More Polish full groups

Alessandro Carderi and Francois Le Maitre

Abstract

We associate to every action of a Polish group on a standard probability space a
Polish group that we call the orbit full group. For discrete groups, we recover the well-
known full groups of pmp equivalence relations equipped with the uniform topology.
However, there are many new examples, such as orbit full groups associated to
measure preserving actions of locally compact groups. In fact, we show that such
full groups are complete invariants of orbit equivalence.

We give various characterizations of the existence of a dense conjugacy class for
orbit full groups, and we show that the ergodic ones actually have a unique Polish
group topology. Furthermore, we characterize ergodic full groups of countable pmp
equivalence relations as those admitting non-trivial continuous character represen-
tations.
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1 Introduction

One of the main problems in ergodic theory is to understand measure preserving actions
of a countable group I' on the standard probability space (X, u) up to conjugacy. This
problem turns out to be very complicated in many different ways, even for I' = Z. In this
case, we are trying to understand the conjugacy classes of the group of automorphisms of
the standard probability space, Aut(X, u).

The notion of orbit equivalence is much coarser than conjugacy. Two actions of count-
able groups I and A on the standard probability space (X, u) are orbit equivalent if
there exists S € Aut(X, p) such that for almost every z € X, we have S(I'-z) = A - S(z).
In other words, the orbit equivalence only keeps track of the partition of the space into
orbits induced by I' and A and not of the actions themselves. A remarkable example is
the following result of Ornstein and Weiss: any two measure-preserving ergodic actions
of any two amenable groups are orbit equivalent [OWS0)].

Orbit equivalence may be reformulated as follows. To any action of a countable group I'
on the standard probability space (X, i), we can associate the equivalence relation Rr on
X defined by (x,y) € Ry if there exists v € I" such that vz = y. Then two actions are orbit
equivalent if and only if their equivalence relations are isomorphic up to measure zero. The
equivalence relations arising in this way are called countable pmp (probability measure
preserving) equivalence relations. They have geometric and cohomogical interpretations
as well as fruitful relations with von Neumann algebras. We refer the interested reader to
the survey of Gaboriau [Gabl10].

Another way of formulating orbit equivalence is due to Dye. Suppose that I' acts
on the standard probability space (X, ). We define the full group induced by the I'-
action, to be the set of all T € Aut(X, u) such that for almost every z € X, we have
T(z) € I'-x. This group still encodes orbit equivalence in the following sense: two actions
are orbit equivalent if and only if their full groups are conjugate in Aut(X, ). Moreover
a theorem of Dye (see Theorem implies that full groups are complete invariants of
orbit equivalence, meaning that two actions are orbit equivalent if and only if their full
groups are abstractly isomorphic.

As a consequence, one should be able to understand all the invariants of orbit equiv-
alence in terms of full groups. This works well for ergodicity: an action is ergodic if and
only if the associated full group is a simple group.

In order to understand finer orbit equivalence invariants in terms of properties of the
full group, it is better to introduce a Polish group topology on them. This topology is
called the uniform topology, and it is induced by the uniform metric d, defined on
Aut(X, ) by

dy(T,S) =p({zre X : Tx# Sz}).

For example, Giordano and Pestov proved in [GP0O7| that if I acts freely on (X, u) then
it is amenable if and only if its full group is extremely amenable for the uniform topology.
Another example is given by the topological rank. The topological rank of a topological
group is the minimal number of elements needed to generate a dense subgroup. It was
shown by the second named author that the topological rank of a full group can be ex-
pressed in terms of a fundamental invariant of orbit equivalence: the cost [LMI14al.

In this work we generalize the notion of full groups to actions of arbitrary Polish groups.
Given a measure-preserving action of the Polish group GG on the standard probability space
(X, 1), we define the orbit full group of the action exactly as before: it is the set of



T € Aut(X, ) such that for almost every x € X, we have T'(z) € G - x. We will denote
this full group by [R¢| to remember that it is the full group of the equivalence relation
induced by the G-action. We should warn the reader that our definition needs a concrete
action of G on X, and not just a morphism G — Aut(X, p).

As we said before, in order to understand deeper orbit full groups, we have to introduce
a Polish topology on them. All the orbit full groups are closed for the uniform topology,
but they are separable if and only if they arise as full groups of countable pmp equivalence
relations. This does not rule out the existence of a Polish topology on them, for instance a
compact group acting on itself by translation generates the transitive equivalence relation,
so the associated orbit full group is Aut(X, u), which is a Polish group for the weak
topology.

The aim of this work is to define a Polish group topology on all orbit full groups. We
call it the topology of convergence in measure. It is not in general the restriction of a
topology on Aut(X, ). When the action of G on X is free, one can define this topology as
follows. We associate to an element T € [R¢]| the function f : X — G uniquely defined by
T(x) = f(x)-z. Doing so, we embed [R¢] in the space of measurable functions from X to
(G, and our Polish topology is really the topology induced by the topology of convergence
in measure.

Theorem 1 (Thm. and Thm. 4.7)). Let G be a Polish group acting in a measure-
preserving Borel manner on a standard probability space (X, ). Then the associated orbit
full group

Re] ={T € Aut(X,pn) : Ve € X,T(z) € G- x}

15 a Polish group for the topology of convergence in measure.
Moreover, if the G-action is ergodic, then [Rg| has a unique Polish group topology,
and if the G-action is free, then G embeds into [R].

The topologies we get with this theorem are not always the uniform or the weak
topology. Indeed, any Polish locally compact group G admits a free ergodic measure-
preserving action, see for example Proposition 1.2 of [AEG94]. If the group G is not
countable, then the topology of convergence in measure on [R¢| cannot be the uniform
topology, because G C Aut(X, i) is discrete for the uniform topology. Moreover if G is
not compact, then we show in Corollary that [Rg| # Aut(X, ), so this topology is
not the weak topology either, by Corollary [3.13]

Dye in [Dye59| gave an abstract definition of full groups: a subgroup G < Aut(X, p)
is full if for every countable I' < G, the full group generated by I' is still a subgroup
of G. Clearly the orbit full groups we have defined are full groups in the sense of Dye’s
definition.

We do not know how exactly which full groups have a Polish group topology. Never-
theless, we show that if an ergodic full group admits a Polish topology, then such topology
is unique, refines the weak topology and is weaker than the uniform topology (Theorem
. It follows that if an ergodic full group admits a Polish topology, then it is a Borel
subset of Aut(X, u) (Corollary [4.8)). This allows us to give examples of full groups which
cannot carry a Polish group topology (Corollary . Note that such a phenomenon
is actually common in the topological setting, as was recently shown by Ibarlucias and
Melleray [IM13].

One of the main interests of full groups induced by actions of countable groups is that
they are complete invariants of orbit equivalence. For Polish group actions, the notion of
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orbit equivalence is slightly more complicated. Two actions of two Polish groups G and H
on the standard probability space (X, i) are orbit equivalent if there exists a full measure
subset A C X and a measure preserving bijection S : A — A such that for all z € A,

S(G-z)NA=(H-S(z))nA.

It is clear from this definition that if two actions are orbit equivalent, then their orbit full
groups are conjugate in Aut(X, ). The converse is however more complicated. Suppose
that two ergodic orbit full groups are isomorphic. Dye’s Reconstruction Theorem (see
Theorem still holds, so the isomorphism is the conjugation by some S € Aut(X, u).
When both acting groups are locally compact, we show that S induces an orbit equiv-
alence. So orbit full groups are complete invariants of orbit equivalence for actions of
locally compact groups (Theorem [3.26]).

The orbit full groups that we have defined arise as intermediate examples between full
groups of countable pmp equivalence relations and Aut(X, i), so they should share the
topological properties which are satisfied by both. One of the simplest of such properties
is contractibility, and indeed it is not hard to see that orbit full groups are contractible
using the same the same approach of Keane for Aut(X, 1) in [KeaT0] (see Corollary [4.3)).

However Aut(X, 1) and full groups of countable pmp equivalence relations have many
opposite properties. For example, any aperiodid!] element has a dense conjugacy class in
Aut(X, u), while in the full group of a countable pmp equivalence relation, the identity
cannot be approximated by aperiodic elements. We now characterize when a group action
induces an orbit full group for which the aperiodic elements have a dense conjugacy class.

Theorem 2 (Thm. . Let G be an orbit full group. Then the following are equivalent:
(i) the set of aperiodic elements is dense in G;
(i1) the conjugacy class of any aperiodic element of G is dense in G;

(111) whenever I' ~ (X, ) is a free measure-preserving action of a countable discrete
group I'; there is a dense Gs in G of elements inducing a free action of I x Z;

(iv) for all neighborhood of the identity U in G, the set of v € X such that U -z # {z}
has full measure.

Note that condition (i7i) is inspired by results that Térnquist obtained for G =
Aut(X, ) [T6r06]. Using condition (iv), we get a nice dichotomy for measure-preserving
ergodic actions of locally compact groups: either they generate a countable pmp equiva-
lence relation, or all the above conditions are satisfied (see Corollary [1.5).

In the last section we classify character representations of ergodic orbit full groups.
Before stating the theorem, let us give some background.

Every unitary representation of a group G splits as direct sum of cyclic representa-
tions. These representations are encoded by the positive type functions, that are the
functions f : G — C such that for all finite tuple (g1, ..., g,) of elements of GG, the matrix
(f(gl-gj_l))m:l,m,n is positive semi-definite.

A positive type function xy : G — C is a character if it satisfies the following condi-
tions:

1T € Aut(X, p) is aperiodic if all its orbits are infinite.



e it is conjugacy-invariant: for all g, h € G, we have x(g~'hg) = x(h) and
e it is normalized: x(1lg) = 1.

A character representation is a unitary representation of G which splits as a direct sum
of cyclic representations whose corresponding positive definite functions are characters.
Character representations are actually the representations into the unitary groups of finite
von Neumann algebras, see [DM13] Sec. 2.3| for more details.

Every discrete group I' has a faithful character representation, namely the regular
representation. It is associated to the regular character x, defined by x,(v) =0 if v # 1
and x,(1r) = 1. The set of characters of T" is convex and compact for the pointwise
topology. Moreover, it is a Choquet simplex, meaning that every character can be written
in a unique way as an integral of extremal characters. The problem of classifying extremal
characters has a long history, starting with the work of Thoma who classified extremal
characters of the group of permutations of the integers with finite support [Tho64]. Since
then, many examples were studied, see for instance [PT13| and references therein.

The set of continuous characters of a locally compact group is again a Choquet simplex,
but locally compact groups do not necessarily have a faithful character representation.
For example, all the continuous character representations of connected semi-simple Lie
groups are trivial by a result of Segal and von Neumann [SyN50]. Recently Creutz and
Peterson have shown that the same is true for non discrete totally disconnected simple
locally compact groups having the Howe-Moore property [CP13, Thm. 4.2]|.

For Polish groups, the situation is more complicated. The set of continuous characters
may cease to form a Choquet simplex. For example, the abelian group of measurable
maps into the circle G = L%(X, 11, S') has no continuous extremal characters, although it
has continuous characters (see [BAIHV0S, Ex. C.5.10]). However, if the Polish group G
contains a countable dense subgroup I' which has only countably many extremal charac-
ters, then the continuous extremal characters of GG are given by the extremal characters
of I' which extend continuously to GG. It is then easy to see that the continuous characters
of G form a Choquet subsimplex of the characters of I'. This remark has been crucial for
the understanding of continuous characters of several Polish groups. In particular, it was
used by Dudko to give a complete description of the characters of the full group of the
hyperfinite ergodic equivalence relation [Dud11]. We extend his result and classify all the
characters of an arbitrary ergodic orbit full group which are continuous for the uniform
topology.

Theorem 3 (Thm. . Let G be an ergodic orbit full group. Then we have the following
dichotomy:

1. FEither G 1is the full group of a countable pmp equivalence relation, and then all its
continuous characters are (possibly infinite) convex combinations of the characters

Xt given by
Xe(9) = p({r € X 1 g 2 =a})"

for k € N and the constant character xo = 1.

2. or G does not have any nontrivial continuous character representation.



2 Preliminaries

2.1 Polish spaces

A Polish space is a topological space which is separable and admits a compatible com-
plete metric. A countable intersection of open subsets of a topological spaces is called a
Gs.

Proposition 2.1 ([Kec95, Thm. 3.11|). Let (X,7) be a Polish space. ThenY C X is
Polish for the induced topology if and only if Y is a Gj.

A standard Borel space is an uncountable set X equipped with a o-algebra 2 such
that there exists a Polish topology on X for which ‘B is the o-algebra of Borel subsets.
A fundamental fact is that all the standard Borel spaces are isomorphic [Kec95, Thm.
15.6], and that every uncountable Borel subset of a standard Borel space is a standard
Borel space when equipped with the induced o-algebra [Kec95|, Cor. 13.4]. Moreover, the
injective Borel image of a Borel set is Borel:

Theorem 2.2 (Luzin-Suslin, see [Kec95, Thm. 15.1|). Let X and Y be two standard
Borel spaces and let f : X — Y be an injective Borel map. Then for every Borel subset
A of X, f(A) is Borel.

A subset A of a Polish space X is analytic if there is a standard Borel space Y, a
Borel subset B of Y and a Borel function f : Y — X such that A = f(B). In general,
analytic sets are not Borel, however they are Lebesgue-measurable (see Thm. 4.3.1 in
[Sri98]). If X and Y are two Polish spaces, a map f : X — Y will be called analytic if the
preimage of any open set is analytic. Note that analytic maps are Lebesgue-measurable
by the aforementioned result.

2.2 Polish groups

A topological group whose topology is Polish is called a Polish group. Polish groups
have several good properties which we now list, for proofs see Section 1.2 of [BK96].

Properties 2.3.

(a) Let G be a Polish group, and let H be a subgroup of G. Then H is Polish for the
induced topology if and only if H is closed in G.

(B) Let G be a Polish group, and let H <G be a closed normal subgroup. Then G/H is a
Polish group for the quotient topology.

v) Let ¢ : G — e an analytic homomorphism between two Polish groups G an

Let G H b lytic h hism bet two Polish G and
H. Then ¢ is continuous. If moreover ¢ is surjective, then o induces a topological
isomorphism between G /Ker (p) and H.

Let us end this section by citing a deep result of Becker and Kechris, which will be
crucial in the proof of our main theorem.

Theorem 2.4 ([BK93|). Let a Polish group G act in a Borel manner on a standard Borel
space X. Then there exists a Polish topology T on X inducing its Borel structure such
that the action of G on (X, T) is continuous.



2.3 The Polish group Aut(X, u)

A standard probability space is a standard Borel space equipped with a non atomic
probability measure. All standard probability spaces are isomorphic (see [Kec95, Thm.
17.41]). The measure algebra of the standard probability space (X, 11) is the o-algebra
of measurable subsets of X, where two such subsets are identified if their symmetric
difference has measure zero. We will denote the measure algebra with MAlg(X, p) and
recall that it is a Polish space when equipped with the topology induced by the complete
metric da defined by da(A, B) = u(A A B).

Definition 2.5. Let (X, u) be a standard probability space. The group Aut(X,u) of
measure-preserving Borel bijections of (X, ), identified up to measure zero, carries two
natural metrizable topologies :

e the weak topology, for which a sequence (T,), converges to T' if for every mea-
surable subset A C X, we have u(T,,(A)AT(A)) — 0.

e the uniform topology, induced by the uniform metric d, defined by

dy(T,5) :=pu({x e X: Tx # Sx}).

Proposition 2.6 ([Hal60]). The group Aut(X,pu) is a Polish group with respect to the
weak topology, and the uniform metric d, is complete.

2.4 Spaces of measurable maps

Definition 2.7. Let (X, u) be a standard probability space, and let (Y, 7) be a Polish
space. We denote by L%(X, i, (Y, 7)) the space of Lebesgue-measurable maps from X to

Y, identified up to measure 0. Any compatible bounded metric d on (Y, 7) induces a
metric d on LY(X, u, (Y, 7)) defined by

d(f.g) == /X A(f(2), g())dpu(x).

The topology induced by d is called the topology of convergence in measure.
This topology only depends on the topology of Y by the following proposition.

Proposition 2.8 ([Moo76, Prop. 6]). Let (f,,) be a sequence of elements of L°(X, i, (Y, 7))
and f € LY(X, pu, (Y,7)). Then the following are equivalent:

(a) d(fa. f) =0,
(b) foralle >0, u({x € X : d(f(z), fu(z)) >€}) =0,

(c) every subsequence of (fn)nen admits a subsequence (f,, )ren such that for almost all
x € X we have

Remark. In a topological space, a sequence converges to a point if and only if all its
subsequences have a subsequence converging to this point, so item (c) of the previous
proposition implies that the topology of convergence in measure is the coarsest metrizable
topology 7 for which f, — f a.s. implies that f,, — f with respect to 7.
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The topology of convergence in measure on L(X, i1, Y) is a Polish topology. A dense
countable subset is constructed as follows. Fix a dense countable subset D C Y and a
dense countable subalgebra A of MAlg(X, ). Then, the family of .A-measurable functions
from X to D that take only finitely many values is dense in LO(X, u,Y).

When Y = G is a Polish group, we equip L°(X, u, G) with the group structure given
by the pointwise product, that is for f,g € L°(X, u, G) we put

fg(x) = f(x)g(z).

Proposition 2.9. The Polish space L°(X, i, G) is a Polish group for the topology of
convergence 1n measure and the pointwise product.

Let (Y, 7) be a Polish space. Then Aut(X, i) acts on the right on LO(X, i, (X, 7)) by
pre-composition: if T € Aut(X,u) and f € L%X, pu,(Y,7)), then we define
(f-T)(x) := f(Tz). Note that this is an action by isometries. Moreover, when Y = X, we
may view Aut(X,u) as a subset of LY(X, i, (X, 7)) identifying a transformation 7" with
the function fr(z) = T'(z), which corresponds to identifying Aut(X, ) with the orbit of
idx € LO(X, pu, (X, 7).

Proposition 2.10. Let (X, u) be a standard probability space equipped with a compatible
Polish topology Tx, and let (Y, 1y) be a Polish space.

(1) The action of Aut(X,p) on LO(X, pu, (Y, 7y)) is continuous.
(2) The inclusion Aut(X, u) — LO%(X, i, (X, 7x)) is an embedding.

Proof. (1). Fix a compatible complete bounded metric dy on Y. Suppose now that
T, — T and f, — f, we want to prove that dy(f,T,, fT) — 0. Since each T, is an
isometry,

jY(fnTna fT) = dNY(fn?fTTn_l) < CZY(fna f) + dNY(fa fTTn_1)7

hence it is enough to show that if T}, — idx in Aut(X, i), then for every f € LO(X, u, (Y, 7))
we have fT,, — f in measure. Moreover we can suppose that f has finite range, because
the set of such functions is dense. For such a function f, we can consider the finite
partition of the space given by {f~'(a)}aer(x) and by definition of weak convergence
(T fHa)Af 1 (a)) — 0 for every a € f(X). So u({x € X : fT,(x) # f(x)}) — 0, in
particular f7T, — f in measure.

(2). Since Aut(X, i) can be identified with the orbit of idy in LO(X, u, X), (1) implies
that the inclusion is continuous.

To see that it is an embedding, we first note that since Aut(X, ) acts by homeo-
morphisms on L°(X, u,7), a sequence (T},), converges to T in measure if and only if
T,7!' — idx in measure. So it is enough to show that every weak neighborhood of
the identity contains a neighborhood of the identity for the topology of convergence in
measure.

Given r > 0 and a subset A of X, we let (A), :={y € X : v € A, d(z,y) < r} be
its r-neighborhood. Since the measure p is regular, a pre-basis of neighborhoods of the
identity for the weak topology on Aut(X, ) is given by the sets

Vpe ={T € Aut(X, p) : p(F AT(F)) < e},

where F' is closed and ¢ is positive. So fix such a closed set F' and € > 0. Since F' is closed,
we have that F' = () _y(F)1, so there exists 0 > 0 with < &, such that u((F)s;\ F) < e.

neN
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Now suppose that dx (7', idx) < 6%, which implies that p ({z € X : dx(Tz,z) > §}) <
d. Then pu(T'(F) \ (F)s) < 6 < € and since T preserves the measure,

T (F)AF) < i(T(F)A(F)s) + p((F)sAF) < 3e.

We conclude that 7' € Vg3, and so the topology of convergence in measure refines the
weak topology, which ends the proof. O

Combining the above proposition and Proposition , we deduce that Aut(X,p) is
a Gs in LO(X, u, (X, 7)). However, it is not closed, and one can actually show that its
closure consists in the monoid of all measure preserving maps (X, u) — (X, p).

3 Full groups

3.1 Definition and fundamental facts

Let us start by recalling the original definition of full groups introduced by Dye in his
pioneering work [Dye59|, which is the starting point of our paper.

Definition 3.1. Let (T},),en be a sequence of elements of Aut(X, ). We say that T' €
Aut(X, u) is obtained by cutting and pasting the sequence (7)), if there exists a
partition (A, )nen of X such that for every n € N,

Tia, = Thia,-

n n

We will also say that T" is obtained by cutting and pasting (75, ),en along (A )nen-

Definition 3.2 (Dye). A subgroup G of Aut(X, u) is a full group if it is stable under
cutting and pasting any sequence of elements of G.

Before defining the main examples of full groups, let us point out a fundamental fact.

Proposition 3.3 ([Dye59, Lem. 5.4|). The restriction of the uniform metric d, to any
full group is complete.

Definition 3.4. Suppose R is an equivalence relation on a standard probability space
(X, ). The full group of the equivalence relation R, denoted by [R], is the set of
all T € Aut(X, i) such that for all € X, (x,T(z)) € R.

Remark. In the previous definition, we require that (z,T(x)) € R for all x € X, but
up to modifying T" on a measure zero set we could as well ask that this holds for almost
all x € X. Indeed, if T satisfies the latter condition, let A be the full measure set
of x € X such that (x,7(x)) € R. Then A contains the full measure T-invariant set
B =,z T"(A) and T coincides up to measure zero with the bijection 7" defined by

T’(x) _: T(x) ifxeB,
’ T else.

It is then clear that for all € X, we have (z,7"(x)) € R.

A special and important case of the previous definition is when the equivalence relation
is given by the action of a group.



Definition 3.5. Let G be a Polish group acting in a Borel mannei] on a standard prob-
ability space (X, u). The associated orbit full group is the set of all

T € Aut(X, u) such that T'(z) € G - z, for all z € X.

In other words, it is the full group of the orbit equivalence relation R¢ defined by (x,y) €
R whenever g € G : g - x =y, and we will accordingly denote it by [R¢].

We want to stress that the previous definition makes sense only for spatial G-actions:
we need a genuine G-action on X in order to define [Rg], and not just a morphism
G — Aut(X, p). The orbit full group should not be confused with the following one.

Definition 3.6. Let G be a subgroup of Aut(X,u). There exists a smallest full group
containing GG, whose elements are obtained by cutting and pasting elements of G. This is
the full group generated by G, denoted by [G]p.

If G acts faithfully on (X, ) and preserves the probability measure p, then we have
an injective map G — Aut(X, ) and we clearly have [G]p C [Rg]. The inclusion is in
general strict, as shown in Example [3.9] and Example

Let us now give some concrete examples. We start with full groups of countable
measure preserving equivalence relations, which are exactly the countably generated full
groups.

Example 3.7. Suppose I is a countable group acting on the standard probability space
(X, 1) by measure preserving automorphisms . Then one can easily check that the two
full groups defined above coincide: [I'|p = [Rr]. Moreover, the orbit full group [Rr] is
separable (see [KeclO, Prop. 3.2]) and hence it is Polish with respect to the uniform
topology by Proposition (this follows also from the proof of Theorem .

As a matter of fact, the full groups given by the previous example are the only full
groups that are Polish for the uniform topology.

Proposition 3.8. A full group G < Aut(X,u) is Polish with respect to the uniform
topology if and only if it is the full group of a countable probability measure preserving
equivalence relation.

Proof. If G < Aut(X, p) is a full group separable for the uniform topology, we can choose
a dense countable subgroup A C G so that [A] is a closed subgroup of G that contains A,
hence it has to be equal to G. On the other hand, any countable pmp equivalence relation
comes from the action of a countable group by a result of Feldman and Moore [FMT77],
hence it is Polish for the uniform topology. O

Example 3.9. Let G be an infinite compact group and denote its Haar measure by pu.
The action of G on itself by left translation generates the transitive equivalence relation
on G, so its orbit full group is by definition [Rg| = Aut(G, p). In particular, it is Polish
for the weak topology.

We remark now that the full group [G]p generated by G may be strictly smaller than
[R¢]. Indeed, let us consider the circle group G' = S' acting on itself by translation, and
suppose that the map 7 : g — g~! was obtained by cutting and pasting the translations
by some g; along A;. Fix an index ¢ and h, h’ € A; such that h? # h'. Since h € A;, we
have that h~' = g;h and since h' € A;, we also get B'~' = g;h/, hence h? = ¢; ' = R a
contradiction.

2This just means that the action map G x X — X is Borel. We do not assume here that the action
is measure preserving.
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We say that a subgroup G of Aut(X,u) is ergodic if for every A C X such that
u(AAgA) = 0 for every g € G, we have that A has either measure zero or full measure.
This is equivalent to say that the only G-invariant elements of MAlg(X, ) are X and 0.
Note that G is ergodic if and only if [G]p is. Ergodic full groups have the following very
useful property.

Proposition 3.10. Let G be an ergodic full group and let A, B € MAlg(X, ) such that
w(A) = pu(B). Then there exists an involution T € G such that T(A) = B.

This proposition was used used by Fathi to show the following result (see [Fat78|; he
proves this for Aut(X, i), but the same argument works for any ergodic full group).

Theorem 3.11. A full group is ergodic if and only if it is simple.
Proposition can also be used to show the following (see [Kecl0, Prop. 3.1]).
Proposition 3.12. A full group is weakly dense in Aut(X, p) if and only if it is ergodic.
The following result is a consequence of Property () and the above proposition.

Corollary 3.13. The group Aut(X, u) is the unique ergodic full group that is Polish for
the weak topology.

The previous corollary may be extended to the non ergodic case (see [LM14b, Prop.
1.17 and Thm. D.6]), which yields a complete description of the full groups which are
Polish for the weak topology.

Let us now give a pathological example.

Example 3.14. Let G = &, be the Polish group of all permutations of the natural
numbers. The action of G, on X = {0,1}" is faithful, has only countably many orbits
and all the orbits but one are countable. Kolmogorov observed, see [Dan00, Ex. 9], that
there exists a measure p on X for which the action of G is not ergodic. This implies that
[G]p is not ergodic and by Proposition [3.12] [G]p is not weakly dense in [R¢] = Aut(X, p).

3.2 Orbit full groups have a Polish group topology

So far, the examples of Polish full groups that we have seen are full groups of countable
pmp equivalence relations, which are exactly the full groups for which the uniform topol-
ogy is Polish by Proposition , and Aut(X, u), which is the unique ergodic Polish full
group for the weak topology by Corollary [3.13] Note that both are instances of orbit full
groups. Our main result is that all orbit full groups carry a natural Polish group topology.

Before defining this topology, we need a better description of orbit full groups. So we
start with a Polish group G acting in a Borel manner on a standard probability space
(X, ).

Consider the Polish space L°(X, u, G) endowed with the topology of convergence in
measure, and define ® : LY(X, u, G) — L%(X, u, X) by

O(f)(z) = f(x) - .

In what follows, we will always see the group Aut(X, i) as a subspace of LO(X, u, X). Put

—_~—

[Re] = @71 (Aut(X, p)).

11



Lemma 3.15. We have the equality @ <[?2\;]) = [R¢].

—~—

Proof. The inclusion ® ([Rg]> C [R¢] follows directly from the definition. For the reverse

inclusion, take T' € [R¢] and consider the Borel set
A:={(zr,9) e X xG : gx=Tz}.

By the Jankov-von Neumann Uniformisation Theorem (see [Kec95, Thm. 18.1]), we
can find an analytic uniformisation of A, i.e. an analytic, hence Lebesgue-measurable,
map f : X — G such that for every x € X, we have T'(z) = f(z)z. In other words, we

—~—

can find f € L%(X, u, G) such that T' = ®(f), so [Rg] C ®([Rg)). O

Definition 3.16. The topology of convergence in measure on an orbit full group
[R¢] is the quotient topology induced by [R¢] C LY(X, i, G), where we put on L°(X, 1, G)
the topology of convergence in measure (see Section .

We say that the action of G is essentially free if there exists a full measure
G-invariant subset A of X such that for every g € G\ {1¢} and every xz € A, gx # x.
Note that this is stronger than asking that all elements of G \ {15} have a set of fixed
points of measure zero, even when G is locally compact.

Whenever the G action is essentially free, ® : [Rg] — [Rg] is a bijection and the
topology on the orbit full group is just the topology induced by the topology of convergence
in measure on L°(X, u, G). We will give later a more precise description of the topology
of convergence in measure on [R¢] when the action is non free (see Corollary [3.20)).

Theorem 3.17. Let G be a Polish group acting in a Borel manner on a standard proba-
bility space (X, p). Then the associated orbit full group

Re] ={T € Awt(X,pn) : Ve € X,T(z) € G- x}

18 a Polish group for the topology of convergence in measure. This topology is weaker than
the uniform topology and refines the weak topology.

Moreover if the G-action is essentially free and measure preserving, then G embeds
into [Rg].

Proof. We start by showing that the topology of convergence in measure on [Rg| is a
Polish group topology.

By Theorem , we may and do fix a Polish topology 7 on X such that G ~ (X, 7)
is a continuous action. Now, the characterization of the convergence in measure in terms
of pointwise converging subsequences (cf. in Proposition yields that ® is contin-

uous. Then, combining Proposition and Proposition we get that Aut(X, ) C
LO(X, u, (X,ﬁ is a Gs and so [Rg] = @~ !(Aut(X, i) is also a Gs. Therefore using again

we see that [R¢] is Polish.

We now equip [R¢| with the group operation * defined by

(f *g)(x) == f(D(g)(x))g(x).
The inverse is given by f~1(z) := ﬁ@( f)7'z)~t. These group operations are continuous

Proposition

—_~—

.9 and the fact that ® is continuous. So ([Rg], ) is a

by Proposition [2.10, Proposition

12



Polish group and it is easy to check that the restriction q)r[RAG/] is a group homomorphism.

Hence we deduce that

—_~

[Re] = @([Re]) = [Ral/Ker (@),
is itself a Polish group for the quotient topology by Property (B).

—_~—

Remark. The Polish group [R¢| can be thought of as the full group of the groupoid
associated to the action.

Let us now check the that the topology of convergence in measure is intermediate
between the uniform and the weak topology. Since ® is continuous, clearly we have that
the topology on the orbit full group refines the weak topology, which also yields that [R¢]
is a Borel subgroup of Aut(X, ) by Theorem

If the action of G is essentially free, then ®( f,,) — idx uniformly implies that u(f,(15)) —
1 and hence the topology of convergence in measure is weaker than the uniform topology.
The proof for non-free actions follows the same lines, but it will be an even more direct
consequence of the description of the quotient topology that we will give in Proposition

B3.19

Finally, when the G-action is essentially free, ® restricts to a topological isomorphism
between [R¢] and [Rg]. The “moreover” part of the theorem then follows from the fact

—~—

that G embeds into [R¢g] C LO(X, u, G) by identifying G with the set of constant maps. [

Remark. We point out that whenever the orbit full group is ergodic, the topology we
have defined is the unique possible Polish group topology, as we will show in Theorem

47

Topology for non-free actions

Let G be a Polish group acting on (X, 1) as in Theorem [4.7]
Recall that every Polish group admits a compatible right-invariant metric (see for

instance [Gao09, Thm. 2.1.1]). The proof of the following proposition can be found in
[Gao09, Lem. 2.2.8].

Proposition 3.18. Let G be a Polish group, and let dg be a compatible right-invariant
metric on G. Suppose that H < G is a closed subgroup, then the quotient metric dg, y
on G/H defined by, for gH,g'H € G/H,

de/u(gH,g'H) = jnf da(gh, g')

induces the quotient topology on G/H.

For z € X, let G, := Stabg(z). Then G, is a closed subgroup of G by a result of

Miller (see [Kec95, Thm. 9.17]; this also follows from Theorem [2.4). We now prove an
analogous statement of the previous proposition for orbit full groups.

Proposition 3.19. Let G be a Polish group acting in a Borel manner on a standard
probability space (X, pu). Let dg be a compatible bounded right-invariant metric on G.
Then the quotient metric dir,,) induced by dg on [Rg] = [Rg]/Ker ® is given by

g (T0) = [ du(T(@), Ula))du(z),

where for all x € X, we identify the G-orbit of x to the homogenous space G/G,., equipped
with the quotient metric d, defined by d.(9G.,g'Gy) = infreq, da(gh, ).
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Before proving the proposition, we state the following corollary. Its proof is analogous
to the proof of Proposition [2.8] hence we omit it.

Corollary 3.20. Let (T,,) be a sequence of elements of an orbit full group [R¢], and let
T € [R¢g]. Then the following are equivalent:

(a) T,, = T in measure,
(b) foralle >0, u({xr € X : d,(T(x),T,(x)) >¢e}) =0,

(¢c) every subsequence of (1),)nen admits a subsequence (T, Jken such that for almost all
x € X we have T,, (z) — T'(x), where the convergence holds in the orbit of x, identified
to the homogeneous space G /G..

Proof of Proposition[3.19. Let K be the subgroup of L°(X, u, G) consisting of all f : X —
G such that for all z € X, f(z) € G,. It is clear that K is the kernel of the restriction of

P to ([Reg], *). Moreover, for all f € [R¢] and g € K,

(f xg)(x) = f(®(g)(x))g(x) = f(x)g(x).

—_—~— P

So two elements of [R¢] are in the same right K-coset for the group operation * in [R¢] if
and only if they are in the same right K-coset with respect to the pointwise multiplication.

This implies that the quotient metric induced by dg on [R¢]/K and the quotient metric
induced by dg on LO(X, 1, G)/K agree on [Rg].

The latter metric comes from the pseudo-metric p on L°(X, u, G) defined by p(g,¢’) :=
infrer de(gk, ¢'). In order to establish the proposition, we need to show that

plg,q) = /X 0o (g(2), o (2))ds(2).

Note that the integral is well-defined because the function (x, g, ¢') — d. (g, ¢’) is analytic,
hence Lebesgue-measurable. Fix ¢,¢' € L%(X,u,G). For every ¢ > 0, we apply the
Jankov-von Neumann Uniformisation Theorem (see [Kec95, Thm. 18.1]) to the set

{(z,h) € X x G :dg(g(x)h, ' (z) < dp(g9(x),¢'(x)) + € and h -z = z}
and we get a function & € K such that for all x € X,
dg (9(x)k(x), g'(x)) < da(g(x), 9'(x)) +&.

This implies that p(g,¢') < [y do(g(), ¢'(x))du(z). The reverse inequality is a direct
consequence of the fact that for all £ € K and all x € X,

do(g(z)k(x), g'(2)) 2 du(g(x), g (x)). O

3.3 Full groups of measurable equivalence relations

In this section, we study full groups of measurable equivalence relations, which will lead
us to a simple criterion for distinguishing the orbit full groups of the previous section from

Aut(X, p) (see Corollary (3.24)).
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Proposition 3.21. Let (X, u) be a standard probability space, and A be a Borel subset of
X x X. Then the set

[A] :={T € Aut(X,p) : Vo € X, (2, T(x)) € A}
is a Borel subset of Aut(X, p).

Proof. We may suppose that (X,d) is a Cantor set. By Proposition , the weak
topology on Aut(X, u) is the same as the topology of convergence in measure induced
by LY%(X, i, (X,d)). We will show that given a Borel subset A of X x X, the function
D, LO(X, p, (X, d)) — MAIg(X, ) defined by

Ou(f) ={x e X:(x,f(x)) € A}

is Borel. Let F be the class of subsets of X x X for which ® 4 is Borel. Because X x X
is again a Cantor set, we only need to show that F is a o-algebra containing the clopen
sets.

So suppose that A is a clopen subset of X x X. We will actually show that &4 is
continuous.

Fix f € L%(X, u, (X,d)) and € > 0. Since A and X2\ A are open, there exists § > 0
smaller than £/2 and a set B of measure less than ¢/2 such that for all z € X \ B and
y € X such that d(y, f(z)) < 0, we have

(z, f(z)) € A& (x,y) € A.

It is then clear that for every ¢ in the open neighborhood U of f given by

Us(f) = {9 € LUX, 1, X) : p{a € X - d(f(x),g(x)) > 5}) <4},

we have d,(Pa(f), Pa(g)) <e.

So the class F contains the clopen sets, and we now have to show that it is a o-
algebra. First, F is stable under complementation, since given 7" € Aut(X, i), we have
that ®x2\4(T) = X \ ®4(T"). Moreover if (A,) is a countable family of elements of F,
then

Oy, a,(T) = | a,(D),

and since taking a countable union is a Borel operation on MAlg(X, u), we get that

Unen An belongs to F. O

Corollary 3.22. Let R be a Borel equivalence relation on a standard probability space
(X, ). Then its full group

Rl ={T € Aut(X, ) : Vo € X, (2, T(x)) € R}
is a Borel group for the Borel structure induced by the weak topology on Aut(X, u).

In the previous section, we saw that the orbit full group of a Borel action of Polish
group is also Borel. Note however that there are actions of Polish groups inducing analytic,
non Borel equivalence relations, so there are non Borel analytic equivalence relations
whose full group is Borel. Using Theorem [£.15] one can show that there also are analytic
equivalence relations whose full group is not Borel.

Let us now give a general criterion which allows us to distinguish full groups of mea-
surable equivalence relations and Aut(X, ).
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Proposition 3.23. Let R be a Lebesque-measurable equivalence relation on a standard
probability space. Then the following are equivalent:

(1) [R] = Aut(X, p),
(i1) R has full measure in X x X,

(i) R has an equivalence class of full measure.

Proof. Both implications (iii) = (i) and (iii) = (ii) are obvious.

The implication (ii) = (7ii) is also easy: suppose that R has full measure, then by
Fubini’s Theorem for almost all € X, the R-equivalence class of x has full measure, so
that in particular there is one equivalence class of full measure.

For the remaining implication (i) = (éi7), assume that [R] = Aut(X, ). We may
suppose that X is a compact group equipped with the Haar measure. By assumption, for
all z € X the left multiplication by z is in the full group [R], which means that for all
z € X and almost € X, (zz,z) € R. Again by Fubini’s theorem, we deduce that there
exists © € X such that for almost all z € X, (zz,2) € R, hence (iii) holds. O

Remark. By the same arguments used in the previous proof, one can show that the full
group generate by the circle group acting on itself by left translation [S']p cannot be the
full group of any Lebesgue-measurable equivalence relation. Indeed, such an equivalence
relation would have to be transitive by the previous proof, so that [S']p would be equal
to Aut(X, u), contradicting Example [3.9]

Corollary 3.24. Suppose a Polish group G acts essentially freely on (X, u), and that
[Ra] = Aut(X, ). Then G is compact.

Proof. Tf [Rg] = Aut(X, ), then by the previous proposition there is a G-orbit of full
measure. The freeness of the G-action allow us to identify such an orbit to G, which then
carries a left-invariant Borel probability measure, hence G is compact by Ulam’s Theorem

(see [GTWO05, Thm. B.1]). O

Remark. If we moreover assume that G is uncountable, [R¢g] cannot be the full group
of a countable pmp equivalence relation, because G < [R]| is discrete for the uniform
topology whenever the action is essentially free. So Theorem yields a large class of
new examples of Polish full groups whose Polish topology is neither the weak nor the
uniform topology.

3.4 Orbit equivalence and full groups

Let R and R’ be two equivalence relations on a standard probability spaces (X, u). We
say that R and R’ are orbit equivalent if there exist a full measure subset A C X and
a Borel measure preserving bijection S : A — A such that for all (z,y) € A%, (z,y) € R
if and only if (S(z),S(y)) € R'. We also say that such an S is an orbit equivalence
between R and R’. It is easy to see that if S is an orbit equivalence, then it conjugates
the full groups [R] and [R'], that is, we have the relation S[R]S™! = [R']. In the case of
orbit full groups, one can say a bit more.

Lemma 3.25. Let G and H be two Polish groups acting in a Borel manner on (X, ).
Let S € Aut(X, ) is an orbit equivalence between Rg and Ry. Then the conjugation by
S is a group homeomorphism between the orbit full groups [R¢g| and [Ryl.
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Proof. By Theorem .17, [R¢] and [Ry] are Borel subgroups of Aut(X, ) and the con-
jugation by S induces a Borel isomorphism between [R¢] and [Rpy]. This isomorphism is
a homeomorphism by Property (). O

A fancier restatement of the previous lemma is that orbit full groups, seen as topolog-
ical groups, are invariants of orbit equivalence. Now, we show that for ergodic measure
preserving actions of locally compact groups, the orbit full groups are complete invariants.

Theorem 3.26. Let G and H be two Polish locally compact groups acting in a Borel
measure preserving ergodic manner on a standard probability space (X, ). Suppose that
Y [Rg] = [Ru| is an abstract group isomorphism. Then there exists an orbit equivalence
S between R and Ry such that for all T € [Re¢],

Y(T) = S7'TS.
Dye’s Reconstruction Theorem plays a fundamental role in our proof.

Theorem 3.27 (|[Dye63, Thm. 2|). Suppose Gy and Go are two ergodic full groups on a
standard probability space (X, p). Then for every abstract group isomorphism ¢ : Gy —
G, there erists S € Aut(X, u) such that for all T € Gy, we have (T) = STS .

The theorem also uses the following proposition, whose proof is inspired by Proposition
B.2 of [Zim&4].

Proposition 3.28. Let G and H be two Polish locally compact groups acting in a Borel
measure preserving manner on a standard probability space (X, pu), and suppose that
[Ra] € [Ru). Then there exists a full measure set Xo C X such that

RG N (XO X Xo) - RH

Proof. Let v be the Haar measure on G. The fact that [R¢g] C [Ry] implies that for all
g € G and almost all z € X, we have gr € Hz. By Fubini’s Theorem, this implies that
the set

Xo:={x € X : for v-almost all g € G, we have g € Hzx}

has full measure. Now let x € Xy, and let g; € G be such that g;x € Xy,. We want to
show that ¢gyox € Hz.

Since x and gix are in Xy, the sets A:={g € G:gr € Hx} and B:={g € G : gr €
Hg,x} have full measure and so Ag;* N B has full measure. Take g € Ag;' N B, then
gg1x € Hx N Hgyx, so the two orbits Hx and H g,x intersect, hence g1x € Hzx. O

Proof of Theorem[3.26. By Dye’s Reconstruction Theorem, 1 is the conjugation by some
S € Aut(X, u) and by the previous proposition applied two times, such an S has to be
an orbit equivalence. O

Question 3.29. Can the previous theorem be extended to (some) non locally compact
Polish groups?
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4 Topological properties of full groups

4.1 Aperiodic elements and free actions

Now we study some topological properties of orbit full groups. So let us fix a Polish group
G acting on a Borel manner on the standard probability space (X, x). We will denote by
G = [R¢] the associated orbit full group. Recall that its Polish topology is weaker than
the uniform topology and refines the weak topology.

We will first prove that orbit full groups are contractible as a corollary of the continuity
of the first return map.

Definition 4.1. Let 7" € Aut(X, u) and A € MAlg(X, i), Poincaré’s Recurrence Theorem
states that for almost every z € A there is a smaller n, € N such that 7"*(z) € A. The
first return map 74 is then defined by Ty(x) = x for all x ¢ A, and by Tx(z) = T"*(x)
for all z € A.

Proposition[f.2land Corollary [4.3|are straightforward generalizations of Keane’s results
for Aut(X, ) [Kea70]. We will however give a detailed proof to show how the compatible
metric on orbit full groups defined in Proposition [3.19 can be used.

Proposition 4.2. Let G be an orbit full group. Then the function which maps (T, A) €
G x MAlg(X, ) to the first return map Ty € G is continuous.

Proof. Given T' € Aut(X, ), A € MAlg(X, p) and n > 0, we let
Co(T,A) ={r e X :T"(x) € A},

we put B, (T, A) == Co(T, A)\U, <, O (T, A) and By(T, A) := X\ A. Then (B,(T, A))nx0
is a partition of X and T4 (z) = T"(x) for all = € B,(T, A). Note that B,(T, A) depends
continuously on (7', A) € Aut(X, u) x MAlg(X, i), where Aut(X, i) is equipped with the
weak topology.

Now, let € > 0, and fix (T, A) € G x MAlg(X, ). Since (B,(T', A))nso is a partition
of X, we may find N > 0 such that u(X \ U,y Bn(T,A)) < e. Let U be the set of
couples (T, A) € G x MAlg(X, ) such that

(1) N dire)(T™, T™) < ¢ and
(2) Yomoo (Bu(T, A)AB, (T, A)) < &

By continuity of 7' +— T™ and of B,,(:,-), the set U is open. Let (T, A) € U, we now
compute the distance between T'; and T'4.

g (T3 T0) = [ du(Ta), Ta(e))dn(o)

Z/ (T3 (0). Ta(a) ()

A)AB,(T,A)

d(T';(x), Ta(x))dp(x
+Zémm&m)<<ﬂw»m>

/ 0o(T (), Tal2))dpu(z).
o n Bun(T,4)
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Since the metric d, is bounded by 1, we then get the following inequality:

dieey (T3, Ta) < Z / 4, (Ts(x), Ta(2))dp(z) + 2¢

A)NBm (T,A)

< Z / do (T™ (), T™(2))dp(z) + 2

A)NBm (T,A)

< 38. O

Corollary 4.3. Orbit full groups are contractible.

Proof. We may suppose that X = [0,1] and that p is the Lebesgue measure. The con-
tinuous map H : [0,1] x G — G defined by H(s,T) := 1,17 is a homotopy between the
identity function 7'+ T and the constant function T+ id . m

The support of T': X — X, denoted by supp T, is defined by
suppT :={z € X : T(x) # z}.

We now state the main theorem of this section. Note that condition (v) is a generalization
of [T6r06l The Category Lemmal to the case of orbit full groups.

Theorem 4.4. Let G be an orbit full group. Then the following are equivalent:
(1) the set of aperiodic elements is dense in G;

(i1) the conjugacy class of any aperiodic element of G is dense in G;

(iii) there exists a sequence (T,) of aperiodic elements of G such that T,, — idx;

(iv) for all A € MAlg(X, p), there exists a sequence (1,) of elements of G such that
T, — idx and for alln € N, A = suppT,;

(v) whenever T' ~ (X, ) is a free measure-preserving action of a countable discrete
group I, there is a dense Gs in G of elements inducing a free action of I' x Z;

(vi) for alln € N, there is a dense G5 of (11, ..., T,) in G™ which induce a free action of
F,.

(vii) for all neighborhood of the identity U in G, Uyey supp g has full measure.

Proof. Let us first prove that (i) implies (i7), using the exact same argument as for
Aut(X, ) (see [KeclO, Thm. 2.4]). By Rokhlin’s Lemma, the conjugacy class of any
aperiodic element of G is dense in the set of aperiodic elements of G for the uniform
topology (see [LM14bl Cor 5.11| for details). Moreover the topology of G is weaker than
the uniform topology, so (i) implies that the conjugacy class of any aperiodic element is
dense in G, in other words (i)=-(ii). Clearly (ii) implies (i) and the continuity of the
first-return map (Proposition yields that (%ii) implies (iv).

Térnquist proved in [T6r06, The Category Lemma| that (v) holds for G = Aut(X, ),
and the only topological fact he used was precisely (iv) so we can repeat his entire argu-
ment to get (iv)=(v) (see the observation before the proof of Lemma 2 in [T6r06|; the
fact that P is an involution is not relevant here).
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The implication (v)=-(vi) is proven by induction, and (%) is a reformulation of (vi) for
n = 1, so the implication (vi)=-(i) also holds.

So all the statements from (i) to (vi) are equivalent, and we now only have to prove
that (vii) is equivalent to them. For this, we will prove that (i) implies (vii), and then
that (vii) implies (iv).

Let us show that (4ii) implies (vii). Assuming that (vii) is not satisfied, we can find
an open neighborhood of the identity U in G such that p(U,c;suppg) = 1 — 6 for some

—_~—

9 > 0. We define a neighborhood of the identity U in [R¢g] by

U:={feRal:n{r e X: fx) ZU}) <0/2}.

For every f € U, we have d,(®(f),idx) < 1, hence ®(f) is not aperiodic. The projection
of U on [R¢] is a neighborhood of the identity in [R¢] consisting of non-aperiodic elements,
contradicting (%4i).

For the remaining implication (vii)=(iv), we first use Theorem and fix a topology
7 on X such that the action of G on (X, 7) is continuous.

Let V be a neighborhood of the identity in G. We say that T' € [R¢] is uniformly small
if there exists f € L°(X, u, @) such that f(X) C V and T'(z) = f(x)x for every z € X.
Observe that if we prove that for every A € MAlg(X, p) there exists a uniformly small
T € [R¢] such that supp(7') C A, then we would have that for every A € MAlg(X, u)
we could construct a uniformly small 7" € [R¢] such that supp(7’) = A by a maximality
argument. And so condition (iv) would be satisfied.

So let us fix an open set B D A such that u(B\ A) < u(A) and an open neighborhood
of the identity U C G such that U™' = U and U2 C V.

Claim. There exists a countable family (g;);en of elements of U and an a.e. partition

(A;)ien of A such that for all i € N, g;(A;) is a subset of B which is disjoint from A;.

Proof of the claim. Let (U,),en be a countable basis of open neighborhoods of the identity

in GG, and let
S = ﬂ U supp g.

neN gEUn

By hypothesis, S has full measure. Moreover since the action is continuous, for all z €
SN B there exists a g € U such that g-z € B and ¢g-x # z. Always by continuity we can
also find an open neighborhood W, C B of z such that g(W,) and W, are disjoint. We
can now define the partition {A,} to be a countable open subcover of (W,.),csnp which
exists by Lindel6f’s Theorem. n

We now have two possible cases.

e If for some i € N, g;(A;) is not disjoint from A, then we set C' := A;Ng; (g:(4;)NA)
and the element T of [R¢] defined by

gi-rv ifzeC
T(x):={ g/'-x ifzeg(0)

T otherwise

is uniformly small, non trivial, and supported in A.
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o If for all i € N, ¢;(A;) is disjoint from A, then since u(B\ A) < pu(A) and {4;}; is
a partition of A, there exist two distinct indices 4,5 € N such that g;(A4;) N g;(4;)

has positive measure. Letting C' := g; ' (g:(4;) N g;(A;)), we see that the element T
of [R¢] defined by

gigj-x fzxel

T(x) = gjgi_1 cx ifxe gigj_l(C’)
x otherwise
is uniformly small, non trivial, and supported in A. n

Remark. Condition (vii) is always satisfied as soon as G is non discrete and acts essen-
tially freely and is never satisfied for countable discrete groups. In fact, it easy to see
that the aperiodic elements form a closed proper subset of full groups of countable pmp
equivalence relations.

Corollary 4.5. Let G be a locally compact group acting ergodically and in a Borel
measure-preserving manner on (X, u). Then we have the following dichotomy:

(1) either R is a countable pmp equivalence relation,

(2) or the set of aperiodic elements is dense in [R¢].

Proof. Let {U,}, be a sequence of open neighborhoods of the identity in G such that
MU, = {id}. We define the core of the action to be the intersection

ﬂ U supp g.

neN gEUn

Note that the core is a Borel set by Theorem [2.4, Moreover the core is G-invariant
because for all g, h € G, h(supp g) = supp(hgh™') and the conjugation by h is a continuous
isomorphism of G. By ergodicity, either the core has measure one, in which case (2) holds
by a direct application of condition (vii) of the previous theorem, or the core has measure
Zero.

So assume that the core has measure zero. Then it is easy to check that the G-action
yields a uniformly continuous morphism G — (Aut(X, u),d,). By separability of the
group GG, we can conclude from Proposition that [G]p is the full group of a countable
pmp equivalence relation. Moreover G is locally compact, so we can apply Proposition
to deduce that the equivalence relation R¢ is countable up to a measure zero set,
that is (1) holds. O

Let us give a non-trivial example where condition (1) of the previous corollary is
satisfied.

Example 4.6. Let (I',)nen be a sequence of finite groups and let G := ][],y I'n be their
product. Let (X, u) be a standard probability space, and fix a partition (A,,) of X such
that each A, has positive measure. For every n € N, we then fix a measure-preserving
action «,, of the finite group I',, which is free when restricted to A,,, and which is trivial
outside of it.

We can now define an action of the group G on X by (V,)n - © = @ (Vm)x whenever
x € A,,. This action is faithful and its core is trivial. Note also that we can embed in
this way any profinite group into any ergodic full group G. It is in fact sufficient to take
the actions «,, such that a,,(G,) C G.
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4.2 Uniqueness of the Polish topology

We now show that the topology of convergence in measure is the unique possible Polish
group topology for ergodic orbit full groups.

Theorem 4.7. Let G be an ergodic full group.

(1) Any Polish group topology on G is weaker than the uniform topology .
(2) Any Polish group topology on G refines the weak topology.

(3) The group G carries at most one Polish group topology.

Item (1) was shown to hold by Kittrell and Tsankov for the full group of an ergodic
countable pmp equivalence relation [KT10, Thm. 3.1|, while item (2) was proven by
Kallman for G = Aut(X, ) in [Kal85]. Hence we will not give a detailed proof of these
points, but we will just indicate how to adapt the previous results to our broader setting.

Proof. (1) The proof of Theorem 3.1 in [KT10] only makes use of ergodicity via Propo-
sition [3.10] and of the fact that in any full group, every element may be written as the
product of at most three involutions [Ryz93]. So it adapts verbatim to obtain that (G, d,)
has the automatic continuity propertyﬂ We deduce that the identity map (G, d,) — (G, 1)
is continuous, in other words the uniform topology refines 7.

(2) The arguments in [Kal85] also use only Proposition and they adapt verbatim
to obtain that the subsets of the form {g € G : u(A A gA) < e} are analytic for any
Polish group topology 7 on G. In particular, the identity map (G, 7) — (Aut(X, u), w) is
Baire-measurable, hence continuous by Property (), so that 7 refines w.

(3) Let 7 and 7" be two Polish group topologies on G. By (2), both topologies have
to refine the weak topology, so the inclusion map G < (Aut(X, u),w) is Borel for both
topologies. By Theorem [2.2] the Borel o-algebras of G for 7 and 7’ are both equal to the
Borel g-algebra induced by the weak topology. So 7 = 7’ by Property (). ]

We note that the proof of (3) yields the following corollary.

Corollary 4.8. Let G be an ergodic full group admitting a Polish topology. Then it is a
Borel subset of Aut(X, ) for the weak topology.

We do not know whether the full group generated by the circle acting on itself by
translation is Polishable. Note however that this full group is Borel by Corollary [4.16]
The following question has a positive answer when G is either Aut(X, ) [BYBM13], or
the full group of a countable pmp ergodic equivalence relation [KT10].

Question 4.9. Let G be an ergodic orbit full group, then does it have the automatic
continuity property?

Let us now observe that the third point of Theorem still holds in the case of a
full group with a countable ergodic decomposition, using a simple result from the second
named author’s thesis, which we prove for the reader’s convenience.

Lemma 4.10. Let (G;)ien be a countable family of groups with trivial center admitting

at most one Polish group topology. Then [[,.y Gi has at most one Polish topology.

3A topological group G has the automatic continuity property if every morphism from G into a
separable group H is continuous.
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Proof. Fix a Polish group topology on [[,.y Gi, and for i € N denote by 7; the projection
on G;. Let n € N, set

G ={g€ HGi :Vk # n,m(g) = e}
ieN
Because each G; has trivial center, G, is the commutator of H, := {g € [[,c.xGi :
m,(g9) = e}, hence G7, is closed in [,y G;. Since G, is isomorphic to G, the induced
topology on G, is the unique Polish group topology on G,,. In particular, for every open
subset U of GG,,, the set

U:={e} x - x{e} xUx{e}x---c[]Gi
ieN
is a Gj.
Observe that H, is closed, since it is the commutator of G/,. So for any open subset

U of G, the set .
U-H,=Gy X XGpy XU XGpyqg X---

is analytic, which implies by Property () the uniqueness of the Polish topology of
[Tien Gi- O

A full group with countably many ergodic components is isomorphic to the product of
the full groups of its restrictions to these ergodic components, so we can combine Theorem
(3) with the previous lemma to get the following corollary.

Corollary 4.11. Let G be a full group with countably many ergodic components. Then it
carries at most one Polish group topology.

4.3 More (non) Borel full groups

In this section, we give more examples of Borel full groups, as well as examples of non
Borel ones. But first, we need some background on the space of probability measures.

Let (Y, 7) be a Polish space. We equip the space P(Y") of probability measures on YV’
with the weak-* topology, that is, the coarsest topology making the maps

neP)e [ fau
X
continuous for all bounded continuous functions f : ¥ — R. This is a Polish topology
(see e.g. [Kec95l, Sec. 17.E]).

Lemma 4.12. Let (X, u) be a standard probability space, and (Y, T) be a Polish space.
Then the following map
LYX, 1Y) —P(Y)
f > fe

18 continuous.

Proof. 1f a sequence (f,), converges to f in measure, then for almost every = € X, we
have that f,(x) — f(z). For every continuous and bounded function g : ¥ — R by
Lebesgue Dominated Convergence Theorem we have,

[ gt = [ stuaNauta) = [ oyt = [ gt

and hence the map is continuous. O
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Proposition 4.13. The set of completely atomic probability measures of a Polish space
Y is a Borel subset of P(Y).

Proof. We first note that whenever U is an open subset of Y, then the set
Atom(U) := {p € P(Y) : there exists a € U such that u(U) = u({a})}

is closed in P(Y'). Indeed if u ¢ Atm(U), then there exist two positive functions f and g
supported in U with disjoint supports such that [ + fdp and / + 9dp are strictly positive.

Let (Un)nen be a countable basis of open subsets of Y. Let J be the set of finite
subsets I C N such that (U;);e; is a disjoint family of open sets. Since a measure p is
atomic if and only if for all € > 0, there is an open set U of X of measure greater than
1 — € containing finitely many atoms, the set of atomic measure is exactly

NU ({rerorn(Uo) =1 o)

and so it is Borel. O

Corollary 4.14. Let (X, u) be a standard probability space and (Y, T) be a Polish space.
Then the set LY(X, 1, Y) of elements of L°(X, u, Y') with countable range is Borel.

Proof. Observe that f € L°(X, u,Y) has countable range if and only if f,u is completely
atomic. So LY (X, p,Y) is the pre-image of a Borel set by a continuous function, hence it
is Borel. [

The next theorem is a Borel version of Theorem [3.17. The proof in the Borel case is
easier because we will not use a continuous model, that is, Theorem [2.4]

Theorem 4.15. Let G be a Polish group acting in a Borel way by measure preserving
transformations on a standard probability space (X, ). Suppose that the action is essen-
tially free, and let H < G be a subgroup of G. Then the following are equivalent:

1. H 1is a Borel subgroup of G;
2. [H]p is a Borel subgroup of Aut(X, p);
3. [Ry) is a Borel subgroup of Aut(X, ).

Proof. Aswe did for the proof of Theorem|[3.17], we will consider the Polish space L°(X, u, G),
and we use the fact that the map ® : L°(X, u, G) — L%(X, u, X) defined by

O(f)(x) = flx) -

is Borell The homomorphism @ is injective because the action is essentially free. Set

[?I\]; = & ([H]p) and [73\;] := & ([Ry]). Theorem implies that [7{\]; is Borel if
and only if [H]p is, and that [7?,\;1/] is Borel if and only if [Ry] is.

If we identify G with the Borel subset of constant maps in LO(X, u, G), we have that
H=Gn [ b =GnN [RH] and so 2=1 and 3=-1. For the converse, first note that
L%(X, i, H) is a Borel subset of L°(X, 1, G), as shown in the corollary after Proposition 8

4Note that L°(X, u, X) is a standard Borel space, whose Borel structure does not depend on the Polish
topology we put on X by [Moo76, Prop. §].
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in [Moo76]. By Corollary LY (X, i, G) is also a Borel subset of L°(X, u, G) and the
implications 1=2 and 1=-3 hold because

Rl = [Ra] NLOCX, p, H)

[H]p = [Ru] N LY (X, 1, G). O

Let us now point out two important consequences of the previous theorem. The first
one is straightforward.

Corollary 4.16. Suppose that G is a Polish group acting essentially freely and in a
measure preserving Borel way on (X, ). Then [G|p is Borel.

Question 4.17. Can one remove the freeness assumption from the previous corollary?
Corollary 4.18. There exists non Polishable ergodic full groups.

Proof. Consider the free action of the circle S! onto itself by translation. Let H < S! be
a non Borel subgroup which still acts ergodically. Then by Theorem both [H]p and
[Ry] will be non Borel full groups, and so by Corollary [4.§] they cannot have a Polish
group topology.

The existence of such an H is a well-known consequence of the axiom of choice. Con-
sider R as a Q-vector space, and let H be a hyperplane containing Q. The subgroup
H:= H/Z < R/Z = S" is a proper subgroup of S' with countable infinite index, which
acts ergodically because it contains an irrational. Such a subgroup H can not be Lebesgue-
measurable. Indeed, since S! is covered by countably many translates of H, H has non
zero-measure. But then, H must have finite-index, a contradiction. O

5 Character rigidity for full groups

In this section, we use a result of Dudko concerning characters of the full group of the
tail equivalence relation Ry to classify characters of ergodic full groups admitting a Polish
group topology. Recall that Ry is the countable pmp equivalence relation on X = {0, 1}
equipped with the product measure p = (1/26y + 1/26,)*Y, defined by

(7n) Ro(yn) = Ip € N|V¥n = p, 2, = ya.
Theorem 5.1. For an ergodic Polish full group G we have the following dichotomy:

1. either G is the full group of a countable pmp equivalence relation, and all its contin-
uous characters are (possibly infinite) convex combinations of the trivial character
Xo = 1 and the characters {x;}x>1 given by

xe(g) =p({r € X : g -2 =21}

2. or G does not have any non trivial continuous character.
The result of Dudko that we use may be stated as follows.

Theorem 5.2 (|[Dudll]). Let x be a continuous character of the full group of the tail
equivalence relation Ro. Then there is a unique sequence non negative coefficients (ag k=0
such that ZZ:O?) ap =1 and xy = Z::OB Xk
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Our result will follow from the description of the uniformly continuous characters
of any ergodic full group, which was also observed by Gaboriau and Medynets (private
communication).

Proposition 5.3. Let G be an ergodic full group and let x be a character of G, continuous
for the uniform topology. Then there is a unique sequence of non negative coefficients

()kz0 such that x = Y, cnx.

Proof. 1t is a standard fact that up to conjugating, we may assume that [Ro] C G (for a
proof in the general setting of ergodic full groups, see [LM14b, Thm. 2.19]). Let x be a
character of G continuous for the uniform topology. By Theorem [5.2] there is a sequence
of non negative coefficients (ay)x=o such that x(g) = >, axxr(g) for all g € [Ro]. By
Rokhlin’s Lemma, the set F of elements of finite order of G is uniformly dense in G.
Since G is ergodic, every element of F is conjugate inside G to an element of [Ry]. By
definition x is conjugacy-invariant, so x(g) = > ;25 caxxx(g) for all g € F and hence for
any g € G by continuity. O]

Proof of theorem[5.1. Let G be an ergodic full group equipped with a Polish topology 7,
and let x be a 7-continuous non-trivial character of G. By Theorem [4.7] 7 is weaker than
the uniform topology. So the character y is continuous for the uniform topology and, by
the previous proposition, there exists a sequence of non negative coefficients (cy)x>o such
that x = ;20 kX

For all T € Aut(X, u) and all k > 1, we have x(T) = (1—d,(T,idx))¥, so xx(T;,) — 1
if and only if d,(7,,idx) — 0. Since x is not the trivial character, we deduce that
x(T,) — 1 if and only if d,(7,,idx) — 0. When T,, converges to idx for 7, we have
X(T,,) — 1, which implies that T}, converges to idx in the uniform topology. We deduce
that 7 refines the uniform topology, hence they are equal. Since 7 is Polish, we can
conclude from Proposition that G is the full group of a countable pmp equivalence
relation. O

6 Perspectives

6.1 Orbit full groups for locally compact unimodular groups

A forthcoming paper [CLM| will be devoted to the study of full groups associated to
measure-preserving actions of Polish locally compact unimodular groups. The existence
of discrete sections for such actions plays a crucial role in our work.

The first result is a locally compact version of [GPO7, Thm. 5.7].

Theorem 6.1. Let G be a Polish locally compact unimodular group acting ergodically and
essentially freely on a standard probability space (X, p). Then the following assertions are
equivalent.

(1) G is amenable.

(i1) [R¢] is extremely amenable.

Our second result is devoted to the topological rank’| of such full groups. For these
full groups the situation much tamer than in the discrete case, which was described in
[LM14a].

Recall that the topological rank of a topological group is the minimal number of elements needed
to generate a dense subgroup.
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Theorem 6.2. Let G be a non discrete Polish locally compact unimodular group acting
ergodically and freely on a standard probability space (X, ). Then [Rg| has topological
rank 2.

6.2 Orbit full groups for non-archimedean Polish groups

Let us consider the Polish group &, of permutations of N. The Bernoulli shift &, ~
[0, 1]V is an essentially free action, and it would be interesting to understand the orbit full
groups given by the restriction of this action to closed subgroups of &,. These groups are
also called non-archimedean Polish groups and they are exactly the automorphism groups
of countable structures (see [BK96L Thm. 1.5.1]). Some of their topological properties can
be understood in terms of the model-theoretic properties of the corresponding countable
structure (see e.g. [KPT05, KROT]).

As a concrete example, the group Aut(Q, <) of order preserving bijections of the
rationals is extremely amenable, as a consequence of Ramsey’s theorem [Pes98|. Is the
orbit full group associated to the Bernoulli shift Aut(Q, <) ~ [0, 1]¢ extremely amenable?

References

[AEG94] S. Adams, G. A. Elliott, and T. Giordano. Amenable actions of groups. Trans.
Amer. Math. Soc., 344(2):803-822, 1994.

[BAIHVO08| B. Bekka, P. de la Harpe, and A. Valette. Kazhdan’s property (T), volume 11
of New Mathematical Monographs. Cambridge University Press, Cambridge,
2008.

[BK93] H. Becker and A. S. Kechris. Borel actions of Polish groups. Bull. Amer.
Math. Soc. (N.S.), 28(2):334-341, 1993.

[BK96| H. Becker and A. S. Kechris. The descriptive set theory of Polish group actions,
volume 232 of London Mathematical Society Lecture Note Series. Cambridge
University Press, Cambridge, 1996.

[BYBM13| I. Ben Yaacov, A. Berenstein, and J. Melleray. Polish topometric groups.
Trans. Amer. Math. Soc., 365(7):3877-3897, 2013.

[CLM] A. Carderi and F. Le Maitre. On measured full groups associated to locally
compact groups. in preparation.

|[CP13] D. Creutz and J. Peterson. Character rigidity for lattices and commensurators.
ArXiv e-prints, 2013.

[Dan00]  A. I. Danilenko. Point realization of Boolean actions of countable inductive
limits of locally compact groups. Mat. Fiz. Anal. Geom., 7(1):35-48, 2000.

[DM13]  A. Dudko and K. Medynets. On characters of inductive limits of symmetric
groups. J. Funct. Anal., 264(7):1565-1598, 2013.

[Dud11l]  A. Dudko. Characters on the full group of an ergodic hyperfinite equivalence
relation. J. Funct. Anal., 261(6):1401-1414, 2011.

27



[Dye59)]

[Dye63]

[Fat78]

[FM77]

|Gab10]

[Gao09)]

[GPOT]

[GTWO5]

[Hal60]

[IM13]

[Kal85]

[Kea70]

[Kec95]

[Kec10]

[KPTO5]

[KRO7]

H. A. Dye. On groups of measure preserving transformation. I. Amer. J.
Math., 81:119-159, 1959.

H. A. Dye. On groups of measure preserving transformations. II. Amer. J.
Math., 85:551-576, 1963.

A. Fathi. Le groupe des transformations de [0, 1] qui préservent la mesure de
Lebesgue est un groupe simple. Israel J. Math., 29(2-3):302-308, 1978.

J. Feldman and C. C. Moore. Ergodic equivalence relations, cohomology, and
von Neumann algebras. I. Trans. Amer. Math. Soc., 234(2):289-324, 1977.

D. Gaboriau. Orbit equivalence and measured group theory. In Proceedings of
the International Congress of Mathematicians. Volume III, pages 1501-1527,
New Delhi, 2010. Hindustan Book Agency.

S. Gao. Invariant descriptive set theory, volume 293 of Pure and Applied
Mathematics (Boca Raton). CRC Press, Boca Raton, FL, 2009.

T. Giordano and V. Pestov. Some extremely amenable groups related to
operator algebras and ergodic theory. J. Inst. Math. Jussieu, 6(2):279-315,
2007.

E. Glasner, B. Tsirelson, and B. Weiss. The automorphism group of the
Gaussian measure cannot act pointwise. Israel J. Math., 148:305-329, 2005.
Probability in mathematics.

P. R. Halmos. Lectures on ergodic theory. Chelsea Publishing Co., New York,
1960.

T. Ibarlucia and J. Melleray. Full groups of minimal homeomorphisms. ArXiv
e-prints, 2013.

R. R. Kallman. Uniqueness results for groups of measure preserving transfor-
mations. Proc. Amer. Math. Soc., 95(1):87-90, 1985.

M. Keane. Contractibility of the automorphism group of a nonatomic measure
space. Proc. Amer. Math. Soc., 26:420-422, 1970.

A. S. Kechris. Classical descriptive set theory, volume 156 of Graduate Texts
in Mathematics. Springer-Verlag, New York, 1995.

A. S. Kechris. Global aspects of ergodic group actions, volume 160 of Math-
ematical Surveys and Monographs. American Mathematical Society, Provi-
dence, RI, 2010.

A. S. Kechris, V. G. Pestov, and S. Todorcevic. Fraissé limits, Ramsey the-
ory, and topological dynamics of automorphism groups. Geom. Funct. Anal.,
15(1):106-189, 2005.

A. S. Kechris and C. Rosendal. Turbulence, amalgamation, and generic auto-
morphisms of homogeneous structures. Proc. Lond. Math. Soc. (3), 94(2):302—
350, 2007.

28



[KT10]

[LM14a]

[LM14b]

[Moo76]

[OW80]

[Pes98|

[PT13]

[Ryz93|

[Sriog]

[SvN50]

[Tho64]

[Tér06]

[Zim84]

J. Kittrell and T. Tsankov. Topological properties of full groups. Frgodic
Theory Dynam. Systems, 30(2):525-545, 2010.

F. Le Maitre. The number of topological generators for full groups of ergodic
equivalence relations. to appear in Invent. Math., 2014.

F. Le Maitre. Sur les groupes pleins préservant une mesure de probabilité.
PhD thesis, ENS Lyon, 2014. 2014ENSL0892.

C. C. Moore. Group extensions and cohomology for locally compact groups.
III. Trans. Amer. Math. Soc., 221(1):1-33, 1976.

D. S. Ornstein and B. Weiss. Ergodic theory of amenable group actions. I.
The Rohlin lemma. Bull. Amer. Math. Soc. (N.S.), 2(1):161-164, 1980.

V. G. Pestov. On free actions, minimal flows, and a problem by Ellis. Trans.
Amer. Math. Soc., 350(10):4149-4165, 1998.

J. Peterson and A. Thom. Character rigidity for special linear groups. ArXiv
e-prints, 2013.

V. V. Ryzhikov. Factorization of an automorphism of a full Boolean algebra
into the product of three involutions. Mat. Zametki, 54(2):79-84, 159, 1993.

S. M. Srivastava. A course on Borel sets, volume 180 of Graduate Texts in
Mathematics. Springer-Verlag, New York, 1998.

I. E. Segal and J. von Neumann. A theorem on unitary representations of
semisimple Lie groups. Ann. of Math. (2), 52:509-517, 1950.

E. Thoma. Die unzerlegbaren, positiv-definiten Klassenfunktionen der
abzahlbar unendlichen, symmetrischen Gruppe. Math. Z., 85:40-61, 1964.

A. Toérnquist. Orbit equivalence and actions of F,. J. Symbolic Logic,
71(1):265-282, 2006.

R. J. Zimmer. Ergodic theory and semisimple groups, volume 81 of Monographs
in Mathematics. Birkhduser Verlag, Basel, 1984.

29



	Introduction
	Preliminaries
	Polish spaces
	Polish groups
	The Polish group Aut(X,)
	Spaces of measurable maps

	Full groups
	Definition and fundamental facts
	Orbit full groups have a Polish group topology
	Full groups of measurable equivalence relations
	Orbit equivalence and full groups

	Topological properties of full groups
	Aperiodic elements and free actions
	Uniqueness of the Polish topology
	More (non) Borel full groups

	Character rigidity for full groups
	Perspectives
	Orbit full groups for locally compact unimodular groups
	Orbit full groups for non-archimedean Polish groups


