...t hor = gx # x since g # 1 and the I-action is free.
It follows that v € V. O

6. ACTIONS OF GROUPS ACTING ON TREES ON BOUNDED URYSOHN SPACES

We record here that, just as in [FMS15], the previous results apply to groups acting on
trees. The reasoning is exactly the same as in [FMSI5], but since the argument is short
we kept it for the reader’s convenience.

Let T" be a group acting without inversion on a non-trivial tree. By [Ser77], the quotient
graph G can be equipped with the structure of a graph of groups (G, {I', },ev(g), {Ze fecr(9))
where each Y, = ¥z is isomorphic to an edge stabilizer, each I', is isomorphic to a vertex
stabilizer and such that I" is isomorphic to the fundamental group 71 (I, G) of this graph of
groups i.e., given a fixed maximal subtree 7 C G, the group I' is generated by the groups
', for p € V(G) and the edges e € E(G) with the relations

e=c ' s(r)=er(z)et VreX, and e=1 VecE(T),

where s.: X, — 'ye) and 7. = sg: 3, — ') are respectively the source and range group

monomorphisms.

Theorem 6.1. Assume ', is countably infinite for all p € V(G), and s.(X.) is highly
core-free in I'yey for all e € E(G). Then T' € Hy,.
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Proof. Let ey be one edge of G and G’ be the graph obtained from G by removing the edges
ep and eg.

Case 1: G’ is connected. It follows from Bass-Serre theory that I' = HNN(H, X, 0)
where H is the fundamental group of our graph of groups restricted to G', ¥ = r.,(3,) < H
is a subgroup and 6: ¥ — H is given by 6 = s, ore‘ol. By hypothesis H is countably infinite
and, since ¥ < I'yey) (resp. 0(X) < Iy()) is a highly core-free subgroup, ¥ < H (resp.
0(X) < H) is also a highly core-free subgroup. Thus we may apply Theorem to conclude
that I' € HUS-

Case 2: G’ is not connected. Let G; and G, be the two connected components of G’
such that s(eg) € V(G1) and r(eg) € V(Gy). Bass-Serre theory implies that I' = I'y %y, I's,
where I'; is the fundamental group of our graph of groups restricted to G;, i = 1,2, and
Y, 1s viewed as a highly core-free subgroup of I'; via the map s,, and as a highly core-free

subgroup of I'y via the map r¢, since sq,(3e,) is highly core-free in I'y() and 7, (3e,) is

€0

highly core-free in I',(,) by hypothesis. Since I'y and I'y are countably infinite and X, is
highly core-free, we may apply Theorem to conclude that I' € Hys,. O

7. THE UNBOUNDED CASE

In this section we explain how to extend some of the above results to the case of the
Urysohn space Ug. While the methods would apply to some other unbounded Urysohn
spaces, (for instance they work also for Uy), we chose to focus on the case of the rational
Urysohn space in order to improve the clarity of the exposition.

7.1. Strong disconnection.

Definition 7.1. Let D be an unbounded subset of [0, 4+o00[. An isometric action of I" on
an unbounded metric space (X, d) strongly D-disconnects finite sets if

VF € X,3IN € N,VK € DN [N, +oo[, Iy € I satistying d(z,vyy) = K for every z,y € F.

This definition might be a bit hard to grasp at first, as it involves many quantifiers. It
is meant to capture the idea that one can find v € I so that vF' and F' are “independent
enough”, and in the unbounded case a good notion of independence is that all elements of
F and vF' are at the same distance, and arbitrarily far away. We also need some freedom
for the choice of distance, and this is what the set D provides us (we can pick any distance
in D, provided it is large enough).

As in the bounded case, we need to produce sufficiently free actions of a group G on the
Urysohn space; and these actions are built by starting from the left action of G on itself
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and then applying a Katétov-type tower construction. A new feature here is that we first

need to produce a suitable metric on GG before starting the tower construction.

Lemma 7.2. Fvery infinite countable group admits an unbounded left-invariant metric

which surjects onto N.

Proof. If T' is finitely generated, let S be a finite generating set, then the Cayley metric
associated to S is as wanted.
If I' is not finitely generated write I' = |, I';, where I'y = {1} and each I',, is properly
contained in T',,, 1, then consider the left-invariant metric d(g, h) = min{n: g~'h € T, }.
O

Definition 7.3. Say that two metrics d; and dy on a set X coincide at scale K if we

have

VI<K Ve,ye X di(z,y) =1 dy(z,y) =1.

Lemma 7.4. Suppose a countable group T acts on a metric space (X, d) with an unbounded
orbit, and suppose that d takes values in N. Then for every N € N there is a surjective
function f: N — N so that if we let d= fod, then d is a metric which coincides with d at

scale N and the I'-action on (X, d) strongly N-disconnects finite sets.

Proof. Given a non-decreasing function ¢: N\ {0} — N\ {0}, we can associate to it a
function f,: N — N by defining

folm) = min{ks m < 37 ().

It can be checked that f, is the unique non-decreasing function N — N such that f(0) =0
and for every n € N\ {0} we have }f;l({n})‘ = ¢(n). Using the fact that ¢ is non-
decreasing, it is straightforward to check that f, is subadditive. We then see that f,od is
still a metric as soon as d is a metric with values in N. Also observe that if p(n) = 1 for
all n < N, then f,(n) =n for all n < N. We then set d, := f, od.

We use this construction twice; begin by picking xy with an unbounded orbit. We first
set (i) = 1 for all ¢ < N. Then, we inductively define p(/N + j) and find elements v, € I’
in such a way that (defining the empty sum as being equal to 0)

k+1

k
V>0 N4> o(N+j) < dlwo,me) <N+ o(N+j).

j=1 j=1
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Then d and d, coincide at scale N, and f,(d(xo,1%20)) = N +k+1forall k> 0. In
particular, for every n > N there exists some v € I' such that d,(x¢,yz9) = n. So we may
as well assume that d already satisfies this surjectivity condition.

We then let ¢(n) =1 for n < N and ¢(n) = 2n for n > N + 1. Let us show why d,, is
now as wanted.

Pick F' € T', without loss of generality we assume zy € F. Let N’ > N be such that
N’ > 2diam,4(F'). By our surjectivity assumption on d there is v € I' such that

N'—1

d(xo, yz0) = N' + Z ().
i=1
Then for every x,y € F we have

|d(z,vy) — d(z0,vz0)| < [d(z,vy) — d(z,y20)| + |d(,y20) — d(z0, V20)]
< d(vy,vxo) + d(z, x0)
< 2diam(F)
< N
So since d(xg, vzo) = N’ + SN 7 o(i) we conclude that

N'—1 N'—1

D wli) <dlwyy) < 3 @) +2N' =D o),

i=1 =1

hence dy(z,vy) = N’ as wanted. O

Note that by rescaling, the above lemma applies for any metric taking values in aN for
some « > 0.

Proposition 7.5. Every countable group admits a free isometric action on Ug which

strongly N-disconnects finite sets.

In the proof we make the natural unbounded modification of extensions with parameters
(Section [3.2): if we are given a metric space (Y, d), a nonempty subset X C Y and a set
A, we let (Y xx A,d) be the quotient metric space obtained from the pseudo-metric on
Y x A given by

;o) infeexdy(y,x) +dy(x,y) if o #aq,

d((y7 CL), (y @ )) - { dY(y, y/) lf CI,/ = q.
Proof of Proposition[7.5. Start with T’ acting on itself by isometries for an unbounded
left-invariant metric provided by lemma [7.2] denote it X, and observe that this action is
free. Then consider the set E/2(Xy) of finitely supported Katétov extensions of X, taking
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values in %N and equip it with the amalgam distance d(f,g) = inf, f(z) + g(x). Then
let X1 = Ei1/2(Xo) xx, I'. The diagonal action of I' on (Xi,d) is still free and has an
unbounded orbit since Xy embeds isometrically, but we may lose strong disconnection.

So we let d; be a metric provided by the previous lemma with N = 2. At stage n,
(Xn, dy) being constructed, we consider X,,;1 = Ey/n(X,;,) Xx, I' with a metric d, 1, which
is the same as d,, at scale 2! but for which the diagonal I'-action strongly N-disconnects
finite sets, which is possible via the previous lemma.

For z,y € U, X, =: Xo, since 2"t — oo and d,,4; coincides with d,, at scale 2"*!] the
sequence d,(z,y) is stationary and we let d(x,y) be the limit. It is easy to check that d is
still a metric.

Furthermore, X, has the extension property for Q-valued metrics. Indeed if we have
a Q-valued Katétov function on some finite F' C X, we take n large enough so that
2" > max(diam(F), || f||.), [ takes values in ;N and F is contained in X,,. We then have
that f is realised in the metric space E (X,). Since the latter embeds in X, ;1 in a way
which preserves the metric at scale 2", f is actually realised in X, 4; and thus in X
since the inclusion (X, 41, dpy1) C (Xoo,d) preserves the metric at scale 2771

Let us finally show that the I'-action on X, strongly N-disconnects finite sets. Take
F C X finite, let n € N such that F' C X,,. Since the I'-action on (X,,,d,) strongly
N-disconnects finite sets, we find N € N such that for any integer £ > N, there is vy € '
such that d,(z,vy) = k for all x,y € F. We may as well assume N > 2"+1,

Now let k& > N. Observe that the definition of the metrics d; implies that for every
[ > N, there is v € T such that dj(x,vy) = k for all z,y € F (indeed their restrictions to
X, are obtained by composing d,, with finitely many surjective maps N — N).

Let [ such that 27! > k, there is v € I" such that d;(z,vyy) = k for all z,y € F. Since d,
and the restriction of d to X; coincide at scale 2'*!, this implies that d(x,vy) = k for all
x,y € I as wanted. O

7.2. Dense free products. Let [' and A be two countable infinite groups acting faithfully
on Ug and view I'; A < Iso(Ug). Then, for all a € Iso(Ug), there exists a unique group
homomorphism 7, : '« A — Iso(Ug) such that

g if gel,
%‘(‘q)_{ a lga if geA.

Theorem 7.6. Let I' and A be two countable infinite groups acting freely on Ug. Suppose
both actions strongly N-disconnect finite sets. Then the set of o € Iso(Ug) so that m, is

faithful and homogeneous is dense Gy.
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As usual we decompose the proof in two parts.

Lemma 7.7. Let I' and A be two countable infinite groups acting on Ug, suppose their
actions strongly N-disconnect finite sets. Then the set of a € Iso(Ug) so that m, is homo-
geneous is dense Gy.

Proof. Let ¢ be a finite partial isometry, 8 € Iso(Ug), F' a finite subset of Ug. We must
find « coinciding with 8 on F' such that for some g € I' ¥ A we have m,(9) jdomy = -

We first find 7 € " such that every element of F'USF is at fixed distance K from every
element of vy dom . Let F' = F'U SFEF U~ dom .

We then find v, € T" and A € A such that every element of v, rng ¢ U Ay, dom ¢ is at
distance K’ from every element of F’ (this is where we use that strong disconnection works
for any large enough K’ € N: this enables us to find v, and A simultaneously)

Finally, define the finite partial isometry o with domain F U v; dom ¢ U 3 rng ¢ by
a(r) = B(x) Vo € F, a(z) = x Vo € ypdomp, and a(vy; 'o(z)) = Az Vo € dom ¢ (see
Fig. [1).

A
Fo B ydome B2 5 tmg e

B id M1 e

B(F) < > mdomp = Ayidom
<. K K 7

FIGURE 1. « is a partial isometry.

We now extend o to an isometry of Ug which we still denote by «. By construction «

extends the restriction of 8 to F'. Moreover if we let g = v Ay, we have for all x € dom ¢

Ta(9)® = Y207 Aoz = oo Az = 1075 () = p(2),
as wanted. O
Lemma 7.8. Let I', A be two groups acting freely on Ug, and w be an element of I x A
which does not belong to I'. Then, for any B € Iso(Ug) the set Wy = {a: mo(w) = B} does

not contain 1 in its interior.
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Proof. We use the fact that for any finite subset A € Ug, any « € Iso(A) such that o® = 1,
and any ¢ A, there exist infinitely many y € Ug such that one can extend a to an
isometric involution of AU {x,y} by setting a(z) =y, a(y) = x.

Fix an open neighborhood U of 1, which we may assume is of the form

U={a:VzeF a(r)=ur}

for some finite subset F' of Ugp. Let w = A\1ya...7,A, be the reduced form of w (one can
reduce to the case where w has such a reduced form by multiplying 5 on the left and/or
the right by an element of I'). Below it will be useful to write 7, = 1.

For a € Iso(Ug), we write

w(a) = (ada)ya(area)ys .. Y (ad,q)
Our aim is to find an involution a € U such that w(a) # [, since this will imply that

U is not contained in the interior of W;. We begin by picking x € Ug \ F, and find
y€Ug \ (FUNYE)U{z, 'z, B(x), A1 B(2)}) such that setting

VzeFa(z) =z, alz)=y, aly)==x

defines an isometric involution « of FU{x,y}. We now proceed inductively to extend « to a
partial isometric involution such that the elements az, \,ax, al,ax, v,al,ax, ... aljays .
are all defined, pairwise distinct, and do not belong to F'U {z, f(x)}. Then any extension
of a to an isometric involution of Ug is an element of U such that w(a) # §. During the
inductive process, we have to deal with two different cases:

(1) We want to define a(Ag . .. Apaux) for some k > 1 (note that our inductive conditions
ensure that A\g ...\ oz is not in the domain of «). Set

B = {z,az, \yax, ooz, ypad,ax, .. Ng .. Aozt U{B(z)}
Then, we can find an element z which is not in F U BU~; '(B) U~ ' (F) such that
setting
a(MAg ... pax) =z, az)=N\... \ax

is our desired extension of o (note that in our inductive conditions we require also
Yz # z for k > 2, but this is automatic since nontrivial elements of I' do not have
any fixed points).

(2) We want to define a(ypa\g . .. \yax) for some k > 2: apply the same reasoning as
above, replacing v, with \;_; and B with

{z, ax, \yax, ad,ax, ypa oz, ...y, .. Aaxt U{B(x)} .

Y QA QT
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Lemma 7.9. Let I' and A be two countable groups acting freely on Ugy. Then the set of
a € Iso(Ug) so that m, is faithful is dense Gy.

Proof. Using the Baire category theorem, it is enough to show that for any w € T'x A\ {1},
the set {a: mo(w) = 1} has empty interior. This is true by assumption if w belongs to
either I" or A; if this result is false for some w, then we have some a € Iso(Ug) and a
neighborhood V' of 1 such that m,3(w) =1 for any 5 € V.

We can write w = v A1 ... v, A, with at least one \; different from 1. Since

Tap(w) = 71/\?5 .. .%Agﬁ
= ('yla))\f’yg‘ﬂg .. .”yﬁfl)\goﬁl

we see that Nj79 ' AJ ... 42 'A% = o~y a for all B € V and this contradicts our previous

1

lemma (since the conjugate of the action of I' by a~! is a free action of I'). O

Corollary 7.10. Fvery free product of infinite groups admits a faithful homogeneous action
on the rational Urysohn space.

8. AN EXAMPLE: THE GROUP OF FINITELY SUPPORTED PERMUTATIONS

Having spent quite some time building dense subgroups of isometry groups of countable
Urysohn spaces, we now are naturally led to the question: how does the class of dense
subgroups of Iso(Ug) depend on the distance set S? We know embarrassingly little about
this problem, but we do know that the case where Iso(Ug) = &, is different from the
others.

Recall that & is the (countable) group of all permutations of N with finite support.

By studying its primitive actions, we will prove the following result.

Theorem 8.1. Let S be a bounded or unbounded distance set. The group &) embeds
densely in Iso(Ug) if and only if | S| = 2.

Of course when |S| = 2, Iso(Ug) is isomorphic to S, so only one implication above is
interesting.

The above theorem shows that the classes of countable groups which are isomorphic to
a dense subgroup of &, and, say, the automorphism group Aut(R) of the random graph,
are not the same; much remains to be investigated. For instance, we do not know of a
countable dense subgroup of Aut(R) which is not isomorphic to a dense subgroup of &,
though it seems likely that such groups exist.
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Our approach is fairly elementary: assume that &) acts faithfully and homogeneously

on Ug. Pick x € Ug, and consider the associated stabilizer subgroup
A={y€ B 7z =1}

Since Iso(Ug) acts transitively on Ug, we can identify &)/A with Ug, and the action
of &) on Ug is simply the left-translation action of &) on &()/A. Moreover, since
the action is faithful the subgroup A is core-free and, since the action is homogeneous, the
closure of &, in the symmetric group of &()/A is isomorphic to Iso(Ug).

Conversely, if there is a core-free subgroup A such that the closure of &) in the
symmetric group of &.)/A is isomorphic to Iso(Usg), then obviously &« is isomorphic
to a dense subgroup of Ug. Thus, we focus our attention towards understanding what kind
of subgroups A can arise as point stabilizers.

8.1. Classification of point stabilizers for homogeneous actions. We recall some
facts and definitions from permutation group theory.

Definition 8.2. Let X be a countable set, and G' be a group acting transitively on X.

A block for this action is a nonempty set A C X such that for all ¢ € G one has either

gA=Aor gANA=10. A block is trivial if it is either a singleton or the whole set X.
The action of G on X is primitive if all blocks for this action are trivial (equivalently,

there is no nontrivial G-invariant equivalence relation on X).

This property is particularly relevant to us because of the following two facts (the first
of which is a standard fact in permutation group theory, while the second is probably
well-known. We include the short proofs for the reader’s convenience).

Lemma 8.3. Assume that G is a group that acts transitively on X. Then the action is

primitive if and only if the stabilizer of some (any) x € X is a maximal proper subgroup.

Proof. Given x € X, denote by H its stabilizer. We can identify the action of G on X with
the regular action of G on G/H. If there exists a subgroup K of G such that H C K C G,
then the K-cosets form a family of nontrivial blocks for this action. Conversely, assume
that A C G/H is a block for this action, containing H (seen as an element of G/H). By
definition of a block, we see that

K:={geG:gHe A} ={ge G: gA=A}
so K is a subgroup of GG, and if A is nontrivial then H C K C G. 0

Lemma 8.4. The action of Iso(Ug) on Ug is transitive and primitive.
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Proof. Transitivity of the action is obvious. As for primitivity, assume that A is a block
for this action, with two elements x,y such that d(z,y) = r > 0. For any z such that
d(y,z) = r, there exists an isometry « of Ug such that a(y) = y and a(x) = z. Since A is a
block, a(y) = y implies a(A) = A so z belongs to A. Now, note that for any s € SN0, 2r]
there exists z € Ug with d(z,2) = s and d(y,z) = r, so A has an element z such that
d(x,z) = s. Switching the roles of z and y, we conclude that A contains all z such that
d(x, z) € [0,2r]. From this we deduce that A = Ug. O

It is straightforward to check that transitivity and primitivity are inherited by dense
subgroups, so we have the following result.

Proposition 8.5. If ' is a dense subgroup of Iso(Ugs), then for any x € Ug its stabilizer
[, is a maximal proper subgroup of T'.

In particular, if &) acts faithfully homogeneously and A is the stabilizer of a point,
then A is a maximal proper subgroup of &(). We now turn our attention towards under-
standing these maximal subgroups; probably the description we obtain is well-known, but

we do not know of a reference.

Definition 8.6. Assume that H is a group that acts transitively and not primitively on a
set X. We say that H is almost primitive if there exists a maximal nontrivial block, and

totally imprimitive otherwise.

In the classification of maximal subgroups of &), it is natural to distinguish groups

with finite/infinite biindex, a notion that we introduce now.

Definition 8.7. The biindex of a subgroup H of a group G is the minimal cardinality of
a set [’ such that HFH = G, that is, the number of double cosets.

It is straightforward to check that the biindex of H corresponds to the number of orbits
for the H-action on G/H.
Maximal subgroups of &) which do not act transitively on N are easily described.

Lemma 8.8. Let X be a subset of N different from () and N. Then the setwise stabilizer
of X is a maximal proper subgroup of & ).

Proof. Since the setwise stabilizer of X is equal to the setwise stabilizer of its complement,
we may as well assume that X is infinite.

Given xg,z; € N the transposition (zy x;) is the permutation o defined by o(xy) = 21,
o(z1) = zo and o(x) = x for all z & {xg, x1}. We use the fact that if G C N x N is a graph
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on N, then the set of transpositions of the form (x y) with (z,y) € G generates &) if
and only if the graph G is connected.

Let A be the setwise stabilizer of X, and let us show A is a maximal subgroup of & .
Observe that the graph of (z,y) such that (x y) € A contains both the complete graph on
X and the complete graph on N\ X.

Now let g € S ooy \A. Then we find 2 € X such that g(x) ¢ X. Since g has finite support
and X is infinite, we find y € X with x # y and g(y) = y. Now g(z y)g~' = (g9(x) y). We
conclude that the graph of (z,y) such that (x y) € (A, g) is connected, which shows that
(A, g) = S as wanted. O

Using a famous theorem of Wielandt, it is also not difficult to identify maximal proper

subgroups of &) which act transitively on N.

Lemma 8.9. Let A be a mazimal proper subgroup of &), and assume that A has infinite
indez and acts transitively on N. Then there is an equivalence relation E& on N, all of whose
classes have the same cardinality k > 2 (possibly infinite), and such that A consists of all
elements of &) which preserve E. These groups are indeed maximal, and have infinite

biindez.

Proof. Suppose otherwise. If A is primitive, A must be either &) or the group of even
permutations by Wielandt’s theorem [DM96, Thm. 3.3D], contradicting the assumption
on the index of A.

If A is almost primitive, let A be a maximal nontrivial block for the action A on N. Note
that all the maximal blocks are of the form 0A, § € A, and denote by E the equivalence
relation defined by

Vi,j e N (iEj) < (36 € A di € Aand o5 € A).

Then all the E-equivalence classes have the same cardinality |A| > 2. By maximality, A
must coincide with the group of all elements of &) which are automorphisms of .

Say that a block dA is perturbed by v € & if 70 A is not equal to some §'A, " € A.
Let N(7) be the (finite) number of blocks J A which are perturbed by 7. Since A respects
the equivalence relation F, any element of AyA must perturb as many blocks as «; there
are elements of &) which perturb an arbitrary number of blocks, so the biindex of A in
S () is infinite.

If A is totally imprimitive, we get an increasing sequence of blocks A; C Ay C ... whose
union is equal to N . By maximality, each element with support in some A; must belong
to A, so A = S, a contradiction (i.e. there is no proper, maximal transitive, totally
imprimitive subgroup of &(y;)).
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It remains to prove that groups of finitary permutations which preserve equivalence
relations whose classes have fixed cardinality k£ > 2 (k can be equal to R, here) are indeed
maximal. Let E be an equivalence relation all of whose classes have fixed cardinality k& > 2,
let A be its automorphism group. Pick 0 € &)\ A and consider the graph G of (x,y) such
that (z y) € (A,0). As in the proof of the previous lemma, it suffices to show that this
graph is connected. First, note that each FE-class is contained in a connected component.
Since o ¢ A, there exist x,y € N with (z,y) € E such that (o(z),0(y)) ¢ E. Now observe
that for every z € N\ [o(x)]g there is 7 € A such that 7(o(y)) = z and 7(o(x)) = o(z).
Conjugating the transposition (z y) by 7o, we conclude that (o(z),z) € G, which proves

that G is connected as wanted. O

We can now list the maximal proper subgroups of &«; from this description we will
then be able to understand the corresponding Schlichting completions.

Theorem 8.10. Assume that A is a maximal proper subgroup of &), of infinite index.
Then, either:

(1) A has finite biindez k + 1, in which case A is the setwise stabilizer of a finite set
of integers with cardinality k.

(2) A has infinite biindex and does not act transitively; then it is the setwise stabilizer
of an infinite, coinfinite set of integers.

(3) A has infinite biindex, and acts transitively; then there exists an equivalence relation
E, all of whose classes have the same (possibly infinite) cardinality k > 2, such that
A consists of the elements of Gy which are automorphisms of E.

All the groups described above are indeed mazximal.

Proof. Assume first that A does not act transitively on N. By maximality, we must have
exactly two disjoint A-orbits, say X and Y’; at least one of them (say Y') is infinite. By
maximality, A is the setwise stabilizer of X, which is indeed maximal by Lemma [8.8

If X is infinite then A is the stabilizer of a point for the action of &) on the set Q of
all infinite and co-infinite subsets of N. It follows that A has infinite biindex.

If A has finite biindex k+ 1, then X is finite of cardinality K € N and A is the stabilizer
of a point for the (transitive) action of &) on the set [N]x of all subsets of N whose
cardinality is equal to K. Then the biindex of A is equal to K + 1 (indeed the A-orbit
of Y € [N]g is determined by the cardinality of its intersection with X') and we conclude
k = K as wanted.

The case where A acts transitively has already been described in the previous lemma. [
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8.2. Associated Schlichting completions. As explained at the beginning of this sec-
tion, we want to understand the closure of &« in the symmetric group of &(«))/A when
A is one of the subgroups from the above proposition, in other words we want to under-
stand possible Schlichting completions of &) with respect to maximal subgroups (see the
definition below). It is not necessary to go into that much detail if one simply wants to
prove that & is not isomorphic to a dense subgroup of a nontrivial Urysohn space, but
it seems interesting to work out this example in complete detail.

Definition 8.11. Let A be a subgroup of a countable group I'. The Schlichting com-
pletion of I with respect to A is the closure of I" in the symmetric group of I'/A.

This notion was introduced by Schlichting when A was commensurated in I', and he
proved that the completion is then a locally compact group [Sch80].

Note that the Schlichting completion of a group I' comes with a canonical map from I’
with dense image. This map will always be clear from the context, so we will not explicitely
write it down.

We will now define concrete representations of the Schlichting completions of &) with
respect to the subgroups that we found in the above section. We will often make use of
the following fact without further mention: if G and H are Polish groups and 7: G — H
is an embedding of topological groups, then 7 has closed image (see [Gao09, Prop. 2.2.1]).

Let us start with item (1) from Theorem [8.10]

Proposition 8.12. Let A be a mazximal proper subgroup of &, and assume that A has
infinite index and biindex k+1. Then the Schlichting completion of & ) with respect ot A
i5s Suo. In particular, &) is a normal subgroup of its Schlichting completion with respect

to A.

Proof. By Theorem we know that A is the stabilizer of a subset of N of cardinality
k. Denote by [N]j the set of subsets of N of cardinality k. Then &) acts transitively
on [NJi, so we can identify S(«)/A to [N]; and the &y-action on S(«)/A extends to
the natural & -action on [N];. Denote by 7 : 6 — &([N];) the associated continuous
group morphism.

Let us show m, is a homeomorphism onto its image. Suppose m(0y,) — idpy,, and let
x € N. We find A, B € [N]; such that AN B = {z}, so for large enough n we have
on(A)No,(B) = AN B = {x} and we thus have ¢, (z) = z. We conclude o,, — idy, so 7
is indeed a homeomorphism onto its image.

We conclude 7, (S ) is a closed subgroup of G([N]) and thus the Schlichting completion
of &) with respect to A is G. [l
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Let us make explicit the reasoning we used in the above proposition so as to identify a

Schlichting completion.

Lemma 8.13. Let A be a countable set, let G < S(A) be a closed subgroup acting tran-
sitively on A. Suppose T' is a countable dense subgroup of G. Then for every x € A, the

Schlichting completion of I' with respect to I, is isomorphic to G as a topological group.

Proof. We have a natural identification of A with I'/I", which induces an isomorphism
P : S(A) — S(I'/T',). Notice that ®(I") is then dense in ®(G), and since the closure
of ®(I") is the Schlichting completion of I' with respect to I';, we get that ®(G) is the
Schlichting completion of I' over I',. O

We now move on to case from Theorem As it turns out, the study of this group
as a Polish group was initiated by Cornulier [dC|. We need a few preliminary definitions.

Definition 8.14. Let X be an infinite coinfinite subset of N. The commensurating
subgroup of X is the group &(N, X) of all permutations o € &, such that o(X) A X is
finite.

The commensurating subgroup is a Polish non-archimedean group for the topology of
pointwise convergence on the countable set Commx (N) of subsets Y of N commensurated
to X, i.e. such that X AY is finite. Note that G(N, X)) acts transitively on Commx (N).

Define the transfer character tr on &(N, X) by

tr(o) =X \ X|— | X\ oX]|.

It can be shown that ¢r is a continuous homomorphism S(N, X) — Z (see [dC|, Prop.
4.H.1]. Tts kernel is denoted by &°(N, X), it contains S as a dense subgroup [dC]
Prop. 4.H.3, Prop. 4.H.4]. Moreover, G°(N, X) acts transitively on Comm% (N) := {Y €
Commy(N) : [X\ Y] = |V \ X|}. We have the following basic lemma on the relationship
between Comm% (N) and Comm x (N).

Lemma 8.15. Every element of Commy (N) can be written either as the reunion or the

intersection of two elements of Comm$ (N).

Proof. Let Y € Commyx (N), we write Y = (X \ 1)U Fy with F} € X and F» € N\ X. If
|F1| > |F|, we find F5 C N\ (X U Fy) such that |F5| = |Fy| — |F»| and Fy C Fy such that
|Fy| = |Fy|. Let Y7 = (X \ F1) U (Fy U F3) and Y = (X \ Fy) U F5. Then both Y; and Ys
are in Comm$% (N), and Y = Y; NY,. The case |Fy| > |Fy| is similar, and one obtains that
Y can be obtained as the union of two elements of Comm$ (N). g
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Proposition 8.16. Let X be an infinite coinfinite subset of N. Denote by A the group of
finitely supported permutations o such that o(X) = X. Then the Schlichting completion
of S(se) with respect to A is G°(N, X). In particular, &) is a normal subgroup of its
Schlichting completion with respect to A.

Proof. Let m be the continuous morphism obtained by restricting the G°(N, X)-action to
Comm% (N). By the previous lemma, if 7(0,,) — idcommg, (v) then o, — idcommy () S0 T 18
an embedding. So &°(N, X) may be viewed as a closed subgroup of &(Comm$ (N)). Its
action on Comm$(N) is moreover clearly transitive. Since G°(N, X) contains &, as a
dense subgroup, the action of &) on Comm% (N) is also transitive, and the stabilizer of
X for this action is our subgroup A. Since G°(N, X) contains S () as a dense subgroup,

the desired conclusion follows from Lemma R.13] O

Our third last possible Schlichting completion (case from Theorem arises as
follows. Let us say that an enumerated partition of N is a sequence P = (A;);en of
disjoint subsets of N which cover N. Let £ € N U {X,} with £ > 2, and consider an
enumerated partition P = (4;);en of N where each A; has cardinality k. We then define
the almost full group of the enumerated partition P as the group

A[P] ={0 € 6 : 0(A;) = A; for all but finitely many ¢ € N}.

The topology on A[P] is obtained by declaring that a basis of neighborhoods of the
identity is made of the neighborhoods of the identity of the full group of P

[P] = {0 € & :0(4;) = A for all i € N}

equipped with the topology induced by &.. In particular, [P] is an open subgroup of
A[P].

Lemma 8.17. The topology obtained by declaring that a basis of neighborhoods of identity
in A[P] is formed by neighborhoods of the identity in [P] does define a group topology on

A[P], which is Polish and moreover locally compact when k is finite.

Proof. To prove that we have a group topology, it suffices to show that for every g € A[P]
and every V neighborhood of the identity in [P], the set gV g~ NV is still a neighborhood
of the identity in [P]. We may assume that V' is the pointwise stabilizer in [P] of a finite
set B;, U---UB;, where B;, € Aij for all j. In other words V is the set of all permutations
which fix every point in By, U--- U B;, and leave every A; invariant. It is clear that gV g™*
is the set of all permutations which fix every point in ¢B;, U --- U gB;, and leave every

gA; invariant. But g € A[P] so there are only finitely many A;’s such that gA; # A;. In
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particular, we can find F' € N containing {iy,...,4;} such that gA; = A; for all i € N\ F’
and ¢gB;, U---UgB;, C UjerA;. Then gV g ' NV contains the set W of all permutations
which fix pointwise every element of B;, U --- U B;, U gB;, U--- U gB;, and leave every
A; invariant. Since W is a neighborhood of the identity in [P], this ends the proof that
gV g~ NV is still a neighborhood of the identity in [P], and we conclude that our topology
is a group topology.

Now observe that since [P] is open of countable index in A[P], the associated topology
is Polish because A[P] is homeomorphic to the Polish space N x [P]. The fact that the
topology is locally compact when k is finite follows from the fact that in this case [P] is

compact, since it is a closed permutation group and all of its orbits are finite. U

We now consider a more concrete way to view the topology we defined above so as to
apply Lemma [8.13]

Given a (possibly infinite, countable) k£ > 2 and P = (A;);en an enumerated partition of
N into subsets of cardinality k, we denote O(P) the orbit of P under &, (for the natural
action of G, on the set & of enumerated partitions of N into subsets of cardinality k).

When £ is finite, one has o(O(P)) = O(P) for any o € A[P]; indeed, in that case O(P)
is simply the set of all enumerated partitions of N whose elements all have cardinality k,
and with only finitely many elements not equal to an element of P. When £ is infinite, this

is no longer true, as the orbit of P under the action of A[P] is uncountable. We denote
AP = {o € A[P]: 6(O(P)) = O(P)}
When k is finite, we simply have A[P] = A[P]
Proposition 8.18. A[P] is closed in A[P].

Hence A[P] is a Polish group in its own right. Before giving the proof, we would like to
note that our original argument was flawed; the correct proof below is due to the referee.
The proof itself is fairly routine, but we feel like it is worth mentioning the unusual level
of care and precision of the referee’s work (which we could also have pointed out in several

other places) and express our gratitude again.

Proof. When £ is finite there is nothing to prove. Assume k = Xy, and let O'(P) denote the
orbit of P under the action of A[P]; explicitly, O’(P) consists of all enumerated partitions
Q = (B,)ien with |B;| = X for all 4, and B; = A; for all but finitely many 1.

Since [P] is the stabilizer of P for the action of A[P] on O'(P), and [P] is an open
subgroup of A[P], the morphism 7: A[P] — &(O’'(P)) is continuous (as usual &(O’'(P))
is endowed with the topology of pointwise convergence for the discrete topology on O'(P);
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one should perhaps note here that O’(P) is not countable, but that does not affect the
argument).
Observe that A[P] = {s € A[P]: 0(O(P)) = O(P)}, which proves that A[P] is closed
in A[P].
0

Proposition 8.19. & is dense in A[P)].

Proof. Pick g € A[P]. We may find ¢ € &4 such that o(P) = g(P), hence o~ 'g € [P].
The desired result now follows from the density of the group of finitely supported elements
of [P] in [P]. O

Proposition 8.20. The topology on 121[79] coincides with the topology of pointwise conver-
gence on O(P).

Proof. The natural map 7 : A[P] — &(O(P)) is continuous (as above, this follows from
the fact that [P] is the stabilizer of P for the action of G4, on & and [P] N A[P] is open
in A[P]).
Note next that 7 is injective. To see this, observe that any element of the kernel of 7
must belong to [Q] for any Q € O(P). Pick such a o € A[P).
Then let z € N, write again P = (4;);eny and let iy € N be such that x € A;,. Let
Jo # o, fix y € Aj,. Define a new enumerated partition Q = (B;);en by letting
{z}U (A \{y}) ifi=10
Bi= ¢ {y}u (A \{z}) ifi=jo
A; otherwise.
Observe that @ € O(P) and, since o belongs to both [Q] and [P], it must fix A;,NB;, = {x},
so o(z) = x. We conclude that o = 1, so that 7 is injective as promised.
Suppose that (o,) € A[P] is such that 7(c,,) converges to 1 in &(O(P)); pick = € N and
define Q € O(P) in the same way as above. For n large enough, one must have o(P) = P
and 0(Q) = Q, hence o(z) = x. This proves that 7 is a topological group embedding. [

Corollary 8.21. Let Hy be the group of finitely supported bijections which fiz an enu-
merated partition Py of N into sets of (possibly infinite) cardinality k. Recall that A[Pk]
denotes the closure of &) in A[Py].

Then the Schlichting completion of &) with respect to Hy, is equal to fl[Pk]. In partic-

ular, &) 18 a normal subgroup of its Schlichting completion with respect to Hy.

Proof. This follows from the two previous propositions, combined with Lemma O
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8.3. Proof of Theorem 8.1 Combining Proposition[8.12] Proposition[8.16/and Corollary
8.21| with the classification of the maximal proper subgroups of & of infinite index, we

obtain the following proposition.

Proposition 8.22. Let A < G be a mazimal proper subgroup of &) of infinite index.
Then & (s is a normal subgroup of its Schlichting completion with respect to A.

Question. Is there a way to establish that result more directly, without first having to
describe the maximal proper subgroups? In the case of &) that was not hard to do (and
is sufficient to establish the result above, since then the homogeneous spaces &()/A are
easy to understand) but that sort of hands-on approach seems unlikely to work in more

general settings.

Recall from Proposition [8.5| that if &) < Iso(Ug) is dense, then the & «)-stabilizer of
any point in Ug is a maximal proper subgroup of infinite index. As we observed before,
Iso(Ug) must then be isomorphic to the Schlichting completion of &y with respect to
that subgroup. To finish the proof of Theorem [8.1] it is thus enough to prove the following
fact.

Proposition 8.23. Assume that |S| > 3. Then the conjugacy class of any nonidentity
element of Iso(Ug) is uncountable. In particular, Iso(Ug) does not admit a nontrivial

countable normal subgroup.

Proof. Assume that g € Iso(Ug) has a countable conjugacy class; then its centralizer C'(g)
is a closed subgroup with countable index, so it is clopen. Hence, there must exist a finite
subset F' of Ug such that g commutes with any element h satisfying h(z) = z for all z € F.
We want to prove that g = id and assume for a contradiction that such is not the case.

We first claim that there must exist = ¢ F' such that g(z) # x. To see this, pick y such
that g(y) # y. Since |S| > 3, we can find s; # s5 € S such that the map f: {y,9(y)} = R
defined by setting f(y) = s1, f(g(y)) = sq is Katétov. Thus there exist infinitely many
x € Ug such that d(z,y) = s; and d(z,g(y)) = so; in particular there exists such an x
which does not belong to F' and since d(x,y) # d(x, g(y)) we have g(x) # .

Next, pick h € Iso(Ug) such that h coincides with the identity on F'U{z} yet h(g(z)) #
g(x). Then hg(x) # gh(x), so h does not commute with g, a contradiction. Hence g =
id. Il

Another nice consequence of Theorem is that &) has only one 2-transitive action
on N up to conjugacy.
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Proposition 8.24. Let Gy ~ N be a 2-transitive action. Then the action is conjugate
to the natural action of Gy on N.

Proof. Let A = Stabg_, (0), then A has infinite index and by 2-transitivity its bi-index
is 2. This implies that A is maximal proper: if A < I' then I' must contain a A-double

coset distinct from A and is thus equal to &(). The desired conclusion now follows from
Theorem [R.10L O

Remark 8.25. In [LMI1§], the second author defines a transitive action of a countable
group I' on a countable set X to be highly faithful if for every F' € T, there is x € X such
that for all distinct fi, fo € F', fi - # fo - 2. The natural action of &) on N is highly
transitive but not highly faithful, so the above proposition yields that & has no highly
transitive highly faithful action, answering a question raised in [LMI§].
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